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In this study, a new finite element model for ultrasonic welding equipment is proposed. This help to solve remaining 
issues such as element type selection for the numerical model, mesh size, and how to determine the parameters of 
piezoelectric materials. The obtained results clearly show the influence of element type and mesh size on resonance 
frequency and amplitude. Specifically, with a mesh size of 2 mm, it was concluded to be suitable for the model. For 
the C3D8 element (C3D8E), the computation time is reduced by 0.25 times compared to the C3D20R element 
(C3D20RE). After that, an experimental processing procedure is performed to evaluate the numerical simulation 
results. Specifically, the handling of signal noise when measuring a very small displacement at high frequencies of 
an ultrasonic vibrating device. Based on the confirmed finite element model, this model is extended to evaluate the 
influence of the load on the amplitude and resonant frequency of the ultrasonic welding system. The results show 
that when the load increases, the amplitude decreases while the resonant frequency increases. The results of this 
study can be applied to the design of ultrasonic vibration systems. 
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1 INTRODUCTION 

Nowadays, the ultrasonic vibrating device is more and more widely used in life and engineering applications [1–10]. 
A high-power ultrasonic system usually consists of a transducer, a booster, and a horn. In ultrasonic vibration 
systems, the transducer acts as the source of the ultrasonic vibration, and it is generally commercial equipment. 
Pairing the transducer with other components such as the horn and/or booster may change the expected resonant 
frequency. Several studies have been implemented to evaluate the system response when adding different 
components to the transducer. Xuan Li et al [11] have modified the ultrasonic vibration device for rock drilling systems 
that require a small size but very high working performance. Based on the design of the existing Langevin transducer, 
Mathieson Andrew succeeded in modifying the design parameters to create an ultrasound device suitable for use in 
bone surgery [2]. In addition, there are other studies [12–17] that also focus on the design of ultrasonic transducers 
for different purposes. The method of designing a new transducer has traditionally been based on trial and error, thus 
requiring faster and more reliable tools. The finite element method is usually employed to analyze the system 
response, where the transducer is often considered the ideal source, providing a preset vibration. Although the 
piezoelectric part plays an important role in ultrasonic systems, the piezo's electromechanical properties have not 
been fully considered. Therefore, to get more accurate results, it is necessary to develop a finite element model which 
describes all parts of the system. Finite element analysis is a very important step in the product design process. It 
has been widely applied in ultrasonic device analysis. Hassan Al-Budairi et al [18] used finite element analysis to 
optimize the mechanical structure of longitudinal torsional ultrasonic transducer. Mohamed Y.Baraya [19] used FEM 
to support the design of the Langevin transducer used in the electromechanical system for measuring the error 
between finite element analysis and experiment less than 8%. In the process of performing finite element analysis, 
the choice of mesh size and element type is very important [20] because it directly affects the accuracy of the results 
and the running time  of the model. However, most of the published studies involving ultrasonic devices use only a 
single element type for components with different electrical and mechanical properties [5,21–26] or the publication is 
not presented in detail [18,19,27–29]. For example, Ceramic has special electromechanical properties that are 
different from other transducer components, as well as metal parts of horns, boosters, etc. This leads to the need to 
use separate elements when analyzing and designing. Furthermore, no benchmark results for the piezoelectric 
element, in the finite element modeling, have been found in the literature. On the other hand, the accuracy of 
numerical simulation results, in published results, is often not provided with sufficient accuracy. Therefore, it is very 
necessary to use different meshing methods and choose different element types for different components. Besides, 
the experimental results to verify the simulation results are not published in detail and clearly[5,6,25,30–34]  
In this paper, a full finite element model is proposed. Accordingly, elements C3D8E and C3D20RE are used for PZT 
rings, and elements C3D8 and C3D20R are used for other parts of the model. At the same time, the selection of 
proper element mesh size as well as the calculation of input parameters for the finite element model are also studied. 
Simulation results are then experimentally validated. Next, the verified model is extended to study the effect of load 
on the system response. Besides, method of processing experimental data is explained in detail. Since the ultrasonic 
vibration is of very high frequencies with tiny amplitude, the obtained signals must be filtered with proper method to 
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obtain reliable data. In our experiments, Philtec RC-19 measuring instrument was employed, providing a cost-
effective solution. 
The article is divided into four parts: An introduction, an overview of research issues, and the remaining issues that 
need to be resolved. Material and method section, presenting a new approach to solve existing issues in finite 
element models and experimental measurement of vibration amplitudes. Results and discussions section, evaluate 
and confirm the obtained results and extend the finite element model to study other issues. The final section is the 
conclusions. The new approach in this paper will thoroughly solve the issues related to the finite element model of 
the ultrasonic vibrating device. 

