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In the Friction Stir Welding (FSW) operation, the role of thermal applied load modeling is no secret to simulate the 
heat distribution issued from this process. Unfortunately, the previous models implemented in transient mode did not 
present an accurate model for the moving heat source resulting from FSW operation. The main reason for this issue 
is attributed to the confidence and deviation ratios, especially with the Gaussian Distribution (GD). Besides, these 
models did not utilize the constitutive models of yield strength for comparison. Accordingly, the current study aims to 
present hybrid thermal models adopting 99.75% and 0.25% for confidence and deviation ratios, respectively, where 
it hybridized the Von Mises criterion with the constitutive models for yield strength to Voce, Hollomon, and Swift. 
Hence, these models contribute to presenting a comparison study to predict numerically the thermal history and 
investigate this history experimentally. Therefore, these hybrid models were used with finite element simulation to 
validate the experimental thermal history of FSW for Al 6061-T6 under 800 rpm, 10 mm/min, and 15 kN for rotational 
speed, linear velocity, and applied force sequentially. Finally, this validation has proved the dominance of the hybrid 
model for Von Mises-Voce in predicting the thermal history and peak temperature compared to other hybrid models. 

Keywords: FSW, thermal history, constitutive models, von mises, strain hardening 

1 INTRODUCTION  

The distinctive mixture of magnesium, silicon, copper, and chromium, besides the element of aluminum in Al 6061-
T6 alloy, contributed to adoption in aerospace, marine, and military areas [1]. One of the reasons to adopt this alloy 
in these areas is the advanced mechanical properties, where it possesses an age-hardenable microstructure [2]. 
Consequently, it was exploited in various welding techniques, especially in the Friction Stir Welding (FSW) operation. 
One of the early studies conducted in FSW of Al 6061-T6 alloy has tracked the longitudinal plunge behavior of pin-
tool in the welding path. Thus, this behavior contributed to obtaining the friction peak temperature at 635 K and 156 
rpm of the pin shoulder area with the workpiece. Accordingly, the friction zone changed yield point to tensive due to 
the temperature disparity between this area and the surroundings [3]. From here, the thermal history recorded by 
thermocouples has become vital to comprehending the heat distribution zones in the FSW line and interpreting the 
heat increase of the nugget distributed in the Thermomechanically Affected Zone (TMAZ) [4]. Furthermore, the 
growth of rotational velocity and dropping welding speed led to a rise in the heat by conduction in TMAZ compared 
to the Heat-Affected Zone (HAZ) and Base Material Zone (BMZ). This variation of velocities produced a gradient in 
hardness property based on the increasing size of grains in BMZ and even TMAZ, respectively [5-8]. Moreover, the 
contrast of thermal conductivity, specific heat, and thermal diffusivity among aluminum and magnesium elements in 
Al 6061 alloy during FSW also encouraged the experimental adoption of Zhang's models to interpret the heat 
generated in friction zones [9,10]. Other than that, the recrystallization phenomenon was responsible in the nugget 
region, at the high friction temperature, to efficiently flow material [11-13]. Therefore, these experimental studies have 
demonstrated the profound effect of heat distribution by the FSW technique on the morphology and properties of the 
welding zone of this alloy. Hence, it was essential to introduce a numerical interpretation and heat model of this 
operation. The brief survey in Table 1 describes the numerous numerical models of heat generated by this technique 
in Al 6061-T6 alloy. 
Although other studies adopted the models mentioned above in Table 1 [14-19], the mode of each model and the 
shape of the pen tool revealed the variation of these models. Additionally, the welding velocity (vl) in some models in 
Table 1 did not emphasize the coordinate system of the FSW path. Accordingly, the early and influential studies to 
overcome the path problem of FSW of Al 6061-T6 proposed employing the Gaussian Distribution (GD) method of 
heat generation [19,20]. Unfortunately, these proposed studies did not elucidate the deviation factor (σ), the 
confidence percentage, and the heat source. Therefore, this study aims to adopt these limitations and present a 
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hybrid heat generation model that contributes to creating an efficient path as a moving heat source. Moreover, it also 
focuses on employing the constitutive models of Hollomon, Swift, and Voce depending on the Von-Mises yield 
criterion to the maximum shear stress of the pin. Consequently, the Gaussian heat flow of the FSW operation of Al 
6061-T6 is compared based on these constitutive models. 

Table 1. A concise survey for the influential models of heat generation in FSW simulation applied to Al 6061-T6 

Reference 
No. Model of heat generation in FSW Model 

Mode 

[21,22] 

𝑞𝑞𝑃𝑃 = �� 2𝜋𝜋𝑡𝑡𝑤𝑤𝜏𝜏𝑟𝑟𝑃𝑃
√3 sin(90°+tan−1 𝜇𝜇)

�𝑣𝑣𝑙𝑙 sin 𝜆𝜆 + 𝜇𝜇 sin∅
�(1+𝜇𝜇2)

�� + � 4𝜇𝜇𝐹𝐹𝑃𝑃 cos∅ sin𝜆𝜆
𝜋𝜋 sin(90°+tan−1 𝜇𝜇)

��                         (1) 

∅ = 90° − 𝜆𝜆 − tan−1 𝜇𝜇                                                                                                         (1.1) 

𝑞𝑞𝑠𝑠 = 𝜇𝜇𝐹𝐹𝑛𝑛𝑣𝑣𝑙𝑙                                                                                                                                   (2) 

THT# 

[23] 
𝑞𝑞𝑖𝑖𝑛𝑛 = 𝜂𝜂𝜇𝜇𝐹𝐹𝑛𝑛𝜔𝜔

30(𝑟𝑟𝑆𝑆2−𝑟𝑟𝑃𝑃2)
                                                                                                                        (3) 

THT 

[24] 𝑞𝑞𝑖𝑖𝑛𝑛 = �
𝜋𝜋2𝜔𝜔𝜔𝜔(𝑟𝑟𝑆𝑆3 − 𝑟𝑟𝑃𝑃3) 45⁄     𝐹𝐹𝐹𝐹𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝 𝑠𝑠ℎ𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑟𝑟
𝜋𝜋2𝜔𝜔𝜔𝜔𝑟𝑟𝑃𝑃3 45⁄                      𝐹𝐹𝐹𝐹𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝 𝑏𝑏𝐹𝐹𝑏𝑏𝑏𝑏𝐹𝐹𝑏𝑏 
𝜋𝜋2𝜔𝜔𝜔𝜔𝑟𝑟𝑃𝑃2ℎ𝑝𝑝 45⁄                       𝐹𝐹𝐹𝐹𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝 𝑠𝑠𝑝𝑝𝑜𝑜𝑜𝑜    

                                                     (4) THT 

[25-27] 𝑞𝑞𝑖𝑖𝑛𝑛 = �
𝑄𝑄𝑆𝑆 𝜋𝜋(𝑟𝑟𝑆𝑆2 − 𝑟𝑟𝑃𝑃2)⁄                            𝐹𝐹𝐹𝐹𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝 𝑠𝑠ℎ𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑟𝑟            
2𝜔𝜔𝑟𝑟𝑃𝑃�𝛿𝛿𝑐𝑐𝜔𝜔 + 𝜇𝜇𝜇𝜇(1 − 𝛿𝛿𝑐𝑐)� 3⁄          𝐹𝐹𝐹𝐹𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝 𝑏𝑏𝐹𝐹𝑏𝑏𝑏𝑏𝐹𝐹𝑏𝑏            

