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ABSTRACT

We consider behaviour of the almost Menger,
almost Rothberger, almost Hurewicz, and almost y-

set properties under several kinds of mappings
between topological spaces.
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1. INTRODUCTION

Throughout the paper (X,z), or shortly X, will
denote a topological space on which no separation
axioms are assumed unless explicitly stated. For a
subset A of (X,7), Int(A) and CI(A) will denote the
interior and the closure of A, respectively. Our other
notation and terminology are standard as in
(Engelking, 1989).

The following classical covering properties were
defined long time ago. A topological space X is said to
be:

(1) A Menger space (or has the Menger (covering)
property) (Menger,1924), (Hurewicz, 1925) if for
each sequence (74). . n Of open covers of X there
exists a sequence (V). Of finite sets such that for

eachn e N, ) isasubsetof 724 and U,, vV, is an
open cover of X;

(2) A Hurewicz space (Hurewicz, 1925) if for
each sequence ( 74), .~ Of open covers of X there is a
sequence ( X),.n such that for each n, "V, is a finite
subset of 74 and each xe X belongs to UV, for all but
finitely many n;

(3) A Rothberger space (Rothberger, 1938) if for
each sequence (74), . n Of open covers of X there
exists a sequence (U,), . n Such that for each n ¢ N, U,
€ U and {U,: n e N} is an open cover of X;

(4) A pset (Gerlits & Nagy, 1982) if for each
sequence (74), .~ of w-covers of X there is a sequence
(Un), « nsuch that for each n € N, U, ¢ 74 and each x ¢
X belongs to U, for all but finitely many n.

[Recall that an open cover ‘U of a space X is called
an w-cover if X does not belong to ‘U and each finite

subset of X is contained in a member of U.]
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For more information about these spaces we refer
the reader, for example, to (Kocinac, 2006), (Ko¢inac,
2015). Note that the first two properties are between
two important covering properties -- o-compactness
and Lindel6fness. In the last two decades these spaces
and their relations with other mathematical disciplines
(such as game theory, Ramsey theory and so on) have
been systematically studied by a big number of
mathematicians. Also, some weaker forms of these
properties were investigated from different points of
view, see (Babinkostova et. al., 2012), (Babinkostova
et. al., 2013), (Daniels, 1988), (Di Maio & Kocinac,
2008), (Kocev, 2009), (Kocinac, 1999), (Koginac,
2001), (Pansera, 2012), (Sabah et al., 2016), (Sakai,

2013).
In (Kocinac, 1999), Kocinac introduced almost
Menger and almost Rothberger spaces as

generalizations of almost Lindel6f spaces introduced
in (Willard, & Dissanayake, 1984). In (Di Maio &
Kocinac, 2008) the almost Menger property was
considered in hyperspaces. Further investigation of
almost Menger spaces was done in (Kocev, 2009), and
(Babinkostova et. al., 2012), (Babinkostova et. al.,
2013). In (Kocev, 2009), the almost y-sets have been
introduced.
Definition 1.1. (a) (Koc¢inac, 1999) A space (X,7) is
almost Menger if for each sequence (‘U,) ,.n Of open
covers of X there is a sequence ( %), .n Of finite sets
such that for each n ¢ N, "V, is a finite subset of U,
and U, v U{CI(V):V € W} =X;

(b) (Koginac, 1999) A space X
Rothberger if for each sequence (U,), . n Of open

is almost

covers of X there is a sequence (Uy), . n Such that for
eachneN, U,e U,and U, y CI(U,) = X;
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(c) (Kocev, 2009) A space X is an almost -set if
for each sequence (‘U,),  n Of ®-covers of X there
exists a sequence (U,), . n Such that for each n ¢ N, U,
¢ 1, and each x ¢ X belongs to CI(U,) for all but
finitely many n.