2 MATERIAL AND METHOD 

2.1 Material 

In this study, a common ultrasonic vibration system, which includes all components such as the transducer and 
booster, was selected as an object-to-be-tested. A commercial ultrasonic transducer Herrmann Ultrasonic-
Ultraschall, having resonant frequency of 20 kHz, paired with a booster, was used. The detail dimension of such 
device is shown in Fig.1. The device parameters are represented in Table 1 and Table 2. 

 

 
Fig. 1. Ultrasonic transducer and booster (all dimensions are in mm) 

Table 1. Parameters of the ultrasonic transducer 
Contents Unit Specifications 

Frequency kHz 20 
Power W 4000 

Ceramic diameter mm 50 
Ceramic rings - 4 

Amplitude µm 10 

Table 2. Booster's material properties 
Parameter Unit Value 

Young’s modulus GPa 200 
Density Kg/m3 7850 

Poisson’s ratio - 0.3 
Amplification factor - 2 
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2.2 Research Method 

The finite element model developed in this paper uses two different types of elements for mechanical and 
electromechanical properties of the system. Abaqus software was selected to provide the simulation results. First, a 
modal analysis was performed to find the natural frequency of the ultrasonic vibrator. In this step, a conversion 
process was made to convert parameters provided by the manufacturer into proper input data in Abaqus software. 
Then, characteristics such as resonant frequency, and amplitude are determined. Finally, the results of the FEM 
model are tested and validated. 
Firstly, the basic properties of the PZT ring are introduced. The PZT rings are made from materials with piezoelectric 
properties. Accordingly, linear piezoelectric properties are the combined effect of electromechanical and elastic 
behavior. The linear electrical behavior of the material can be expressed in the following form: 

D E= ε                                                                                      (1) 
Where, D is the electric charge density displacement, ε is permittivity, E is electric field strength. The Hooke’s law for 
elastic materials:  

S=sT                                                                                            (2) 
Where, S is strain, s is compliance under short-circuit conditions, T is stress. These relationships are expressed as 
coupling equations, where the strain-charge form is: 

tS sT d E
D dT E
= +
= + ε

                                                                              (3) 

Where, d is matrix for the direct piezoelectric effect. The piezoelectric coefficients can be defined as follows: 
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Relationships between electrical and elastic mechanical behavior. 
Strain – Charge Form: 

t
E TS s T d E;D d.T E= + = + ε                                                         (5) 

Stress- Charge Form 
t

E sT c S e E;D e.S E= − = + ε                                                           (6) 

Strain-Voltage Form:  
1t

D TS s T g D;E g.T D−= + = − + ε                                                      (7) 

Stress – Voltage Form:  
1t

D ST c S q D;E q.S D−= − = − + ε                                                       (8) 

In ultrasonic transducers, the piezo ceramic ring has the main function in conversion electrical energy into mechanical 
energy. Therefore, the analysis of piezoelectric materials requires full consideration of their mechanical, 
electromechanical, and electrical aspects. These are very important parameters that have the greatest influence on 
the numerical simulation results. However, in the published ultrasonic vibration device simulation studies, most of the 
system behavior is obtained as a result of using a single element with mechanical properties for the entire model 
including the PZT material. In this study, the authors will use a piezoelectric element as excitation resource. To 
provide the PZT parameters for the simulation model, it is necessary to convert the data provided from the 
manufacturer in the form the constant stress. The conversion of stress to a dielectric constant at a constant strain

S ε  can be made using the following relationship: 

[ ] [ ]tS T e d   ε = ε −                                                                          (9) 

Where [ ]te and [ ]d  are the transpose of the charge constants matrix in the stress form and the charge constants 
matrix in the strain form, respectively. According to Equation 9, the linear relationship between the mechanical and 
electrical fields in the matrix is provided in Abaqus: 

[ ]
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Where d1 23, d2 13, d3 11, d3 22, and d3 33 are provided by the manufacturer. Besides, the constant piezoelectric charge 
[e] is also calculated according to the formula 12 [35]. 