𝑄𝑄𝑝𝑝 cos 𝜆𝜆 2𝜋𝜋 ∫ (𝑟𝑟𝑃𝑃 + 𝛿𝛿ℎ tan 𝜆𝜆)𝑜𝑜ℎ𝑝𝑝
𝐻𝐻
0⁄     𝐹𝐹𝐹𝐹𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝 𝑠𝑠𝑝𝑝𝑜𝑜𝑜𝑜           

                      (5) UDF* 

[28,29] 𝑞𝑞𝑖𝑖𝑛𝑛 = �
𝜇𝜇𝜔𝜔𝐹𝐹𝑛𝑛𝑟𝑟𝑆𝑆 𝐴𝐴𝑆𝑆⁄   𝐹𝐹𝐹𝐹𝑟𝑟  𝑝𝑝𝑝𝑝𝑝𝑝 𝑠𝑠ℎ𝐹𝐹𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑟𝑟 𝑎𝑎𝑏𝑏 𝑇𝑇 < 𝑇𝑇𝑚𝑚
𝜇𝜇𝜔𝜔𝑟𝑟𝑝𝑝𝜔𝜔 �3(1 + 𝜇𝜇2)⁄        𝐹𝐹𝐹𝐹𝑟𝑟 𝑝𝑝𝑝𝑝𝑝𝑝 𝑎𝑎𝑏𝑏 𝑇𝑇 < 𝑇𝑇𝑚𝑚

                                             (6) SSHT+ 

[30] 𝑞𝑞𝑖𝑖𝑛𝑛 = 4𝜋𝜋2𝜇𝜇𝜔𝜔𝜇𝜇�𝑟𝑟𝑆𝑆2 + 3𝑟𝑟𝑃𝑃2ℎ𝑝𝑝� 3⁄                                                                           (7) THT 

[31] 𝑜𝑜𝑞𝑞𝑖𝑖𝑛𝑛 = 𝜓𝜓𝑣𝑣𝑙𝑙𝜇𝜇𝜇𝜇𝑜𝑜𝐴𝐴𝑠𝑠                                                                                                  (8) EXP⸸ 

[32] 𝑞𝑞𝑖𝑖𝑛𝑛 = 𝑞𝑞𝑓𝑓 + 𝑞𝑞𝑝𝑝𝑝𝑝                                                                                                       (9) EXP 
#THT: Transient Heat Transfer; *UDF: User Define Function; +SSHT: Steady State Heat Transfer; ⸸EXP: Explicit 
To achieve this study, the welding velocity utilized in the current study is 10 mm/min. Besides, the rotational speed 
adopted is 800 rpm to implement the FSW of Al 6061-T6 alloy using a pin tool made from M1 Tool Steel. Furthermore, 
the thermal history is measured through six thermocouples’ sensors placed by a distance identified in the Retreating 
Side (RS) and Advancing Side (AS). In turn, the experimental thermal outputs and Finite Element Analysis (FEA) 
outcomes exhibit the crucial hybrid model depending on one of the constitutive models as a planned methodology in 
the present work. Accordingly, in the succeeding chapters, numerical models, experimental setup, and procedures 
are demonstrated to comprehend the concept of the currently accredited methodology. 

2 METHODOLOGY 

The numerical simulation of the FSW operation was still a paramount goal for predicting the behavior of this operation 
to avoid a waste of time, exertion, and cost posed by the experimental tests [33]. Multiple models were developed to 
predict the heat distribution caused by friction in this welding technique, as demonstrated in Table 1. Therefore, it is 
essential to understand the methodological framework of the current numerical model, which includes the underlying 
hypotheses, boundary conditions, and a description of the hybrid nature of the model. 

2.1 Model hypotheses    

In preceding studies, the numerical models followed in the FSW simulation had usually differentiated due to the 
mode, properties, load distribution style, and applied load. In addition, these models have efficiently embraced many 
hypotheses to represent this simulation technique [33]. Thus, the present numerical simulation model assumes a 
symmetrical distribution of the work domain [26,29,30]. Moreover, the pin tool and shoulder are wholly immersed 
inside the workpiece [15,18]. Wherein the longitudinal socket resulting is regular and without protuberances [34,35]. 
Besides, the heat analysis in this model is in conduction transient mode and applied as a GD style of the heat 
generated [19,20,30]. Additionally, the thermal properties of this assumed model are as a temperature's function 
[25,30,32]. Likewise, this proposed model adopts the constitutive models of yield strength (Hollomon, Swift, and 
Voce) to specify the shear yield strength depending on the Von-Mises criterion [27,32,36,37]. 
According to these hypotheses, the model of numerical simulation utilized in the current study is symmetric, as 
depicted in Fig. 1. Additionally, the workpiece is fully exposed to plunge along the FSW path by the pin and shoulder 
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during the tool progression. As described in Fig. 1, the protuberances induced by the progress of the plunged tool 
are also neglected to construct a regular volumetric region in bright red, recognized as the welding zone. Depending 
on this description, the applied thermal load in Fig. 1 indicates the boundary conditions used in this study relying on 
these hypotheses. Hence, it is necessary to understand these conditions in the model embraced in this work. 

 
Fig. 1. Proposed model of FSW adopted in the current study 

2.2 Boundary conditions      

The simulation based on the FEA technique is deemed one of the effective solution methods to represent the thermal 
distribution of the FSW process. As a numerical solution, this technique in the previous studies permanently 
depended on the presented assumptions and the boundary conditions. The adopted hypotheses have been 
elementary described of thermal simulation in this study. Thus, there is a need to highlight the boundary conditions 
utilized in the current work. 
In this article, the modeling of thermal simulation requires estimating the thermal loads as boundary conditions 
besides the heat source of the friction zone, as portrayed in Fig. 1. These loads are concentrated at up and down 
surfaces of Al 6061-T6 and are comprised of radiation and convection together simultaneously. Assuming a perfect 
effect of these loads at each of the upper, lower, and welding zones separately, Eq. (10) indicates this distribution of 
these applied loads [38,39]: 

𝑞𝑞 = �
ℎ𝑢𝑢(𝑇𝑇𝑜𝑜 − 𝑇𝑇) + 𝜀𝜀𝑟𝑟𝜎𝜎𝑠𝑠𝑠𝑠�𝑇𝑇𝑎𝑎4 − 𝑇𝑇4�,
𝑞𝑞𝑖𝑖𝑛𝑛,                                                                        

ℎ𝑙𝑙(𝑇𝑇𝑜𝑜 − 𝑇𝑇) + 𝜀𝜀𝑟𝑟𝜎𝜎𝑠𝑠𝑠𝑠�𝑇𝑇𝑎𝑎4 − 𝑇𝑇4�,

𝑎𝑎𝑏𝑏 𝑜𝑜𝑝𝑝𝑝𝑝𝑜𝑜𝑟𝑟 𝑧𝑧𝐹𝐹𝑝𝑝𝑜𝑜
    𝑎𝑎𝑏𝑏 𝑤𝑤𝑜𝑜𝑜𝑜𝑜𝑜𝑝𝑝𝑝𝑝𝑤𝑤 𝑧𝑧𝐹𝐹𝑝𝑝𝑜𝑜
𝑎𝑎𝑏𝑏 𝑜𝑜𝐹𝐹𝑤𝑤𝑜𝑜𝑟𝑟 𝑧𝑧𝐹𝐹𝑝𝑝𝑜𝑜

