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ABSTRACT

The paper presents a new proof of Ahlfors lemma about Green Stokes formula for distributions. The proof is per-
formed directly using test functions instead of using convolutions.
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INTRODUCTION

The paper presents a new proof of Ahlfors lemma about
Green Stokes formula for distributions (Ahlfors, 2006). The new
proof is performed directly using test functions instead of using
convolutions.

If there is interest in solving the equation

fe=nf ey

where ||ull < k < 1, Arsenovié et al. (2012); Arsenovi¢ & Matel-
jevi¢ (2021) let’s treat at the beginning the case where y has com-
pact support so that f will be analytic at co. The fixed exponent
p > 2 will be used, such that kC,, < 1.

Theorem 1. If i« has compact support there exist a unique solution
fof (1)such that f(0) =0and f. - 1 € L.

According to Theorem 1 following conclusion can be made:
Lemma 1. ||g; - f:|l, = 0 and g — f uniformly on compact sets.

In order to show that f has derivatives if u has, a slight gen-
eralization of Weyl’s lemma is made:

Lemma 2. If p and ¢ are continuous and have locally integrable
distributional derivatives that satisfy p; = ¢, then there exists a
function f € C! with f, = p and f; = g. (Ahlfors, 2006)

Such results are useful in deriving solutions of Beltrami’s
equation (1). One method, which works in higher dimensions as
well is to use convolutions, see (Arsenovié at al., 2021). Here we
work directly with test functions. A very concise presentation is
given in (Ahlfors, 2006).

The new proof of Lemma 2 will be performed directly using
test functions.

In the first part of the paper, Lemma 3, Lemma 4 and Lemma
5 with their proofs are presented. Cantor’s theorem on uniform
continuity (Carleson & Jones, 1992), Fubini’s theorem (Arsenovié
at al., 2012), (Mateljevi¢, 2013a, 2012, 2013b) and the Mean value
theorem (Duren, 2004) were used in the proofs.

Below are given Theorem 2 and Theorem 3 with proofs,
which represent a new proof of Ahlfors lemma about Green Stokes
formula for distributions. A new proof is provided directly using
test functions instead of using convolutions.
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THEORETICAL PART
Let F : R — R be defined as

e 1> 0.

F(t) = 2)
0, t<0.

Lemma 3. The function F is infinitely differentiable. Let C be a

set of all functions f : R — R such that there exists a real rational
function r such that we have

0 r(x)e ', 1> 0. 3)
0, t<0.
Let f be an arbitrary function from the C class. Then it holds
that
r(t 1
lim £(r) = lim "0 _ i / M _ 0= f0), (4)
t—0+ ellt  xoe
so the function f is continuous. It also holds that
t t t 1
n JO=SO) W0 )
t—>0+ t z—>0+ t =0+ tellt x50 ¥
so the function f is differentiable and we have
, (@) +r()/Pe” !Nt 120
f@= 6)
0, t<0.

Hence it follows that f” € C.

It follows in particular that the functions from the C class
are differentiable and that the class C is closed for derivatives. It
clearly implies that all functions from the class C are infinitely dif-
ferentiable. In particular, it holds that F is infinitely differentiable.

Let £ > 0. Since the function x — F(g? — x?) is indefinitely
differentiable and positive on the interval (—¢, €), and equals zero
outside it, its integral in R is finite and positive, and the C, constant
can be defined as

C.=( f F(&? = x})dx)™. (7)
R

Let us define the function w, : R — R with wg(x) =
C.F(g* — x*). It is infinitely differentiable, non-negative and it
holds that [} w,(x)dx = 1.



Let us define the function p, : R — R in the following
way: tg(x) = fox wg/o(t — g/2) dt. It is also infinitely differentiable,
non-decreasing and it holds that y.(x) = 0 & x < 0 and p.(x) =
lex>e

For the given a,b € R such thata < band b — a > 2g let us
define the function 7,5 : R — R in the following way:

M) = {{” Am . x<lar b ®)
Us(b—x), x> (a+b)2.