[ ] [ ][ ]e d D=                                                                                    (12) 

With ijklD  is a fourth-order elastic tensor of the elastic stiffness parameter evaluated at a constant electric field 

[ ]
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1111 1 23 32 1122 2 12 32 13 1133 3 13 12 23 2222 2 13 31D E (1 ) ;D E ( ) ; D E ( ) ; D E (1 ) ;= −ν ν γ = ν − ν ν γ = ν − ν ν γ = − ν ν γ                       (14) 
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                                                     (16) 

The values provided by the manufacturer, for the material PZT-8, are shown in Table 3. The main steps to calculate 
the input parameter value for the finite element model in Abaqus according to the formulas (3), (9), and (13). When 
calculating the data to input in Abaqus, equation (10) and equation (11) degenerate into: 

[ ]
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d
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 =  
  

                                                 (17) 
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e 0 0 0 0 e 0

e e e 0 0 0
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                                                (18) 

The obtained results are shown in Table 4, Table 5, and Table 6.  

Table 3. Values of PZT provided by the manufacturer 

E11 (m2/N) E22 (m2/N) E33 (m2/N) E12 (m2/N) E13 (m2/N) ν13 ν23 
1.0E-11 1.0E-11 8.50E-12 -4.50E-12 

 
-2.5E-12 3.0E-01 3.0E-01 

d 33 (C/N) d31 (C/N) d15 (C/N) εs33 /ε0 

 
εs11 /ε0 ε0 (F/m)  

2.25E-10 
 

-3.70E-11 
 

3.30E-10 
 

3.65E-10 0.0E+00 -9.5E-11  

Table 4. Piezoelectric elastic properties of material 

D1111 (N/m2) D1122 (N/m2) D1133 (N/m2) D2233 (N/m2) D3333 (N/m2) 
9.22E+10 -6.75E+09 2.58E+10 2.58E+10 8.59E+10 

D1212 (N/m2) D1313 (N/m2) D2323 (N/m2) D2222 (N/m2)  
4.65E+10 4.65E+10 4.65E+10 9.34E+10  

Table 5. Charge constants matrix in the strain of material (unit is C/N) 

d1 11 d1 22 d1 33 d1 12 d1 13 d1 23 d2 11 d2 22 d2 33 
0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 3.65E-10 0.0E+00 0.0E+00 0.0E+00 

d2 12 d2 13 d2 23 d3 11 d3 22 d3 33 d3 12 d3 13 d3 23 
0.0E+00 3.65E-10 0.0E+00 -9.5E-11 -9.5E-11 2.35E-10 0.0E+00 0.0E+00 0.0E+00 

Table 6. Piezoelectric charge of material (unit is C/N) 

e1 11 e1 22 e1 33 e1 12 e1 13 e1 23 e2 11 e2 22 e2 33 
0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 1.67E+01 0.0E+00 0.0E+00 0.0E+00 

e2 12 e2 13 e2 23 e3 11 e3 22 e3 33 e3 12 e3 13 e3 23 
0.0E+00 1.67e+01 0.0E+00 -1.97E+00 -1.97E+00 1.570E+01 0.0E+00 0.0E+00 0.0E+00 
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As mentioned above, choosing the right element for the finite element model is very necessary. The 8-node element 
(C3D8,C3D8E) and the 20-node element (C3D20R, C3D20RE) both have mechanical properties but the element 
C3D8E and C3D20RE has additional electrical properties. Therefore, in each research FEM model, the 
corresponding element used are (C3D8, C3D8E) and (C3D20R, C3D20RE). At the same time, the authors solved 
the model on progressively finer meshes and compared the results (mesh size 1, 2, 3, and 4 mm). The finite element 
3D model of the experimental ultrasound device was developed to accurately predict device responses as shown in 
Fig. 2. The simulations are performed on computers with configuration: Processor Intel(R) Xeon(R) CPU E5-2689 0 
@ 2.60GHz 2.60 GHz, RAM 32.0 GB. 