                                       (10) 

where qin is the heat source in the welding zone generated from friction between the pin tool and workpiece, T is the 
temperature absorbed by upper and lower faces, To refers to the reference temperature, Ta denotes ambient 
temperature, εr is the emissivity factor of surface, while σsb is the Stefan-Boltzmann constant. Moreover, hu and hl are 
the convection heat transfer coefficients for the upper and lower zone surfaces, respectively. 
For precisely accomplishing FSW simulation, measuring the ambient temperature utilizing the Extech-Environmental 
Meter model EN300 as a multifunction instrument was substantial. The reference temperature was 47˚C, as reported 
by this instrument. Accordingly, Table 2 refers to the thermal properties of Al 6061-T6 and atmospheric air at 47˚C. 
From here, the coefficients hu and hl were calculated according to Eq. (10) as follows [40-42]: 

http://www.engineeringscience.rs/


Journal of Applied Engineering Science 

Vol. 23, No. 1, 2025 
www.engineeringscience.rs 

 

 
publishing 

 
Ghassan Shaker Abdul Ridha et al. - Comparison 
of gaussian heat flow of FSW relying on von mises 
criterion and constitutive models of yield strength 

 

18 

Table 2. Thermal properties of FSW medium [43-46] 

Property Al 6061-T6 at 25˚C-426.7˚C Air at 47˚C 

Thermal conductivity (k) (W/m.K) 167-233 27.861×10-3 

Density (ρ) (kg/m3) 2700-2602 1.1032 

Heat capacity (Cp) (J/kg.K) 896-1133 1007 

Kinematic viscosity (vk) (m2/s) - 17.592×10-6 

Prandtl number (Pr) - 0.70524 

𝐺𝐺𝑟𝑟 = 𝑔𝑔𝑔𝑔∆𝑇𝑇𝛿𝛿3

𝑣𝑣𝑘𝑘2
,                                                                                                              (11) 

𝑅𝑅𝑎𝑎 = 𝐺𝐺𝑟𝑟 𝜇𝜇𝑟𝑟,                                                                                                              (12) 

𝑁𝑁𝑜𝑜𝑢𝑢 = �0.54 𝑅𝑅𝑎𝑎0.25

0.15 𝑅𝑅𝑎𝑎0.33
104 < 𝑅𝑅𝑎𝑎 < 107,
107 < 𝑅𝑅𝑎𝑎 < 1011,

  𝐹𝐹𝐹𝐹𝑟𝑟 𝑜𝑜𝑝𝑝𝑝𝑝𝑜𝑜𝑟𝑟 𝑓𝑓𝑎𝑎𝑓𝑓𝑜𝑜                                         (13) 

𝑁𝑁𝑜𝑜𝑙𝑙 = 0.27𝑅𝑅𝑎𝑎0.25 105 < 𝑅𝑅𝑎𝑎 < 1011, 𝐹𝐹𝐹𝐹𝑟𝑟 𝑜𝑜𝐹𝐹𝑤𝑤𝑜𝑜𝑟𝑟 𝑓𝑓𝑎𝑎𝑓𝑓𝑜𝑜                                         (14) 

ℎ = � Nu𝑢𝑢𝑘𝑘 𝛿𝛿⁄ , 𝐹𝐹𝐹𝐹𝑟𝑟 𝑜𝑜𝑝𝑝𝑝𝑝𝑜𝑜𝑟𝑟 𝑓𝑓𝑎𝑎𝑓𝑓𝑜𝑜
Nu𝑙𝑙𝑘𝑘 𝛿𝛿⁄ ,         𝐹𝐹𝐹𝐹𝑟𝑟 𝑜𝑜𝐹𝐹𝑤𝑤𝑜𝑜𝑟𝑟 𝑓𝑓𝑎𝑎𝑓𝑓𝑜𝑜                                                                      (15) 

where Gr refers to the Grashof number, g is the gravitational acceleration constant, δ indicates the characteristic 
length of the horizontal plate, θ denotes the volume expansion coefficient, and vk is the kinematic viscosity of air. 
Besides, Ra and Pr are the numbers of Rayleigh and Prandtl sequentially. On the other hand, Nuu and Nul are the 
Nusselt numbers for the upper and lower surfaces, respectively. Remarkably, Gr, Pr, and Nu numbers are 
dimensionless numbers applied in the thermal analysis of FSW. From here, Eqs. (11)-(15) have presented a 
mathematical interpretation to assess Eq. (10) based on the isothermal behavior of the horizontal plate for upper and 
lower surfaces. This assessment was aimed to determine the convection coefficients in Eq. (15). Hence, this thermal 
context has been exploited in the simulation implemented in this article. 
According to these facts, it turned out that the thermal boundaries applied on the upper and lower surfaces of Al 
6061-T6 contributed to identifying the heat loads on these surfaces. As a thermal boundary, the heat source in the 
welding zone described in Fig. 1 and Eq. (10) has not been observably elucidated. Consequently, highlighting this 
source is the main objective of the present study due to its role in enhancing the thermal model in this zone concerning 
the welding path and constitutive models of yield strength 

2.2.1 Welding zone boundaries    

After sorting the models utilized to calculate the heat distribution resulting from the friction mechanism for welding Al 
6061-T6 and presenting them as a survey in Table 1, it was discovered that these models were noticeably lacking in 
the coordinate system of the welding path. In contrast, the moving heat source for this welding path based on other 
models did not include the confidence percentage and mean of absolute deviation factor according to GD principles 
[19,20]. As is well known, the friction heat in FSW simulation, as a principal source of heat, is an influential part of 
the transient mode of heat conduction based on Fourier's expression apprised in Eq. (16) [47]: 

𝛻𝛻(𝑘𝑘𝛻𝛻𝑇𝑇) + 𝑄𝑄𝑖𝑖𝑛𝑛 = 𝜌𝜌𝐶𝐶𝑝𝑝
𝜕𝜕𝑇𝑇
𝜕𝜕𝑡𝑡

,                                                                                       (16) 

where ∇(k∇T) refers to thermal conductivity at x, y, and z directions, Qin is the heat source input at the welding zone 
(W/m3), as exhibited in Fig. 1, and t is FSW duration. According to Eqs. (10) and (16), it can be expressed the heat 
in this zone as follows: 

∫ 𝑄𝑄𝑖𝑖𝑛𝑛 𝑜𝑜ℎ𝑝𝑝
ℎ
0 = 𝑞𝑞𝑖𝑖𝑛𝑛 = 𝑞𝑞𝑝𝑝 + 𝑞𝑞𝑠𝑠,                                                                                 (17) 

where hd is the depth of the welded plate, qp is the heat flux in the contact zone of the pin tool, and qs indicates the 
heat flux applied in the shoulder contact region. From Eq. (6), it can be redrafted to Eq. (17) to be as follows: 

𝑞𝑞𝑖𝑖𝑛𝑛 = 𝜇𝜇𝜔𝜔�𝑟𝑟𝑝𝑝𝜔𝜔 �3(1 + 𝜇𝜇2)⁄ + 𝐹𝐹𝑛𝑛𝑟𝑟𝑆𝑆 𝐴𝐴𝑆𝑆⁄ �,                                                               (18) 

where μ is the friction coefficient, ω is the angular velocity, rp and rs are the radiuses of the pin and shoulder, 
respectively, Fn denotes normal force, and As is the surface area of the shoulder. On the other side, τ refers to the 
average of maximum shear yield stress, which can be calculated based on the Von Mises principle [27,32]: 

