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ABSTRACT

Fixed point theorems for monotone operators in ordered metric spaces are widely investigated and have found
various applications in differential and integral equations, see Nieto & Rodriguez-Lépez (2005); Nieto &
Rodriguez-Lépez (2007); Wu (2008). Motivated by the work in Agarwal et al. (2012); Luong & Thuan (2011) we
study the existence of solutions for a system of nonlinear integral equations in ordered b-metric spaces using the

results given in this paper.
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INTRODUCTION

In Guo & Lakshmikantham (1987) studied the concept of
coupled fixed points. Later, in Bhaskar & Lakshmikantham
(2006) studied monotone property and supported this by
providing an application to the existence of periodic boundary
value problems.

In Bakhtin (1989) introduced the concept of a b-metric
space as a generalization of metric spaces. In Czerwik (1993)
and Czerwik (1998) extended many results related to the b-
metric spaces. Since then, several papers have been published on
the fixed point theory of various classes of single-valued and
multi-valued operators in b-metric spaces (Akkouchi, 2011; Aydi
et al., 2012; Boriceanu, 2009; Boriceanu et al., 2010; Bota et al.,
2011; Hussain & Shah, 2011; Olatinwo, 2008; Huang et al.,
2015; Mustafa et al., 2013; Mustafa et al., 2014; Ansari et al.,
2014; Aghajani et al., 2014).

In this paper, we use the notion of C-class of function
which is generalization of altering distance function and by using
this definition we have improved the results of Hussain, Abbas,
Azam and Ahmad (Hussain et al., 2014) in the setting of b-
metric space. Also we provide and an application to an integral
equation to support our results presented here.

Consistent with Bakhtin (1989); Czerwik (1993); Czerwik

(1998); Huang et al. (2015) the following definitions and results
will be needed in the sequel.
Definition 1.1. (Bakhtin, 1989; Czerwik, 1993) Let M be a
nonempty set and B>1 be a given real number. A function
d,:MxM —R" is a b-metric if the following conditions are
satisfied:

(b1) d,(X,y)=0 ifandonlyif X=;
(b2) d, (X, ¥)=d,(7.%);

(b3) d,(x,7)<B[d,(X,¥)+d,(7.7)]

v,
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forall X,y,ZeM.

The pair (M,d,) is called a b-metric spaces. It is well

know that each metric space is also b-metric (with B =1) while
the converse is not true.

Definition 1.2. Let M be a nonempty set. Then (M,<,d,) is
called a partially ordered b-metric space if and only if d, is a b-
metric on a partially ordered set (M ,<).

Definition 1.3. (Boriceanu et al., 2010) Let (M,d,) be a b-

metric space. Then a sequence {x,} in M s called b-
convergent if and only if there exists XeM such that
dy(x,,X)>0 as p—>+w In this case, we write
lim,_ x, =X

Definition 1.4. (Boriceanu et al., 2010) Let (M,d,) be a b-
metric space. Then a sequence {xp} in M is called b-Cauchy if

and only if d, (x,,x,) =0, as p,q—>+o.
Definition 1.5. (Boriceanu et al., 2010) The b-metric space
(M,d,) is b-complete if every b-Cauchy sequence in M b-

converges.
In Ansari et. al. (2014) introduced the concept of C-class
functions which cover a large class of contractive conditions.

Definition 1.6. (Ansari et al., 2014) A mapping W :[0,oo)2 —->R

is called C-class function if it is continuous and satisfies
following axioms:

1) W(5T)<s;
(2) W(5,t)=5 implies that either S=0 or T =0 for all
5,1 €[0,).

We denote C-class functions as C.



Definition 1.7. ((Hussain et al., 2014), Definition 7) Suppose
that H,P:M xM — M are two mappings. Then H is said to

be P - increasing with respect to < if forall X,y,&,g €M with
P(X,¥)<P(&g) wehave H(X,¥)<H(E,q).

Definition 1.8. ((Hussain et al., 2014), Definition 10) An
element (X,¥)eM xM is called a coupled coincidence point of

mappings H,P:MxM —>M if H(X,y)=P(X,y) and
H(y.X)=P(V.X).
Definition 1.9. ((Hussain et al., 2014), Definition 12) Let

H,P:MxM — M. We say that the pair {H,P} is generalized
compatible if

/db(H (P(Xp'yp)'P(yp’Xp))’P(H(Xp’yp)’H(yp’xp)))

—0as p— o,

db(H(P(yp'xp>’P(Xp'yp))'P(H(yp'xp)’H (XP’yP)))

\_—>0as p—oo;

whenever (x, ) and (y, ) are sequences in M such that

lmH(Xp'yp): !,i_r,?cp(xp’yp):ti
IpiLUOH(yD’Xp)z lmP(yp,xp)ztz.

Definition 1.10. (Bhaskar
(M.<)
H:MxM — M is said to have the mixed monotone property if

H is monotone non-decreasing in its first argument and is
monotone non-increasing in its second argument, that is, for all

H (%, ¥)<H(x,y), any
Y Y. €M,y <,
H(X,y,)=H(X,y,), forany X e M.
In the paper Hussain et al. (2014), in Theorem 15, it is
shown the example when (M,<) us a partially ordered set such

& Lakshmikantham, 2006) Let

be a partially ordered set. Then the mapping

X, X, € M, X, <X, implies for

yeM and for  all implies

that there exists a complete metric d on M .