 
Fig. 2. Finite element 3D model of ultrasonic vibrating device 

3 RESULTS AND DISCUSSIONS 

3.1  Simulation Results 

For simulation with element C3D8 and C3D8E, a numerical simulation is performed to determine the natural 
frequency and mode of vibration. The obtained results show that the transducer has bending vibration at 17420 Hz 
and 22662 Hz, torsional vibration at 1888 Hz, and longitudinal vibration at 19703 Hz (Fig. 3). Numerical harmonic 
analysis is also used to evaluate the vibration amplitude and resonance frequency when operating the device. The 
result of harmonic analysis is shown in Fig.4. Accordingly, the vibration amplitude at the end of the booster is 19.1 
µm, corresponding to the resonant frequency of 19703 kHz.  

 
Fig.3. Mode and natural frequency of ultrasonic vibration device (mesh size 2 mm) 
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Fig. 4. Vibration amplitude of the ultrasonic transducer (mesh size 2mm) 

The meshing and use of the appropriate element type have a great influence on the results as well as the CPU time 
in numerical simulation. A small mesh will lead to a more precise solution. However, as the mesh is made smaller, 
the computation time increases and requires a large computer configuration. In this study, mesh sizes are analyzed 
and compared based on ensuring accuracy and requiring reasonable running time. Therefore, to study the evaluation 
of resonant frequency, ultrasonic vibration amplitude as well as running time, it is necessary to perform numerical 
simulation with four mesh refinements (mesh size 1, 2, 3 and 4mm). Effect of mesh refinement on the resonance 
frequency and amplitude is shown in the Fig. 5. The received resonance frequency responses tend to be similar for 
the four meshes, but the amplitudes are different for the mesh sizes. 

 
Fig. 5.  Effect of mesh refinement on resonance frequency and amplitude 

After conducting a series of simulations with four different mesh sizes, different model energy plots for the four 
meshes are plotted in Fig.6. When doing the kinematics calculation, the kinetic energy changes with the frequency 
as shown in Fig. 6a. The energy balance for the four meshes with time (Fig. 6b). It is easy to see that in the numerical 
model this value is only approximately constant, with an error of less than 1%. After analyzing this sensitivity, a mesh 
size of 2 mm was selected for the calculations involved while keeping the computational cost reasonable. 

 

Fig. 6. Effect of mesh size on various model energies: (a) Kinetic energy, (b) Energy Balance   
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For the element C3D20R (C3D20RE), a series of numerical simulations are performed similarly to the element C3D8 
(C3D8E). A comparison of the results between these two elements is shown in Table 7 and Fig. 7. It shows the 
change of resonant frequency, oscillation amplitude as well as running time, corresponding to different mesh sizes, 
for the two element types. It is easy to see that the running time when using the C3D20R element (C3D20RE) is 
much larger than when using the C3D8 element (C3D8E). The difference in running time is due to the element mesh 
used for piezoelectric materials. Specifically, there is a difference in electric potential at the actuator and sensor 
monitor point between linear element mesh C3D8E and Quadratic Reduced Integration mesh C3D20RE elements. 

Table 7. Effect of mesh size and element style 

Element Type Mesh size 
(mm) 

Number of 
Elements 

Resonant Frequency 
(Hz) 

Amplitude 
(mm) 

Time CPU 
(s) 

C3D8 
(C3D8E) 

1 398238 20303 0.022 43768 
2 126694 19703 0.0191 16320 
3 50658 19406 0.0175 3720 
4 25320 19121 0.0155 1860 

C3D20R 
(C3D20RE) 

1 398238 20613 0.0214 54710 
2 126694 19871 0.0195 20456 
3 50658 19566 0.0185 4650 
4 25320 19281 0.0159 2325 

On the other hand, the first-order elements are computationally efficient and improve contact convergence. However, 
if the mesh size is large, the element will become stiff, reducing the accuracy of the results. As the mesh size 
decreases, the effect of this problem becomes negligible. The quadratic elements have more accurate results, and 
better fit for complex models but the model computation time will be longer. As can be seen from Table 7 and Fig. 7, 
the recommendation to select the element type for the finite element model requires selecting elements with similar 
properties such as C3D8 and C3D8E or C3D20R and C3D20RE. Using the mesh size of 2 mm, the running time for 
the C3D20R (C3D20RE) element is 1.25 times that of the C3D8 (C3D8E) element. 