𝜔𝜔 = 𝜎𝜎𝑦𝑦 √3⁄ ,                                                                                                       (19) 
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where σy is the yield stress of Al 6061-T6 welded by FSW operation. This stress has adopted the constitutive models 
of Hollomon, Swift, and Voce to enhance the Von Mises criterion in Eq. (19) and to specify the average of maximum 
shear yield stress. This enhancement contributed to establishing a hybrid model among these constitutive models 
and this criterion separately. Hence, this criterion in Eq. (19) can be revised to be [36]: 

𝜔𝜔 = 𝐾𝐾ℎ(0.002)𝑛𝑛ℎ √3⁄ ,                                                                                         (20) 

𝜔𝜔 = 𝐾𝐾𝑠𝑠𝜀𝜀𝑜𝑜𝑛𝑛𝑠𝑠 √3⁄ ,                                                                                                  (21) 

𝜔𝜔 = 𝜎𝜎𝑜𝑜(1 − 𝐶𝐶) √3⁄ ,                                                                                            (22) 

where Kh and Ks are the strength coefficients according to constitutive models of Hollomon and Swift sequentially, 
and nh and ns are the strain-hardening exponents depending on the constitutive models of Hollomon and Swift, 
respectively. Furthermore, εo and σo indicate the saturation of the strain and stress, respectively, and C is the material 
coefficient based on the constitutive model of Voce. According to Eqs. (20)-(22), the heat flux in the welding zone in 
Eq. (18) can be reformulated to build the subsequent hybrid models: 

𝑞𝑞𝑖𝑖𝑛𝑛 = 𝜇𝜇𝜔𝜔�𝑟𝑟𝑝𝑝𝐾𝐾ℎ(0.002)𝑛𝑛ℎ 3�1 + 𝜇𝜇2⁄ + 𝐹𝐹𝑛𝑛𝑟𝑟𝑆𝑆 𝐴𝐴𝑆𝑆⁄ �,                                                (23) 

𝑞𝑞𝑖𝑖𝑛𝑛 = 𝜇𝜇𝜔𝜔�𝑟𝑟𝑝𝑝𝐾𝐾𝑠𝑠𝜀𝜀𝑜𝑜𝑛𝑛𝑠𝑠 3�1 + 𝜇𝜇2⁄ + 𝐹𝐹𝑛𝑛𝑟𝑟𝑆𝑆 𝐴𝐴𝑆𝑆⁄ �,                                                         (24) 

𝑞𝑞𝑖𝑖𝑛𝑛 = 𝜇𝜇𝜔𝜔�𝑟𝑟𝑝𝑝𝜎𝜎𝑜𝑜(1 − 𝐶𝐶) 3�1 + 𝜇𝜇2⁄ + 𝐹𝐹𝑛𝑛𝑟𝑟𝑆𝑆 𝐴𝐴𝑆𝑆⁄ �,                                                   (25) 

These hybrid formulas of heat flux in the welding zone need to weld path to be adopted as influential models in FEA 
simulation. For this reason, the GD model is adopted in the current work to overcome the welding path problem in 
Eqs. (23)-(25) depending on the Model of Probability Density (MPD) demonstrated below [48,49]: 

𝐷𝐷𝑝𝑝(𝑟𝑟) = 𝑜𝑜−(𝑟𝑟2 2𝜎𝜎2)⁄ √2𝜋𝜋𝜎𝜎⁄ ,                                                                                 (26) 

where σ is the standard deviation and r is the random variable. As depicted in Fig. 2, behaviorally, the curve of the 
GD model did not statistically approach zero. Consequently, hypothetically, this curve was fully distributed on the 
friction zone resulting from the FSW process to represent the heat flux for both the shoulder and pin. On the other 
hand, the deviation and confidence percentages employed in the current work are 0.25% and 99.75%, respectively. 
The mechanism for using these percentages was based on the value of the t-test and the value issued from the Table 
of the student's T-Distribution to specify the best standard deviation. If the T-Distribution value is higher than the 
value calculated by the t-test procedure, then the deviation percentage assumed can be adopted as a significant 
condition [50,51]. Besides, it has been adopted 482˚C-493.3˚C and 800-1000 rpm as a range for peak temperatures 
and rotational speed, respectively, from FSW operation for Al 6061-T6, depending on previous studies, as factors to 
build a source of variation [52-54]. Hence, the outcome of this analysis led to the adopted 0.25% for the deviation 
percentage under this condition. Unfortunately, the other assumed percentages for the standard deviation contribute 
to maximizing the t-test value to the T-distribution value. Accordingly, these percentages are known as hypothetical 
for the best level of resolution according to GD, where these percentages operated at the symmetrical directions of 
the standard deviations (3σ,-3σ) [55-57]. By contrast, recruiting the under percentages for 99.75% contributes to 
restricting the heat distribution shoulder resulting from the path of FSW. Therefore, these percentages for the 
confidence and deviation are preferred in the thermal fluxes adopting the Gaussian model for distribution [58,59]. As 
a consequence, the distribution of the curve's shoulder (R) for friction-heat in Fig. 2 was assumed as below: 

𝑅𝑅 = 3𝜎𝜎,                                                                                                            (27) 

Consequently, Eq. (26) is: 

𝐷𝐷𝑝𝑝(𝑟𝑟) = 𝑝𝑝 𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑅𝑅2)⁄ 𝑅𝑅⁄ ,                                                                                 (28) 

where n, a, and b represent the empirical constants and are equal to 1.1968, 8.1, and 2, individually. This function in 
Eq. (28) indicates the heat flow produced from friction between the pin and shoulder for the pin tool with the workpiece 
sequentially. Thus, this function leads to the following: 
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Fig. 2. GD model adopted for the heat friction in FSW 

 

𝑞𝑞(𝑟𝑟) = 𝐷𝐷𝑝𝑝(𝑟𝑟) = �
𝑞𝑞𝑝𝑝(𝑟𝑟)
𝑞𝑞𝑠𝑠(𝑟𝑟),                                                                                    (29) 

According to Eqs. (28) and (29), the maximum heat friction generated by FSW operation is: 

𝑞𝑞(𝑟𝑟) = 𝑝𝑝 𝑅𝑅⁄ = 𝑞𝑞𝑐𝑐   𝑎𝑎𝑏𝑏 𝑟𝑟 = 0,                                                                              (30) 

From Eqs. (28)-(30), the final formula of Eq. (28) is: 

𝑞𝑞(𝑟𝑟) = 𝑞𝑞𝑐𝑐𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑅𝑅2)⁄ ,                                                                                       (31) 

Hence, the friction energy flow in the welding zone is: 

𝑄𝑄(𝑟𝑟) = ∫ 𝑞𝑞(𝑟𝑟)𝑅𝑅
0 𝑜𝑜𝐴𝐴 = ∫ 𝑞𝑞𝑐𝑐𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑅𝑅2)⁄𝑅𝑅

0 2𝜋𝜋𝑟𝑟𝑜𝑜𝑟𝑟 = 0.6903𝑅𝑅2𝑞𝑞𝑐𝑐 ,                            (32) 

As a result of this procedure, the GD model of heat friction distribution in Eq. (32) represents a final function yielded 
from this distribution. Note that Eq. (32) can be utilized in the contact regions for pin and shoulder zones, respectively. 
In the contact zone of the pin, as remarked in Fig. 1, the friction energy is: 