In this paper we introduce the class of almost
Hurewicz spaces and consider behaviour of the almost
Menger, almost Hurewicz, almost Rothberger and
almost y-set properties under several Kkinds of
mappings between topological spaces. Note that these
properties are useful in studying of non-regular spaces.

2. RESULTS

We recall now the notion of (strong) 6-continuity
which is an important slight generalization of
continuity.

A mapping f: X — Y is 6-continuous (Fomin,
1941), (Fomin, 1943), see also (Pansera, 2012)
(strongly 6-continuous) (Long & Herrington, 1981) if
for each x ¢ X,and each open set V in Y containing f(x)
there is an open set U in X containing x such that
f(CI(V)) is a subset of CI(V) (f(CI(U)) is a subset of
V).

Evidently, each strongly 6-continuous mapping is
0-continuous.

Theorem 2.1. A4 6-continuous image of an almost
Menger space is also almost Menger.

Proof. Let X be an almost Menger space and Y = f(X)
its image under a #-continuous mapping f: X — Y. Let
( W)ne n be a sequence of open covers of Y. Fix x € X.
For each n ¢ N there is a set V(x,n) ¢ ) containing
f(x). Since f is 6-continuous there is an open set U(x,n)
in X containing x such that f(CI(U(x,n)) is a subset of
CI(V(x,n)). Therefore, for each n the set 74 =
{U(x,n): xe X} is an open cover of X. As X is almost
Menger there is a sequence (%), . n Of finite sets such

that for each n, H, = {U(xi,n): i < k.} is a subset of
U, and X=U,.n U{CIH):He F} Toeach
U(xi,n) € H, assign a set W(x;,n) ¢ ¥ such that
f(CI(U(x;,n)) is a subset of CI(W(x;,n)) and set W} =
{W(x;,n): i < k,}. We obtain the sequence ( M), . n of
finite subsets of )7, n ¢ N, such that

Y =1(X) =f(U, . n U{CI(H):H € 4},
which is by the previous a subset of

U, n U{CIW): " e W3,
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i.e. Y is almost Menger. o

Recall that a mapping f: X — Y is called almost
continuous (Singal & Singal, 1968) if the preimage
of any regular open set V in Y is open in X. Each
almost continuous mapping is #-continuous. So, the
above theorem extends and generalizes the following
result:
Corollary 2.2. (Kocev, 2009), Theorem 2.3 The
almost Menger property is preserved by almost
continuous mappings.

Similarly to the proof of Theorem 2.1 one proves
the following theorem.
Theorem 2.3. A 6-continuous image of an almost
Rothberger space is also almost Rothberger.
Corollary 2.4. The almost Rothberger property is
preserved by almost continuous mappings.
Definition 2.5. A space X is said to be an almost
Hurewicz space if for each sequence (74), . n Of open
covers of X there is a sequence ( %), . n such that for
each n, ¥ is a finite subset of 74, and for each x € X,
x belongs to CI(U V) for all but finitely many n.
Theorem 2.6. A4 #-continuous image of an almost y-set
is an almost Hurewicz space.
Proof. Let (%),.n be asequence of open covers of
Y. Let xe X. For each n ¢ N there is V(x,n) ¢ %
containing f(x). Since f is 6-continuous there is an open
set U(x,n) in X containing x such that f( CI(U(x,n))) is
a subset of CI(V(x,n)). For each n let U, be the set of
all finite unions of sets U(x,n), x ¢ X . Evidently, each
‘U, is an w-cover of X. As X is an almost y-set there is
a sequence (Uy),  n such that for each n, U, ¢ 74, and
each x ¢ X does not belong to CI(U,) for at most
finitely many n.
Let U, = U(x1,n) U U(xz,n) U ... U U(Xi),n). To each
U(x.n), j < i(n), assign a set V(x;n) ¢ V with
f(CI}(U(x;,n))) a subset of CI(V(x;,n)). Lety =1f(x) € Y.
Then from xe CI(U,)) for all n > ny for some ny ¢ N,
we get X € CI(U(x,,n)) for some 1 < p < i(n) which
implies y e f(CI(U(xp,n))) which is a subset of
CI(V(xp,n)). If we put M = {V(x;,n): j =1,2, ..., i(n)},
we obtain the sequence ( W7), . n of finite subsets of
¥, n e N, such that each y ¢ Y belongs to all but
U{ CI(W): W ¢ W} This just
means that Y is an almost Hurewicz space. o
Theorem 2.7. A strongly 6-continuous image Y of an
almost Menger space X is a Menger space.