This is an infinitely differentiable function equal to zero out-

side the interval (a, b), equal to one in the segment [a + &,b — €],
increasing in the segment [a, a + €] and decreasing in the segment
[b - &,b].
Lemma 4. Let a,b € Rsuchthata < band f,g : (a,b) — R
functions such that f is continuous and bounded and g s integrable
without changing the sign. Then there exists ¢ € (a, b) such that
the following holds:

b b
f J(gx)ydx = f(c) f g(x)dx. C))

Proof. Since g does not change the sign, fa i g(x)dx = 01is possible
only when g = 0 almost everywhere and in that case the claim
holds true for each ¢ € (a, b).

Let us assume, therefore, that fa b g(x)dx # 0. In addition, if
there is a constant v such that u({x € (a, b)|g(x) > 0, f(x) #v})) =0
holds, then the claim holds for each ¢ €(a,b) such that g(c)>0 and
f(c)=v holds.

Without loss of generality, we can assume that there is no
such constant v.

For

M= sup f(x) 10)

m= inf f(x),
xE(a,b) x€(a,b)

we have

b b b
mf g(x)dx =f mg(x)dx < f f(x)g(x)dx

b b
<f Mg(x)dx:Mf g(x)dx, (11
that is

7 F0g(x) dx
m < a0 <M
7 g dx

Due to the continuity of the f function, there exists a ¢ €
(a, b) for which

7 Foogx dx
fa b g(x)dx ,

holds and thus completes the proof of the lemma.
Lemma 5. Let a,b,c,d € R be such that a < b, ¢ < d and f :
D — R continuous function where D = [a, b] X [c,d]. Then we

12)

fo) = 13)

have
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tim ([ e, 0 dxdy (14
b b
= f f(x,c)dx — f f(x,d)dx,
lim f f F, o (OMeae(y) dx dy 15)
e—0+ D
d
- [ aydr- f fb,y)dy.
Proof. For the given & > 0, define the r, function as
ro(x) = f FOIN, 0 0 dy = (f(x,0) = fx, ). (16)

From Cantor’s theorem on uniform continuity, it follows that the
function f in uniformly continues and therefore the r, function is
continuous. According to the mean value theorem, it holds that

f FO Mgy = f O Y)wea(y — ¢ + £/2) dy
— intY__f(x,y)wepn(d —y - &/2)dy

= f(x,c')f wepy—c+e/2)dy (17)

- f(x,d’)fdd wep(d—y—¢g/2)dy

= f(x’ C/) - f(x’ d’)

for some ¢’ € (c,c + &) and d’ € (d — &,d). From there as
well as from Cantor’s theorem on uniform continuity, it follows
that r, uniformly tends to zero when & tends to zero. According to
Fubini’s theorem, the following holds

f f S Mape (0N, 4, () dxdy

D
b d

= f f FOCIMap (M, 4 () dy dx
ab ‘ d

= f Nab.e(X) f Feym; 4.0 dy dx

b
= f Nabe(X)(re(X) + f(x,0) = f(x,d))dx (18)

= f l(rla,b,s(x) = D(re(x) + f(x,0) = f(x,d))dx

b

+ \ (Map.e(X) = D(re(x) + f(x, ¢) = f(x,d)) dx

b b b
+frs(x)dx+ff(x,c)dx—ff(x,d).

When & tends to zero, the first two addends tend to zero be-
cause the subintegral function is bounded as continuous on a com-
pact set, while the third addend tends to zero on the basis of the



uniform convergence of the r, function to zero. From there, the
first part of the claim follows while the second part can be proven
analogously.

Let us further identify the complex plane with R?. Let Q
denote a simply connected region in the complex plane. Let f :
Q — C which has partial derivatives f, and f;. The partial deriva-
tives with respect to z and Z are defined as

Jx—ify Lty

R il

Let p and ¢ are now continuous functions which map € into
C let y denote a rectifiable curve in Q. By the integral

fpdz+qd2
y

j@+mw+@—@@
Y

19)

(20)
we mean the integral

2y

NUMERICAL RESULTS

Theorem 2. The following conditions are equivalent:

A Integral (20) is equal to zero with respect to each rectifiable
loop y in Q.

B Integral (20) is equal to zero with respect to each rectangle
loop y in Q.

C There exists a function F : Q — C which has partial
derivatives and it is such that F, = p and F; = q.