𝑄𝑄𝑝𝑝(𝑟𝑟) = 2π𝑟𝑟𝑝𝑝ℎ𝑝𝑝𝑞𝑞𝑝𝑝,                                                                                          (33) 

where hp denotes the pin height, hence the part related to the pin in Eqs. (23)-(25) is exploited in Eq. (33) to be: 

𝑄𝑄𝑝𝑝(𝑟𝑟) = 2πℎ𝑝𝑝𝜇𝜇𝜔𝜔 𝑟𝑟𝑝𝑝2𝐾𝐾ℎ(0.002)𝑛𝑛ℎ 3�1 + 𝜇𝜇2⁄ ,                                                   (34) 

𝑄𝑄𝑝𝑝(𝑟𝑟) = 2πℎ𝑝𝑝𝜇𝜇𝜔𝜔 𝑟𝑟𝑝𝑝2𝐾𝐾𝑠𝑠𝜀𝜀𝑜𝑜𝑛𝑛𝑠𝑠 3�1 + 𝜇𝜇2⁄ ,                                                            (35) 

𝑄𝑄𝑝𝑝(𝑟𝑟) = 2πℎ𝑝𝑝𝜇𝜇𝜔𝜔 𝑟𝑟𝑝𝑝2𝜎𝜎𝑜𝑜(1 − 𝐶𝐶) 3�1 + 𝜇𝜇2⁄ ,                                                       (36) 

From Eq. (32), the peak heat flux intensity in pin (qc) depends on Eqs. (34)-(36) and Eq. (31) to lead to: 

𝑄𝑄𝑝𝑝(𝑟𝑟) = �3.0340ℎ𝑝𝑝𝜇𝜇𝜔𝜔𝐾𝐾ℎ(0.002)𝑛𝑛ℎ �1 + 𝜇𝜇2⁄ �𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑝𝑝2)�   𝑎𝑎𝑏𝑏 𝑅𝑅 = 𝑟𝑟𝑝𝑝,             (37) 

𝑄𝑄𝑝𝑝(𝑟𝑟) = �3.0340ℎ𝑝𝑝𝜇𝜇𝜔𝜔𝐾𝐾𝑠𝑠𝜀𝜀𝑜𝑜𝑛𝑛𝑠𝑠 �1 + 𝜇𝜇2⁄ �𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑝𝑝2)�   𝑎𝑎𝑏𝑏 𝑅𝑅 = 𝑟𝑟𝑝𝑝 ,                      (38) 

𝑄𝑄𝑝𝑝(𝑟𝑟) = �3.0340ℎ𝑝𝑝𝜇𝜇𝜔𝜔 𝜎𝜎𝑜𝑜(1 − 𝐶𝐶) �1 + 𝜇𝜇2⁄ �𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑝𝑝2)�   𝑎𝑎𝑏𝑏 𝑅𝑅 = 𝑟𝑟𝑝𝑝 ,                  (39) 

The area of the pin shoulder contact region is: 

𝐴𝐴𝑆𝑆 = 𝜋𝜋�𝑟𝑟𝑆𝑆2 − 𝑟𝑟𝑝𝑝2�,                                                                                                  (40) 

As the procedure followed in Eq. (33), the friction energy in the pin shoulder zone is also: 

𝑄𝑄𝑠𝑠(𝑟𝑟) = 𝐴𝐴𝑆𝑆𝑞𝑞𝑠𝑠,                                                                                                         (41) 
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In accordance with Eqs. (23) to (25), the corresponding part for the pin shoulder is adjusted in Eq. (41) as follows: 

𝑄𝑄𝑠𝑠(𝑟𝑟) = 𝜇𝜇𝜔𝜔𝑟𝑟𝑠𝑠𝐹𝐹𝑛𝑛,                                                                                                     (42) 

From Eqs. (31) and (42), the ultimate heat flux in the pin shoulder (qc) in Eq. (32) leads to:   

𝑄𝑄𝑠𝑠(𝑟𝑟) = [1.4486𝜇𝜇𝜔𝜔𝐹𝐹𝑛𝑛 𝑟𝑟𝑠𝑠⁄ ]𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑠𝑠2)⁄   𝑎𝑎𝑏𝑏 𝑅𝑅 = 𝑟𝑟𝑠𝑠 ,                                                (43) 

In the same vein, Eqs. (37)-(39) and Eq. (43) can be revised as Eqs. (23)-(25) to be: 

𝑄𝑄𝑖𝑖𝑛𝑛(𝑟𝑟) = 𝜇𝜇𝜔𝜔 ��3.0340ℎ𝑝𝑝 𝐾𝐾ℎ(0.002)𝑛𝑛ℎ𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑝𝑝2)� �1 + 𝜇𝜇2� � + �1.4486𝐹𝐹𝑛𝑛𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑠𝑠2)⁄ 𝑟𝑟𝑠𝑠� ��,       (44) 

𝑄𝑄𝑖𝑖𝑛𝑛(𝑟𝑟) = 𝜇𝜇𝜔𝜔 ��3.0340ℎ𝑝𝑝 𝐾𝐾𝑠𝑠𝜀𝜀𝑜𝑜𝑛𝑛𝑠𝑠𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑝𝑝2)� �1 + 𝜇𝜇2� � + �1.4486𝐹𝐹𝑛𝑛𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑠𝑠2)⁄ 𝑟𝑟𝑠𝑠� ��,                (45) 

𝑄𝑄𝑖𝑖𝑛𝑛(𝑟𝑟) = 𝜇𝜇𝜔𝜔 ��3.0340ℎ𝑝𝑝 𝜎𝜎𝑜𝑜(1 − 𝐶𝐶)𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑝𝑝2)� �1 + 𝜇𝜇2� � + �1.4486𝐹𝐹𝑛𝑛𝑜𝑜−(𝑎𝑎𝑟𝑟2 𝑠𝑠𝑟𝑟𝑠𝑠2)⁄ 𝑟𝑟𝑠𝑠� ��,           (46) 

where: 

𝑟𝑟2 = 𝑥𝑥2 + 𝑦𝑦2,                                                                                                          (47) 

where x and y are the coordinates of the FSW path based on the final hybrid models in Eqs. (44)-(46). As 
demonstrated, these hybrid models have relied on GD and the constitutive models of Hollomon, Swift, and Voce. 
Consequently, these models are employed in FEA to investigate the experimental outcomes of the FSW process for 
Al 6061-T6 and compare to select the best hybrid model. For this investigation, the full parameters in Table 3 of 
Hollomon, Swift, and Voce were utilized in these hybrid Eqs. (44)-(46), as influential data of shear yield strength. 

Table 3. Full parameters of Al 6061 according to the constitutive models: Hollomon, Swift, and Voce [36] 

Material Hollomon Swift Voce 

Al 6061 
Kh (MPa) nh Ks (MPa) εo ns σo (MPa) σoC (MPa) 

347 0.0505 372 0.0054 0.0738 306 49 

The simulation in the present work employs COMSOL traditional software, specifically utilizing the heat transient 
physics mode. Besides, a mesh size between 0.5-3 mm was chosen for the symmetric workpiece, as illustrated in 
Fig. 3. The numerical model for this study has been fully established to conduct finite element analysis (FEA) 
according to the proposed hypotheses and boundary conditions. Therefore, this simulation adopts transient thermal 
models, as outlined in Eqs. (44)-(46), introducing a novel heat flux path based on GD principles. Accordingly, this 
approach also moves away from relying on constant heat flow, computational fluid dynamics (CFD), or the explicit 
models listed in Table 1 that were used in previous studies. 