finitely many sets



Proof. Let ( 79),.n be a sequence of open covers of

Y. Let x € X. For each n ¢ N there is a set V,, € W
containing f(x). Since f is strongly 6-continuous there
is an open set U,, in X containing x such that
f(CI(Uy,) is a subset Vy, . Therefore, for each n, the
set 74 = {Uxn: x € X} is an open cover of X. As X is
almost Menger there is a sequence (7).  n Of finite
sets such that for each n, 7% is a subset of 74 and X =
U,. \U{CI(F):F ¢ _A}.To each F ¢ _# assign a set
We € ¥ with f(CI(F)) a subset of Wg and put M =
{Wg:F € _A}. We obtain the sequence ( W), . n of
finite subsets of ), n ¢ N, which witnesses for (V,)n .
n that Y is a Menger space, as it is easily checked. o

In a quite similar way we prove the following
theorem.

Theorem 2.8. 4 strongly 6-continuous image Y of an
almost Hurewicz (almost Rothberger) space X is a
Hurewicz (Rothberger) space.

A mapping f: X — Y is called contra-continuous
(Dontchev, 1996), if the preimage of each open set in
Y is closed in X. f is said to be precontinuous
(Mashhour et al.,1982) if (V) is a subset of Int(CI(
f~(V))) whenever Visopenin Y.

Theorem 2.9. A contra-continuous, precontinuous
image Y of an almost Menger space X is a Menger
space.

Proof. Let ( %), .n be a sequence of open covers of
Y. Since f is contra-continuous for each n ¢ N and
each Ve ) the set (V) is closed in X. On the other
hand, because f is precontinuous f~(V) is a subset of
Int(CI( f7(V))), so that (V) is a subset Int( f~(V)), i.e.
(V) = Int( f(V)). Therefore, for each n, the set U, =
{ f7(V):Ve V} is a cover of X by open sets. As X is an
almost Menger space there is a sequence (Gn)n  n SUCh
that for each n, G, is a finite subset of 74 and U, .
U{CI(G):G ¢ G} = X. Then W, ={f(G):G ¢ G}isa
finite subset of % foreachneN and U, y U M is
an open cover of Y. This means that Y is a Menger
space. O

Recall that a mapping f: X — Y is called weakly
continuous (Levine, 1960), (Levine, 1961), if for each
x € X and each neighbourhood V of f(x) there is a
neighbourhood U of x such f(U) is contained in CI(V).
Theorem 2.10. A weakly continuous image Y of a
Menger space X is an almost Menger space.
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Proof. Let ( %), .n be a sequence of open covers of
Y. Let X € X. Then for each n ¢ N thereisa Ve ¥
such that f(x) ¢ V. Since fis weakly continuous there
is an open set Uy, in X such that x € Uy, and f(Uy,) is
a subset of CI(V). The set 74 := {Uyn: x e X } is an
open cover of X. Apply the fact that X is a Menger
space to the sequence (74), . n and find a sequence
(Fdn « n of finite sets such that for each n, F; is a
subset of ‘U, and U,,. v F» is an open cover of X. To
each n and each U ¢ _# assign a set Vy ¢ ¥ such that
f(U) is a subset of CI(Vy) and put W, = {Vy:U € ‘F.}.
Then

Y =fX)=f(U, nU{U:Ue £}
which is contained in

UneN U{ CI(VU):UE.fl’T}I

i.e. Y is an almost Menger space. o
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