Proof. Since each rectangle loop is rectifiable, B follows from A.
Let us derive A from C. Let us derive 1 from 3.

Sgpdz+qd2 =
y

gg(p +q)dx+i(p—q)dy
Y

9§(FZ+Fz)dx+i(Fz—Fz)dy (22)
Y

9§dex + Fydy =0.
y

Suppose that B holds and let us derive C. By a special path
determined by the vertices

(%0, Y0); - - - > (Xn> Yn) (23)

in the denotation s[xg, yo;. .. X,, y,] Wwe mean a zig-zag line de-
termined by the vertices (23) so that the whole line is in €, that
it is parameterized by a parameter from the segment [0, 1], that it
is linear part by part, and that, for each k < n it holds x; = x4
or yx = Yi+1. By the value along the rectifiable path y in Q in the
denotation V(y) we mean value (20).

Let y and ¢ be special paths such that y(0) = 6(0) and y(1) =
o(1). Let us prove that the following holds:

fpdz+qd2=fpdz+qdz.
y o

(24)
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Let us prove it first in the case when the paths y and ¢ are
in the I X J set for some non-empty open intervals / and J of a
real line such that / x J C Q. Based on assumption B, for any
X, X1, X2 € I and yg,y1,y2 € J

V(s[xo, yo0; X1, Yo X2, ¥ol) = V(s[xo, Y05 X2, yol), (25)
V(s[xo, yo: x1, Y05 X1, ¥11) = V(s[xo0, y0; X0, y1; X1, ¥11),  (26)
hold as well as
V(s[xo0, Yo; X1, Y05 X1, Y15 X2, y11)
= V(sl[xo, yo; X1, Y03 X2, o5 X2, y11) (27)

= V(s[xo, yo; X2, Yo; X2, y11).

Let xg,...,x, € [and yy,...,y, € J for n > 2. If there exists

ie{l,...,n—1}holds that x,_; = x; = Xj31 OF Yi_1 = Yi = Yis1,

then there exist xg), e, x;L_l € I and ya, . ,y;_l € J such that we
obtain
V(s[X0, Y05 - - -5 X Yul) = V(S[X0: Vo3 - -3 X 15 Yoy Ds

(x07y0) = (x(,)»yé))’ (28)
(xn’yn) = (x:,—py,;—])-

The same also holds in the case when such i does not exist

but when n > 3. Hence, for any xo,...,x, € [ and yg,...,y, € J it
holds that
V(S[Xo, Yo5---5Xn, yn]) = V(S[x(), Y05 Xns Y05 Xns yn]) (29)

= V(s[x0, Y05 X1, Yn5 Xn, Yul)-

This means that V(u) for the special path ¢ in I X J depends
only on the initial and the final point of the path u, which thus
proves the claim in this case. Let us further deal with a general
case.

Since Q is a simply connected region, we can choose con-
tinuous mapping H : [0, 1]> — Q such that for every ¢ € [0, 1]
it holds that H(0,#) = y(¢) and H(1,#) = 6(t), and also that
for every x € [0, 1] it holds that H(x,0) = y(0) = 6(0) and
H(x,1) =y(1) = 6(1).

The set H[[0, 1]*] is a compact subset of the open set Q, so
there exists some € > 0 such that for every x, # € [0, 1] it holds that
B(H(x,1),&) C Q.

According to Cantor’s theorem on uniform continuity, there
exists n € N such that it holds

(Vx1, 01, x2, 1 € [0, 1D(Ix2 — X1 + 12 — 11| < 1/n =
d(H(x1, 1), H(x2, 1)) < €).
For i, j € {0,...,n} let us define ij and Yl.j as
X7,y = H(i/n, j/n). (30)

Let iy, iz, j1, j2 € {0, ..., n} be such that it holds |i; — i»], | j; —
Jol < 1. Then

d(x] Y. (P YD) <efs. (31)



Let us also, for every i, j € {0, ..., n} define a path

ﬂ{ = s[xo,yo0; .. .3 X2j-1,¥2j-1], (32)

where

(x0,30) = (X7, Y?) = H(i/n, 0) = y(0) = 6(0), (33)

(2j-t,y2j-1) = (X1, Y7y = H(i/n, 1) = (1) = 6(1),

- k k
X1 =X, xu=X;, yu1=yn=Y;, forl<k<n.