 
Fig. 3. Symmetric modeling mesh for welded part 

3 EXPERIMENTAL SETUP AND PROCEDURES 

Depending on the numerical models utilized in this work, it is becoming evident that there is a need to highlight the 
experimental circumstances and procedures of the FSW process to present a complete vision of the methodology of 
the existing research. Therefore, the main intent of these models is to compare and validate the empirical outcomes 
produced from these procedures. At this point, the details of the pin tool, the material of the workpiece, and work 
parameters have been included as a description of the experimental surroundings. 
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Fig. 4. FSW operation environment of Al 6061-T6: (a) Setup of work materials and thermocouple sensors, (b) 
Workpiece dimensions, (c) Pin tool dimensions, (d) Connection configuration for Arduino-Max Junction-small 

breadboard with workpiece by K-Type thermocouple sensors, (e) Connection configuration between Arduino and 
computer 

As an operation tool, the material of the pin tool in Fig. 4(a) is made from M1 Tool Steel, where this tool was installed 
in the holder of the milling machine model (Commercial Semi-Automatic Milling Machine, India). The dimensions of 
this tool, as represented in Fig. 4(c), were designed to achieve the FSW job in the current experimental environment. 
At the same time, Al 6061-T6 alloy has been utilized as a workpiece and prepared by Wire-EDM Machine model (EX-
40, Exeteck, India), where this machine has conducted the cutting operations of this workpiece according to the 
dimensions depicted in Fig. 4(b). Hence, overlapping these work materials leads to welding operation counting on 
the stir friction mechanism at 800 rpm and 10 mm/min for rotational and linear velocities, respectively. Besides, the 
force applied during FSW operation is 15 kN to supply sufficient pressure during the welding of Al 6061-T6 [29]. 
Meanwhile, the standard chemical composition of these materials has been validated using the Scanning Electron 
Microscopy/Energy Dispersive X-ray Spectroscopy (SEM/EDS) model (Jeol-JSM-6360LV, USA). The weight 
percentages of the elements of these work materials by EDS-Test in Fig. 5(a) and (b) were extremely close to the 
standard chemical composition. 
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Fig. 5. Chemical composition comparison between EDS observation and the standard: (a) Workpiece: Al 6061-T6, 

(b) Pin tool: M1 Tool Steel 

Usually, the thermal history demonstrates the heat distribution in the horizontal direction for the line of FSW operation. 
Consequently, to perform this job, six wire sensors used with the high-temperature thermocouple instrument model 
(K-Type-CR07) were exploited and distributed on workpieces, as indicated in Fig. 4(a) and (b). In turn, these wires 
connect with MAX-Junction model 6675, a small breadboard, and Arduino model (UNO-R3) as a thermal network 
instead of K-Type-CR07, as displayed in Fig. 4(d) and (e), to notate the thermal history. It is essential to compare the 
issued measurements between this network and K-Type-CR07 to avoid any uncertain measurements, where the 
error ratio of thermal history issued was 1.2%. Therefore, this step aimed to reduce the experimental cost in the 
current work and present a reliable and alternative method to record the thermal history. As a specification, the 
package K-Type-CR07 presents a thermal measurement up to 1300˚C with an error of 0.4%, while the MAX-Junction 
model 6675 does up to 1024˚C with an error of 0.25%. Contextually, the Arduino-Software version IDE 2.1.1 plays a 
significant role in obtaining the final thermal history report based on the traditional MATLAB-Toolbox version Ra2022. 
In addition, these sensors were fixed in the holes illustrated in Fig. 4(b) using cement (Omegabond 600) to avoid any 
vibration during the FSW process. Unfortunately, the Joining-Line resulting from the stir friction between the 
compressed plates of the workpiece and pin tool makes it difficult to install these sensors [60,61]. Therefore, to 
specify the peak temperature in this line, this study embraced the following empirical model [14,62]: 

𝑇𝑇𝑃𝑃 = 𝑇𝑇𝑚𝑚𝜆𝜆(𝜔𝜔2 𝑣𝑣𝑙𝑙 × 104⁄ )𝛾𝛾 ,                                                                                    (48) 

where TP, Tm, ω, and vl are peak temperature, melting temperature, angular velocity, and linear velocity of FSW 
operation, respectively. In addition, λ and γ denote the empirical constants, which equals 0.7 and 0.05 sequentially. 
As a current methodology, the setup procedures for work materials, Arduino, and thermocouples have been 
explained to conduct friction welding by stir mechanism. Moreover, it presented the empirical model adopted to 
determine the peak temperature in the welding line. Hence, the thermal history is validated with the numerical 
simulation based on Eqs. (44)-(46) to pick the finest hybrid model based on Von Mises criterion and constitutive 
models of yield strength. In Fig. 6, this methodology can be briefly remarked, as aforementioned. 
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Fig. 6. Investigation methodology flowchart of hybrid models for FSW of Al 6061-T6 

4 RESULTS AND DISCUSSION 

After demonstrating both numerical models and experimental procedures as methodology utilized in the current 
study, the outcomes of this planned methodology can be remarked through thermal history and peak temperature 
depending on Eqs. (44)-(46). Therefore, this methodology is sensed by focusing on the thermal history issued by 
thermocouples sensors (TC1 to TC6) and the Prob-Points of FEA simulation (P-1 to P-6), respectively. Hence, this 
sensing will display how interdependent the experimental and numerical outcomes for this study are besides the 
behavior of these outcomes. 

4.1 Thermal history and hybrid models    

The thermal history produced from thermocouple sensors TC1 and TC4 and COMSOL Prob-Points P-1 and P-4 in 
Fig. 7(a) sequentially were acceptably close. Behaviorally, the temperature data of these Prob-Points in Fig. 7(a) was 
slightly less than the thermal history estimated by these thermocouples. In addition, points P-1 and P-4 have resulted 
from the FSW simulation of Al 6061-T6, as depicted in Fig. 7(b)-(d), depending on the hybrid models described in 
Eqs. (44)-(46) for the heat applied: Von Mises-Voce, Von Mises-Hollomon, and Von Mises-Swift sequentially. 
Therefore, the points P-1 and P-4 attributed to Von Mises-Voce in Fig. 7(a) and (b) are approximately matched with 
thermocouple points TC1 and TC4, as compared to Von Mises-Hollomon and Von Mises-Swift in Fig. 7(a), (c), and 
(d). As a result of these data, the maximum and average temperatures can be recognized based on these hybrid 
models in Table 4. Numerically and experimentally, the maximum temperature of thermal history was reported at 
3.82 min, as illustrated in Fig. 7 and Table 4. Otherwise, along 11 min as the welding period, the average temperature 
was computed by P-1, P-4, and TC1, TC4, respectively. 
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Fig. 7. Thermal history reported of FSW for Al 6061-T6. Observed (a) Comparison among thermal history 

measured by TC1 and TC4, reported by P-1 and P-4 according to hybrid models (b) Von Mises-Voce, (c) Von 
Mises-Hollomon, and (d) Von Mises-Swift 

Observably, the thermal history according to the Von Mises-Voce model described in Eq. (46) is more precise 
compared to other hybrid models in Eqs. (44) and (45), as depicted in Fig. 7(a)-(d). As evidence, the error ratio (%ϵ) 
according to Eq. (49) in Table 4 for the maximum and average temperatures estimated by TC1 and TC4 to P-1 and 
P-4 are not more than 8%, consecutively [63,64]. 