 
Fig. 7. Comparative computation time between two element types 

3.2  Experimental Study and Discussion 

3.2.1 Experimental setup and data processing 

Experiments were implemented to verify the results of finite element analysis such as frequency measurement, 
amplitude measurement to compare with simulation results. The first basis of the measurement experiment is the 
determination of the resonant frequency. The resonant frequency of the ultrasonic vibration device is a very important 
specification. Therefore, to fabricate a complete ultrasonic vibration system as well as to apply existing systems in 
practice, it is necessary to check this parameter first. Based on related studies [13,36-39], the authors determine the 
principle of determining the impedance and resonance frequency. This principle will be used in the measurement 
procedure to determine the amplitude of oscillations at the resonant frequency of the ultrasonic vibration system in 
this study. The obtained measurement result is shown in Fig. 8. The resonant and anti-resonant frequencies obtained 
are correct with the values given by the designer. Hence, the electromechanical coupling coefficient, the conversion 
efficiency between electrical energy and acoustic energy in PZT, is guaranteed [40]. 
To measure very small mechanical displacements (µm), an RC-19 displacement sensor is used. This is a reflective 
type of detector based on detecting the intensity of the reflected light. The model RC sensor has a pair of fiber 
detectors in the sensor head. Light reflected off the target follows two separate paths back to the electronics, where 
scaling provides a distance measurement independent of different surface reflectance. RC-type fiber optic sensor is 
a family of very high-performance non-contact displacement sensors with resolutions down to 0.01µm and analog 
output from 0 to 5 Volts. In this study, an ultrasonic power supply (Series welding, output power 3000W and mains 
supply 220V, 50-60 Hz) is used. It is compatible and easily modifiable to drive almost any piezoelectric ultrasonic 
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transducer presently used, operating up to 100 kHz (digital software settings, easy frequency selection in any range, 
and easy frequency window selection in any range). In addition, to conduct this research, it is necessary to use 
supporting devices such as Jig, DAQ kits, as well as the help of express acquisition software Signal Express, data 
analysis software OriginLab. 

 
Fig. 8. Determine the impedance and resonance frequency of the ultrasonic vibration device 

 

Fig. 9. Experimental set‐up for the vibration amplitude measurement 

An experimental system to measure the amplitude of the ultrasonic transducer is set up as shown in Fig. 9. It consists 
of an ultrasonic vibration system: An ultrasonic generator, an ultrasonic transducer, and booster; Optical measuring 
system: the RC-19 displacement sensor and the controller (Philtec RC-19 is an instrument used to measure the 
distance, displacement, and vibration of small targets > Ø 0.5 mm with high resolution [41]), and a data acquisition 
system. The ultrasonic vibrator is mounted on a jig and clamped at a position where the vibration amplitude 
(displacement) is zero. The ultrasonic generator converts 50Hz power to ultrasonic frequency AC output. The signal 
is fed to a piezoelectric transducer inside the ultrasonic vibration which converted the signal to mechanical vibrations. 
The RC-19 optical cable and custom sensor head are installed as shown in Fig.10 (The sensor head is set up to 
measure at four different positions). Adjust the gap between the sensor and the booster head so that: The sensor is 
perpendicular to the target and gapped to its range of highest sensitivity. Calibration is provided for the sensor giving 
the voltage output response to distance. Within the bounds of the linear range, convert the change in voltage output 
as follows: 

Distance (µm) = Δ millivolts ÷ Sensitivity                                                 (19) 
The scanning frequency of the ultrasonic power supply is adjusted in the range of 19 kHz – 21 kHz. In this way, the 
values can be scanned to get the most appropriate ultrasonic load range. Measurement data is recorded by using 
Signal Express software. This data is analyzed with the help of Origin Lab software to find the amplitude of the 
transducer system. A very important note: When conducting measurement experiments, the authors discovered the 
existence of some strange signals causing amplitude noise. To solve this issue, a digital filter was used to remove 
these noisy frequencies. The distribution of voltage in real-time is shown as shown in Fig.11 and Fig.12. It clearly 
shows the effect of noise on the vibration amplitude of the equipment used in this study. Before noise filtering, the 
voltage amplitude is unevenly distributed, which makes it difficult to accurately determine the amplitude to be 
measured (Fig.11). After using the noise filtering method, the received amplitude is distributed according to the rule, 
so it is easy to accurately determine the amplitude to be measured (Fig.12). Based on this obtained data, the fast 
Fourier transform (FFT) algorithm is used and combined with voltage conversion relationship and measurement 
sensitivity in equation 15, to determine the resonant frequency and amplitude of oscillation. The result obtained is 

http://www.engineeringscience.rs/


Journal of Applied Engineering Science 

Vol. 21, No. 3, 2023 
www.engineeringscience.rs 

 

 
publishing 

 
Viet Dung Luong et al. - Dynamic response of high- 
power ultrasonic system based on finite element 
modeling of piezoelectric 