For i, k < n let us define the special path ,uf.‘ as

k _ k yk. vk yvk+l. yk+1 yk+l. yk+1 yk+l. yk+1 ykh+l.

W= sUX Y X Y X Y X Y XL Y (34)
k k+1. vk k. yk k. vk vk
Xi+1’ Yi+l ’Xi+l’ Yi+l’Xi+l’Yi ’Xi’Yi]'

All points of the path ,uf.‘ are at a mutual distance smaller than
&/4, so the path uf lies in B((XF, Y¥), £/4), so there are intervals /
and J of real line, which are of the width £/2 and such that it holds
B((Xf‘, Yik), eld) cIxJC B((Xf, Yl.k),s). It thus follows that the
path pisin 7 X J and that / x J C Q, resulting in V(,uf) = 0. On
the basis of this, it is proven by induction that for all i,k < n the
following holds:

Virf,p) = Vi) = VGIXE, Y X Y X (35)

i+1° 22 it

Y,'k+l])~

In particular, for k = n it holds that V(x}) = V(x}, ), from
where it follows that V() = V(r). For any k < n the restric-
tions of the paths 7y and y on the segment [k/n, (k + 1)/n] have
a common beginning (X}, Y§) and a common end (X§*', Y§*!) and
they are within the disc B((X¥, Y(’)‘), £/4), so it is similarly proven
as before that the integrals of p dz + g dz are equal by themselves,
which therefore proves that both V(y) = V(r5) i V(6) = V().

Let us chose arbitrary(a,b) € Q. For each (u,v) e Q, let us
define F (u,v) as follows. Let y is arbitrary special path such that
v(0) = (a,b) and y (1) = (u, v) hold. Let

F(u,v) = f(p+q)dx+i(p—q)dy-
Y

This definition is correct because of independence of the value on
the choice of y .Then F, = p+gqgand F, = i (p—q) hold and
therefore F, = p and F3 = g hold.

Theorem 3. The following conditions are equivalent:

A For any infinitely differentiable function ¢ : Q — C with
compact support, it holds that

f f p(x, y)pzdxdy = f f q(x, y)p: dxdy.
Q Q

B For any closed rectangular domain D C Q and any infinitely
differentiable function ¢ : Q — C with support D it holds

that
ff p(x,y)p: dxdy = ﬂ q(x,y)p, dx dy.
D D

C There exists a function F : Q — C with continuous partial
derivatives such that F, = p and F; = q hold.
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Proof. It is clear that B follows from A. Suppose B and let us prove
C. Let D = [a, b] X [c,d] for some a,b,c,d € R such thata < b
and ¢ < d. For € > O such thate < (b—a)/2, (d—c)/2 let us define
he, k. and @, as

(36)

hs = Nab.e> ks =Nedes

@e(X,y) = he(X0)ks(y).

With the truncated forms of p = p(x,y), . = ¢(x,y), h =
h(x) and k = k(y), it follows from B that

ff P (ax‘ps + iay‘pa) dXdy = ff q (axﬁoa - iay(pa) dx dy, (38)
D D

ff(p—q)ax%dxdwiff(pw)awsdxdy=o,

D D

ff(p+q)5y<psdxdy—iﬂ(p—q)c?x%dxdy=0-
D D

On the basis of Lemma 5, allowing & to tend to zero, we
conclude that the following holds

¢s : RZ2 — R, (37)

(39)

b b
f(p+q)(x,c)dx—f(p+q)(x,d)dx+i

d d
+ f (P—q)a,y)dy —i f (p—q@)(b,y)dy =0, (40)
namely
é(wq)dxn(p—q)dy:o, @1)
D

so on the basis of Theorem 2 it holds B. Let us suppose C
and let us derive A. It should be actually proven that the following

holds
f f Fp:dxdy = f f Fzp:dxdy, (42)
Q Q
ie.
[[[-irpe. i axay 3)
Q
= ff(Fx + lF))(Sax - l(py) dXdy,
Q
which is equivalent to
ff Frpydxdy = ff Fypdxdy. (44)
Q Q

Let K € Q be a compact support of the function ¢. Each
point of the set K can be paired with an open rectangle whose
sides are parallel to the coordinate axes and whose closure lies in
Q. Such a cover has a definite subcover; therefore, without loss of
generality, we can assume that K is a non-empty finite union of
closed rectangles with non-empty interior and sides parallel to the
coordinate axes.