%𝜖𝜖 = (|𝑇𝑇𝑃𝑃−𝑛𝑛 − 𝑇𝑇𝐶𝐶𝑝𝑝| /𝑇𝑇𝐶𝐶𝑝𝑝 ) × 100,                                                                    (49) 

where TP-n and TCn are the measured temperatures resulting from COMCOL Prob-Points and thermocouples' 
sensors for the thermal network. From here, the strain-hardening behavior in the zone of FSW is the main reason for 
this variance in the thermal history. As demonstrated in Eq. (22), Voce's model is not fully saturated by this behavior 
depending on how much this zone expanded based on the friction between the pin tool and the workpiece. In turn, 
the active growth of grains in the FSW zone indicates excellent annealing behavior during this operation, which 
contributes to developing this zone. Therefore, Voce's model is stable and homogeny toward strain-hardening. On 
the contrary, the exponents of strain-hardening nh and ns for Hollomon and Swift in Eqs. (20) and (21), successively, 
are over zero, which contributes to increasing this saturation [65-67]. 
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Table 4. Comparison of thermal history reported by P-1 and P-4, thermocouple sensors TC1 and TC4 

Hybrid 
model 

Temperature 
case 

COMSOL 
Temperatures 

(℃) 

Thermocouple 
Temperatures 

(℃) 

Time 
(min) 

Error 
ratio 
%ϵ 

Von Mises-Voce 

Maximum 
P-1 55.638 TC1 59.808 

3.82 
6.972 

P-4 55.638 TC4 60.252 7.657 

Average 
P-1 51.021 TC1 54.281 

11 
6.005 

P-4 51.021 TC4 55.438 7.967 

Von Mises-Hollomon 

Maximum 
P-1 54.525 TC1 59.808 

3.82 
8.833 

P-4 54.525 TC4 60.252 9.504 

Average 
P-1 50.001 TC1 54.281 

11 
7.885 

P-4 50.001 TC4 55.438 9.808 

Von Mises-Swift 

Maximum 
P-1 53.969 TC1 59.808 

3.82 
9.763 

P-4 53.969 TC4 60.252 10.428 

Average 
P-1 49.491 TC1 54.281 

11 
8.825 

P-4 49.491 TC4 55.438 10.728 

In Table 4 and Fig. 7, the maximum temperatures reported by TC1 and TC4 are over 47˚C for the surrounding 
temperature measured by Extech-Environmental Meter-EN300 and reach 60˚C. These outcomes indicate TC1 and 
TC4 are distant neighbors from the FSW zone, as revealed in Fig. 7. Additionally, the welding time and lower 
coefficient of heat transitivity of air are insufficient to augment the thermal distribution produced from FSW operation 
[14]. Furthermore, the grain size at 800 rpm in the FSW zone was improved, as previously proven [68-70]. Hence, 
this contributed to enhancing and concentrating the temperature absorption in this zone. Accordingly, these reasons 
led to semi-restrictions on flowing the temperatures to TC1 and TC4. 
According to these outcomes, it can observe these behaviors and interpretations for thermocouples (TC2, TC5); 
(TC3, TC6) besides the Prob-Points (P-2, P-5); (P-3, P-6), respectively. These thermocouples and Prob-Points have 
presented the same proof that the Von Mises-Voce model was dominant in the investigation with experimental 
thermal history, as demonstrated in Fig. 8, Table 5, and Fig. 9, Table 6. Although the percentage of error ratio (%ϵ) 
in other hybrid models employed in the simulation of FSW of Al 6061-T6 did not exceed 13% [71,72]. 

4.2 Peak temperature and hybrid models     

As previously reported, the thermal history was easily measured by TC1 to TC6 at neighbored points described in 
Figs. 7-9 compared to the pin and shoulder regions depicted in Fig. 1. To comprehend this case, the plunging and 
friction mechanisms during FSW of Al 6061-T6 are predominant in this zone and lead to friction and plastic 
deformation [32,73]. Hence, the measurement of thermal history is often complicated in these regions and causes to 
damage the thermocouple sensors by the pin tool [14,73]. Therefore, the model proposed by Arbegast and Hartley 
described in Eq. (48) contributed to overcoming this limitation by presenting the empirical peak temperature ranging 
from 0.6-0.9 from the melted point of Al 6061-T6 [74]. In contrast, the maximum temperature in Figs. 7-9 was 
remarkably concentrated in the shoulder than the pin. To justify this case, the area of friction and plastic deformation 
together in the shoulder is even more than that at the pin tool [75,76]. Accordingly, the peak temperature at 8.7 min 
in Fig. 10 also follows the similar behavior of maximum temperatures produced by thermocouples at the shoulder. 
At 12.3-56.25 mm of the shoulder morphology in Fig. 10, the Shoulder Boundary Waves (SBW), as a boundary to 
pitched weld crowns, of FSW operation in yellow color largely conformed with the heat distribution resulting by 
simulation from ~ 250℃ to 521℃ and from ~ 250℃ to 528℃ for Von Mises-Voce and Von Mises-Hollomon, 
individually. However, this boundary does not conform to Von Mises-Swift from ~ 250℃ to 538℃. As aforementioned, 
the role of strain-hardening behavior contributes to producing an unstable hybrid model of thermal applied according 
to Hollomon and Swift and leads to an increase of error ratio, as depicted in Fig. 10 (b) and (c), up to 3.92% and 
5.89%, successively, according to Eq. (50) [63,64,67]. 
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Fig. 8. Thermal history reported of FSW for Al 6061-T6. Observed (a) Comparison among thermal history 

measured by TC2 and TC5, reported by P-2 and P-5 according to hybrid models (b) Von Mises-Voce, (c) Von 
Mises-Hollomon, and (d) Von Mises-Swift 

Table 5. Comparison of thermal history reported by P-2 and P-5, thermocouple sensors TC2 and TC5 

Hybrid 
model 

Temperature 
case 

COMSOL 
Temperatures 

(℃) 

Thermocouple 
Temperatures 

(℃) 

Time 
(min) 

Error 
ratio 
%ϵ 

Von Mises-Voce 

Maximum 
P-2 56.056 TC2 61.434 

6.01 
8.754 

P-5 56.056 TC5 62.209 9.891 

Average 
P-2 50.279 TC2 53.916 

11 
6.746 

P-5 50.279 TC5 54.979 8.550 

Von Mises-Hollomon 

Maximum 
P-2 54.878 TC2 61.434 

6.01 
10.670 

P-5 54.878 TC5 62.209 11.784 

Average 
P-2 49.223 TC2 53.916 

11 
8.704 

P-5 49.223 TC5 54.979 10.470 

Von Mises-Swift 

Maximum 
P-2 54.262 TC2 61.434 

6.01 
11.674 

P-5 54.262 TC5 62.209 12.775 

Average 
P-2 48.670 TC2 53.916 

11 
9.730 

P-5 48.670 TC5 54.979 11.476 
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Fig. 9. Thermal history reported of FSW for Al 6061-T6. Observed (a) Comparison among thermal history 

measured by TC3 and TC6, reported by P-3 and P-6 according to hybrid models (b) Von Mises-Voce, (c) Von 
Mises-Hollomon, and (d) Von Mises-Swift 