Therefore, in this paper we gives Theorem 1.11 which
represents the continuation of Theorem 15 from Hussain et al.
(2014) on b-metric spaces whit the implementation of the
functions of the C-class. However, in our case, in the following
Theorem 1.11 the condition (1) highly differs from the condition
in Theorem 15 (Hussain et al., 2014).

Theorem 1.11. Let (M,<,d,) be an ordered complete b-metric

space (with parameter B >1). Assume that H,P: M xM — M

are two generalized compatible mappings such that H is P -
increasing with respect to <, P is continuous and has the mixed
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monotone property, and there exist two elements x,,y, € M
with

P (X Yo) <H (X, ¥o) and P ¥y, %)= H (Yo%)

Suppose that there exist pe® and y e ¥, W is C-class such
that

),
@

w(

for all X,y,£,geM, a>1 with P(X,y)<P(&g) and

P(Y.X)>P(9,&). Suppose that for any X,y e M, there exist
€,0 € M, such that

|

Also suppose that either
(@) H is continuous or
(b) M has the following property
(i) 1f a non-decreasing sequence {X,}— X, then x, <X
forall p
(i) If a non-increasing sequence {yp} — ¥, then
y<y, forall p.

Then, H and P have a coupled coincidence pointin M.
The proof of this theorem follows directly.
Hussain, Abbas, Azam and Ahmad in Hussain et al. (2014)

in Corollary 22 gives the situation when(M,<) us a partially

ordered set and suppose there is a metric d on M such that
(M, d) is a complete metric space.

In this paper we gives Corollary 1.12 that shows the
broadening of Corollary 22 in Hussain et al. (2014) on b-metric
spaces by using the C-class functions. It should be noted that in
our example, in Corollary 1.12 which follows the condition (2)
there is a great difference from the condition in Corollary 22 in
Hussain et al. (2014).

Corollary 1.12. Let (M,<,d, ) be an ordered complete b-metric
space (with parameter B >1) and suppose there is a metric d,

on M such that (M,d,) is a complete metric space. Assume

<

that H:MxM — M be an increasing map with respect to
and there exist two elements x,, y, € M with

Xo SH (X, Y) and Yo 2 H (Y, %)



Suppose there exists y e ¥, W is C-class such that

5°(d, (H(X,7).H (8.9)))
W(db(fyé);db(v,g),

d, (X, d, (v,

)

w(

for all X,y,§,geM,a>11 with X<& and y>g. Also

suppose that either

(@ H is continuous or

(b) M has the following property

(i) If a non-decreasing sequence {x,}—X, then x, <X

forall p

(ii) If a non-increasing sequence {y,}—>y, then
y<y, forall p.
Then H has a coupled fixed point.

RESULTS

Fixed point theorems for monotone operators in ordered
metric spaces are widely investigated and have found various
applications in differential and integral equations see Nieto &
Rodriguez-Lopez (2005); Nieto & Rodriguez-Lopez (2007); Wu

2008)). Motivated by the work in Agarwal et al. (2012); Luong

& Thuan (2011) we study the existence of solutions for a system
of nonlinear inregral equations using the results given in the
previous section.

Let E denote the «class of those functions
£:[0,00) > [0,00) which satisfies the following conditions:

(a1) ¢ is increasing

(by) there exists y € ¥,W < C such that

e(t)=—w

o G,\y(%nforall te[0,)

Consider the integral equation

(1) = j (n.0)+ K, (1.0))(n(6.X(9))+1(4.X (9)) Jdo
+k (1) )

for all T € [a,b]. We suppose that K,,K,,h and | satisfy the

following conditions:

(i) 0<K,(1.9); 0<K,(1,9) forall 1,p [a,b];

(i) There exist A,u>0 and e€<E such that for all
X,yeR, X2V,

0<h(t,X)-h(r,¥)<Ae(X-y)and

0<I(t,X)=I(t, V) <pe(X-Y).

(iii) There is
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2
max {A%,* {supj (t,0)+K (r,¢))d¢} <
TE[a b] 2
for m>0.
(iv) There exist continuous functions Z,w:[a,b] - R
such as

< [, (. 8)(n(6.2(0)+1(0,0(+))) s

+IK2(T,¢)(h(¢,m(¢))+|(¢,7(¢)))d¢+k(r)
and @(t)> T Ky (z.0)(h(0w(9))+1(4.2(6)))do
+_TKZ(r,¢)(h(¢,7(¢))+l(¢,m(¢)))d¢+k(r)

for all Te[a,b].

In Hussain et al. (2014), Theorem 26) we studied the
integral equation (3) and proved that the mapping H has a

coupled fixed point that is a solution in M = C([a,b], R) .