Suppose that D = [a, b] X [c, d] is the smallest closed rectan-
gle with its sides parallel to the coordinate axes, such that K C D.
Let us pair each x € [a, b] with the set

Dy ={yelc.d] : (x,y) € K}. (45)



For each x, the set D, is a finite union of disjoint closed
intervals. On the endpoints of each of these intervals, the function
¢ is annuled together with its partial derivatives. Hence, if [u, v] is
some of these intervals, then it holds that

f Fy(x, y)pu(x,y) dy FQx,v)ox(x,v) = F(x, u)px(x, u)

f F(x,y)@x(x,y) dy (46)

u

- f F(x,Y)@xy(x,y) dy.

By adding the integrals as a function of all disjoint closed
intervals which give the set D, in the union, we conclude that the
following holds

f Fy(x, y)ex(x,y)dy = = f F(x, y)gxy(x, y)dxdy. — (47)

D, Dy

According to Fubini’s theorem, we have

b
f fK Fy(, y)o(x,y)dxdy f fD Fy(x,y)ex(x,y) dx dy

b
- f f F(x,y)px(x,y)dx dy
a D,

- f f F(x,y)¢x(x,y) dxdy. (48)
K

Since K is the support of the function ¢, it holds that

ff Fypcdxdy = ff Fypcdxdy =
Q K
- f fK Fx )¢ (xy) dxdy = - f fg F(x,y)gn(x,y) dx dy.

The formula

f fg Frpydxdy = - f fﬂ Flx.en(xy)dxdy,  (50)

is similarly proven thus finally leading to (44).

(49)

APPENDIX

Recall that this paper is related to a paper by authors Arsen-
ovi¢, M. and Mateljevi¢, M. titled "On Ahlfors-Beurling Operator”
published in Journal of Mathematical Sciences, 2021 (referenced
below Arsenovi¢, M., Mateljevi¢, M. On Ahlfors—Beurling Oper-
ator. J] Math Sci 259, 1-9 (2021). https://doi.org/10.1007/
s10958-021-05596-9)

In the above mentioned paper authors Miodrag Mateljevic¢
and Milo§ Arsenovié investigate regularity properties of solutions
of Beltrami equation expressed in terms of moduli of continuity.
Authors Miodrag Mateljevi¢ and Milo§ Arsenovié¢ prove that a
class of Calderon-Zygmund operators, including Ahlfors-Beurling
operator, preserves certain type of modulus of continuity of com-
pactly supported functions. They have also proved a purely topo-
logical result which easily gives injectivity of normal solutions of
Beltrami equation.
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Theorem 1 and Theorem 2 from the above mentioned paper
are given below. In order to make it easier for readers to under-
stand the problems that the authors Miodrag Mateljevi¢ and Milo§
Arsenovi¢ deal with in the mentioned paper, a complete proof of
Theorem 1 is given.

For the convenience of the readers, some definitions, terms
and considerations will be mentioned (in the same way as pre-
sented in the mentioned paper).

Authors choose a majorant w i.e. a continuous increasing
and concave function, w(?), ¢ > 0 such that w(0) = 0 and w(At) <
Crw(t), A > 1.