 

867 

illustrated in Fig. 13. It is easy to see that the largest amplitude of vibration measured is 20.07 µm, corresponding to 
the resonant frequency 20053.29 Hz.  

 
Fig. 10. Install sensor head for displacement measurement 

 
Fig. 11. Measurement results before noise filtering 

 
Fig. 12. Measurement results after noise filtering 
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    Fig. 13. Resonance frequency vs amplitude received after performing FFT 

3.2.2 Validate the finite element model 

The results of the experimental procedure established in this study show that the values of the quantities to be 
measured are consistent with the design values. Specifically, the measured resonant frequency is 20.053 kHz, 
corresponding to 20.07 µm amplitude compared to 20 kHz and 20 µm design values. However, to evaluate the results 
of the measurement process comprehensively, it is necessary to compare with the numerical simulation results for 
the conducted experiment. The comparison of numerical and experimental simulation results is shown in Table 8. 
The resonant frequency error is 1.7% and the vibration amplitude error is 4.83%. The numerical results obtained are 
in good agreement with the experimental results. On the other hand, the numerical simulation results in the previous 
section indicate that the displacements of the points on the booster head are the same (Fig.14). That once again 
confirms the reliability of the model and the numerical simulation results performed. 

Table 8. The comparison of numerical and experimental simulation results 

 Experiment Simulation Erros (%) 
Resonant frequency (Hz) 20053 19703 1.74 
Vibration amplitude (µm) 20.07 19.10 4.83 

 

Fig. 14. The displacement of the points on the top of the booster 

3.3  Effect of force on device characteristics 

Based on the comparison of results between the experiment and simulation, the authors continue to study the change 
of amplitude and resonance frequency of this device, when applied force, by finite element analysis method. The 
purpose of this analysis is to find out the change rule of the resonant frequency and amplitude of the ultrasonic 
vibrating device after the applied load (Fig. 15). The actual welding force is divided into different values to simulate 
the change in resonant frequency and amplitude. After the system was loaded during actual processing, the effects 
of different force loads were accurately analyzed. According to the actual welding force during work, the axial 
pressure 0–250 N is gradually applied to the device, and the solution order is set to 5 steps. The changes in the 
resonance frequency and amplitude of the system are shown in Fig. 16. Fig. 16a shows the decrease in the amplitude 
of vibration when force is applied. As the force increases, the amplitude decreases. At this time, the efficiency of 
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converting electrical energy into mechanical energy decreases, which seriously affects the capacity and stability of 
the system. Therefore, it is necessary to calculate to compensate for this energy loss. In Fig. 16b, the simulation 
results showed that the resonant frequency of the device changes with increasing direction, but the range of change 
is small. Since the device works in the elastic phase, the resonant frequency does not change significantly. 

             
Fig. 15. Forces acting on the device and specimen during welding 

                  
Fig. 16. Effect of force on resonance amplitude (a), and frequency (b) 

4 CONCLUSION 

This study has solved some outstanding issues related to ultrasonic vibration equipment. By new approach, the 
authors have successfully built a finite element model of an ultrasonic vibrating device with full properties of the real 
model. In addition to the basic elements for solid modeling (C3D8, C3D20R), piezoelectric elements C3D8E and 
C3D20RE for ceramic materials are also used. The process of calculating the parameters for piezoelectric materials 
as well as the selection of the mesh size to increase the convergence and reduce the running time is also mentioned 
in this study. Besides, a detailed procedure for measuring vibration amplitude and resonance frequency is also 
determined in this study. The correctness of the finite element model is confirmed by comparing experimental and 
simulation results. Finally, based on the obtained results, the effect of welding force on the performance of ultrasonic 
welding equipment continues to be studied by the finite element analysis method. 
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