Also, we overviewed the same integral equation (3) and
proved that the mapping H has a coupled fixed point that is a

solution in M =C([a,b],R), too, but in the range of b-metric

spaces by the implementation of C-class functions. Our case
gives different conditions (b;) and (iii) when compared to the
conditions given in Theorem 26 in Hussain et al. (2014).

Theorem 2.1. Consider the integral equation (3) with

K,,K, eC([a,b]x[a,b],R), h,l eC([a,b]xR,R) and

keC([a,b],R)and suppose that the conditions (i)-(iv) are
satisfied. Then the integral equation (3) has a solution in

C([ab].R).

Proof: The first part of proof of this theorem is very similar to
the proof of Theorem 26 in Hussain et al. (2014). For the proof

we use the following approach. Let M =C([a,b],R) denote the
space of all continuous functions defined on the interval [a, b] to
R. We endowed M with the metric d,:M xM — R defined
by
d, (X, ¥)= sup |7(I)—)7(r)|2 ,forall X,y eM.
re[a,b]

Compared to Theorem 26 in Hussain et al. (2014) where
(M,d) is a complete metric space and (M,d,<) is a complete
ordered metric space, in our case (M, d,) is a complete b-metric

space and (M,db,S) is a complete ordered b-metric space if

X <y whenever X(t)<Y(t) for all te[a,b]. Suppose {&,}



is a monotone non-decreasing in M that converges to £Ee M .

Then for every t e [a,b] the sequence of real numbers
E(1)<E, (1)< <& (7)<

converges to §&(t). Therefore for all te[ab], peN,
&,(t)<&(t). Hence ¢, <& forall p. Similarly, we can verify
that lim g(t) of a monotone non-increasing sequence g, (t) in

M is a lower bound for all the elements in the sequence. That is,
g <g,for all p. Therefore, condition (b) of Corollary (1.12)

holds.

Also, MxM =C([a,b],R)xC([a,b],R) is a partially

ordered set if we define the following order relation on M xM,
forall X,y,,geM ,with X<§& and y >g.
A mappmg H:MxM — M define by

H ( jK (. 0)(N(0.X(9))+1(4.7(6)))do

+sz %) (h(4, 7(9))+1(6,X(9)))dd+kh(z) for allze[a,b].

Now we will prove that H is increasing. For x, <x,,that is

X, (t) <X, (1), forall Te[a,b], we have

H (%, ¥)(t)=H (%, ¥)(7)
=!Kl ©.9)(h(0.%,(9))+1(6.7(6)))d¢
+T K (.0)(n(6.7(0))+1(6.%.(¢)))do-+k(x)
—le (z.0)(
—T K (e )((6.5(0) 1 (6.5 (0)) 48K (4
h(4.%,(¢)))do

K, (1. 0)(1(0.% (6)) =1 (0.% (9)))do <

h(9:%(6))+1(6.Y(¢)))do

b

—ij¢( (6:%(6))-

Hence H(x,¥)(t)<H(x, ¥)(t)for all te[ab], thatis

H(X1 )7)< H( )7) Similarly, if y,<y,, that s
¥, (1) <y, (1) forall te[a,b], we have
H (X, ¥:)(t)=H (X, y,)(7)

+T K, (1.0) (N (0,1 (6))+1(6,X(6)))do+k (x)
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b

TR (0 (6))+1(6.3. () de

—T e (5,8)(1(6. 2 () +1(6.5(6))) do—K (2

b

= (001 (830 (9) -1 (8.2 (6))) 00

b

+[K, (1.0) (n(6: 2 (¢))=h

<0.

(6.v:(0)))do

Hence, H(X,y,)(t)<H(X,y,)(t)for all te[a,b], thatis
H(X,y,)<H(X,y,). Thus H(X,y) is
X,V,&,g €M suchthat X <g and g
d, (H(X.¥)(v)-H (59)(v))
= sup [H (%.9)(x)~H (.9)(+)f

s increasing. Now, for

<Y, we conclude that

:{sup I_b[Kl (t.9) (h(¢,7(¢))+|(¢’7(¢)))d¢
))+1(6.X(6)))do+k(x)

+I(¢ 9(4)))d¢
))+1(0.£(6)))do+k

N

+I

<max {A?, uz}{SUp _[[ (1.0)+ K, (T, d)))]

(el (X(0)-(8) 421 (7(6)- 9 (8)) []do]
As the function ¢ is increasing and y(t)>g(t) for all

te[a,b], then

e(X(0)-&(0)) <&(dy (%.8)). £((¢) - 9(0)) <&(d, (7.9)).

forall ¢ €[a,b], we obtain



. db(yyé)erb(y,g)’W(db(f,§)+db(7,g)n_

T 4m? 2 2

2

SW[db(m +4,(7, ),w(db(m)+db(v,g)ﬂ_

Now by (iv) it follows that Z(t)<H(Z,®)(t) and
H(w,Z)(t)<w(t) forall te[a,b], thatis Z<H(Z,») and
H (w,Z) <w. Thus all of the hypotheses of Corollary (1.12) are

satisfied and the mapping H has a coupled fixed point that is a
solution in M :C([a, b],R) of the integral equation (3).
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