Authors impose the following two conditions on majorant

w:
1
t
f @drgmw(é), 0<6s<1. 1)
0
1
t
fwdt<A2@, 0<s<l. @)
o t 0
The operator T is defined by the following formula:
T =tiny [ KoM=y,
£ R
where K, denotes a truncated kernel
K(x), |xl>e,
K (x) =
0, x| < e.
In the same paper it is proved:
Tf(x) = fK(y)[f(x -y - fldy, xeR" 3)

Theorem 1. Assume a majorant w satisfies conditions (1) and (2).
Then for every R > 0 there is a constant C = C(R, n, Q, w) such
that

IT fllo < Cllfllos  f € NG “4)

We note the following well known estimate for the kernel K:
h

[K(x + h) — K(x)| <C(Q)| || Ll, x#0,h < x1/3. (5)
X n

Let us choose f € AR and x, x + h € R", where || < 1. From (3)
we obtain

Tjto = ( f * f )K(y)[f(x—y)—f(x)] dy=1I+Dh.
Iyl<3al 3|l<y<|x+R ©

Analogously to the argument leading to (11) we estimate /;:

30|
1< BAAIS™ [ 42 dr < Con i
)

where we used condition (1). Replacing x with x + /4 in (6)
we obtain

TF) = ( f " f )K(y)[f(x+h—y)—f(x+h)] dy = I+,
[yI<3|A| 3|hl<y<|x|+R (8)



where |/1] < C(n, Q, w)||fllow(Al) and

A f KO)Lf(x+h—y) — fGx+ W] dy
3lhl<lyl<x+hl+R

f KO)f(x+h=y) = f(x)]dy ©))
3Jhi<yl<iv+hl+R

f K(z+h[f(x-2)— f(0)]dz
3|hl<|z+hI<|x+hl+R

f K@+ WI[f(x-2) - f(x)]dz+E =J, +E.
3|hI<|zI<]xl+R

Note that cancellation property enabled replacement of f(x+
h) with f(x). Now we estimate the error term E, which results
from a change of domain of integration from one spherical ring
A(=h; 3|hl; |x + h| + R) to another one A(0;3|Al; |x] + R). Regard-
ing the change of inner limits, the size of K(z + h) is estimated
by C(n)||Q|||h|™", the measure of the symmetric difference of
B(0; 3|h|) and B(—h; 3|h|) is estimated by C(n)|h|" and the size of
f(x—2)—f(x) is estimated by C(w)||fll,w(|h]). Hence the error due
to the change of inner limits is estimated by C(n, Q, w)||Q||ow(|A]).

Regarding the change of outer limits, the measure of the
symmetric difference of domains of integration is estimated by
Cm)h|(|x| + RY*™!, the size of K(z + h) by [|Ql(lx| + R)™ and
the size of f(x — z) — f(x) by 2||flle, hence the contribution to the
error term is bounded by C||Q|||| f]lco|%2], Wwhere C is a constant de-
pending only on 7. Since ||f|lc < C(w,R)||fll, and § < C,(9) for
0 <6 < 1 we obtain

|El < C(R, n, Q, w)llfll,w(lAl). (10)
Combining (6), (7), (8), (9) and (10) we obtain

ITf(x+h) —Tfx)| =11 ++E-1 -
< o= Ll+I|E|+ L]+ /1] = Ey + E>

where
E2 = |E| + || + |J1] <€ C(R, n, Q, w)|| fllow(|h])

and

E =

f [K(z+h) = K@I[f(x —2) = f(0)]dz].
3|hI<|zI<]x|+R

Since f is supported in B(0; R) we can assume w(f)s is con-
stant for ¢t > 2R, in particular w(f) < w(2R). We use (5) and (2) to
estimate E;:

|l

+1
3ni<lal<ix+r 12"

|x[+R
C@IS™ I fll, f ()

—=d
31 ? !
1 00
f + f )Mdt
3/ 1 2
Cull fllw(Azw (A + w(2R)|A])
C(R,n, Q, w)l| fllow(hl).

E;

N

C(Q)

lf(x—2) = f(¥)ldz

N

|h|C(n, DI flle (

N
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Note that this was the only estimate in the proof that relied
on (2). This gives desired estimate for || < 1, the estimate for || >
1 follows easily from the vanishing of 7 f at infinity. In fact, since
the support of f is compact we have the following asymptotic:
T f(x) = O(|x]™)) as x — +o00; we leave details to the reader.
Theorem 2. Let f be a quasiconformal mapping between bounded
planar domains D and G with C'* boundaries, where 0 < a < 1.
Then the following three conditions are equivalent.

(A) f € C*(D)and f~! € C(G).

(B) The complex dilatation (i is & Holder continuous on D.

(C) The complex dilatation p -1 is @ Holder continuous on
G.
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