Table 6. Comparison of thermal history reported by P-3 and P-6, thermocouple sensors TC3 and TC6 

Hybrid 
model Temperature case 

COMSOL 
Temperatures 

(℃) 

Thermocouple 
Temperatures 

(℃) 

Time 
(min) 

Error 
ratio 
%ϵ 

Von Mises-Voce 

Maximum 
P-3 59.203 TC3 62.971 

8.18 
5.984 

P-6 59.203 TC6 64.128 7.680 

Average 
P-3 52.004 TC3 54.205 

11 
4.062 

P-6 52.004 TC6 55.267 5.904 

Von Mises-Hollomon 

Maximum 
P-3 57.800 TC3 62.971 

8.18 
8.947 

P-6 57.800 TC6 64.128 10.949 

Average 
P-3 50.771 TC3 54.205 

11 
6.764 

P-6 50.771 TC6 55.267 8.854 

Von Mises-Swift 

Maximum 
P-3 56.116 TC3 62.971 

8.18 
10.885 

P-6 56.116 TC6 64.128 12.493 

Average 
P-3 49.293 TC3 54.205 

11 
9.063 

P-6 49.293 TC6 55.267 10.810 
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%𝜖𝜖𝑃𝑃 = (|𝑇𝑇𝑃𝑃𝑠𝑠 − 𝑇𝑇𝑃𝑃| /𝑇𝑇𝑃𝑃) × 100,                                                                            (50) 

where TPs is the peak temperature issued from COMSOL-Prob, and TP is the peak temperature according to Eq. (48) 
based on the empirical model of Arbegast and Hartley [74]. Hence, these peak temperatures are 508.07℃ and 521℃ 
for TPs at the shoulder and TP, respectively. Accordingly, the value of %ϵp between the predicted and empirical 
model according to Eq. (48) produced 2.54%, as illustrated in Fig. 10(a). 

 
Fig. 10. Growth of error ratio resulting from peak temperature of FSW for Al 6061-T6 according to hybrid models of 

applied heat: (a) Von Mises-Voce, (b) Von Mises-Hollomon, and (c) Von Mises-Swift. Yellow color: Shoulder 
Boundary Waves (SBW) and red color: FSW line 

Depending on these outcomes, the thermal history presented by TC1-TC6 and peak temperature according to Eq. 
(48) were firmly validated with the simulation results utilizing the hybrid model of thermal applied in Eq. (46) according 
to Von Mises-Voce compared to other hybrid models. Consequently, this hybrid model has achieved the best results 
with experimental data of FSW for Al 6061-T6. Whereby the Von Mises-Voce model presented a significant annealing 
behavior with slight strain-hardening. Besides, the previous Gaussian models for heat flux in FSW did not adopt the 
constitutive models of yield strength and avoided the confidence and standard deviation ratios for normal distribution. 
Hence, these observed implications have been avoided by the Von Mises-Voce model to develop a more stable 
model for moving the heat source of FSW operation while considering the strain-hardening behavior in the plastic 
deformation occurring as a result of plunging and driving the pin tool over the workpiece. Accordingly, the welded 
cross-section in Fig. 11 can reflect the sobriety of outcomes. This section represents the time and the peak 
temperature zone in the present work. Therefore, the specific part on the right side in Fig. 11 refers to the simulated 
section at 8.7 min based on the Von Mises-Voce model, while the left hand reflects the morphology section at scaled 
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3 mm. Hence, this comparison demonstrated in Fig. 11 is immensely efficacious and boosts the outputs of the current 
study. 

 
Fig. 11. Comparison of the plunged cross-sectional at 8.7 min for FSW of Al 6061-T6. Observed each half-section: 
The right section for the morphological structure of the welded part and the left hand for the simulation part of the 

welded section based on FEA 

Based on these outputs, the role of the Von Mises-Voce model, as a significant hybrid model for frictional heat flow 
in FSW operation, can be observed by accurately predicting the thermal history depending on confidence and 
deviation ratios according to GD, besides Von Mises criterion, and constitutive models of yield strength. Nevertheless, 
both operational and geometrical indications influence the performance of this hybrid model as limitations to this 
hybrid model. Operationally, the radiuses of the pin and shoulder for the tool, besides the pin height, are essential 
parameters referring to the contacted surface area of the workpiece during plunging in the FSW process [33,77]. On 
the other hand, the rotational speed and normal force are dynamic variables related to plastic deformation for the 
Nugget zone [78]. Hence, these indications can be observed in Eq. (46) for the Von Mises-Voce model. Therefore, 
the positive control by these indications boosts the efficiency of this model. From here, this positive controlling of 
these indications for the Von Mises-Voce model can aid in the design study and optimization by application (Topology 
Optimization) as a significant tool in FSW [79]. Therefore, this tool in FSW can employ RAMP (Regularized Assumed 
Material Properties), SIMP (Solid Isotropic Material with Penalization), ESO (Evolutionary Structural Optimization), 
or TOSCA (Topology Optimization Software for Computer Aided Engineering) algorithm to enhance the material 
distribution topology according to the best scenario of the design study [80]. In addition, the principle of DFM (Design 
for Manufacturing) enhances the selection of suitable materials and operations in FSW [81]. In summary, topology 
optimization and DFM are valuable tools to develop this hybrid model in future work. Furthermore, the plunged depth 
as an equivalent parameter to pin depth in the friction stir spot welding (FSSW) operation is an active significant 
cartesian dimension in the heat flow simulation resulting from friction between the pin tool and workpiece [82,83]. 
Hence, it can propose the Von Mises-Voce model and neglect the other cartesian coordinates for the tool path in Eq. 
(47) as an essential limitation in this friction welding technology. Accordingly, it is significant to adapt the operational 
and geometrical parameters for Eq. (46) to be accepted with the other applications of FSW. 
Observably, the employing confidence level and standard deviation in GD with the constitutive models for yield 
strength in the present work has contributed to earning a unique hybrid model of Von Mises-Voce since it dealt with 
the role of strain hardening behavior during FSW operation as compared to other researches, as demonstrated in 
Table 1. Therefore, the outcomes of the error ratio in the previous studies for the peak temperature were 5%-19%, 
where these studies adopted ALE (Arbitrary Lagrangian-Euleraian)-Explicit, SSHT, and Transient-DFLUX modes, as 
compared to the results of the current study [72,84-88]. Thus, this hybrid model has predictively proved to outperform 
the outcomes of these researches, where, as mentioned above, it produced 2.54% as an error ratio for peak 
temperature. Accordingly, the geometrical and operational indications for the Von Mises-Voce model are considered 
points of convergence with these studies. However, as aforementioned, the deviation and confidence ratios adopted 
besides the Voce model for yield strength with Von Mises led to boosting the current heat flux model based on the 
GD principle. As a result, these significant aspects improved the accuracy and realism of the predicted thermal history 
from the FSW path. Finally, the predictive and experimental outcomes of the current work have proved the feasibility 
of the Von Mises-Voce model as a hybrid heat flux in the FSW process. Hence, this model can be exploited to 
interpret the thermal history of the extruded aluminum utilized to produce the bulkheads and decks in the naval 
structures since this type of aluminum (6061-T6) possesses high strength, where it suffers from strain hardening 
obstacles during FSW operation [89-92]. 

5 CONCLUSIONS  

As a path of FSW operation for Al 6061-T6, the moving heat source is deemed an essential obstacle in the numerical 
model. Therefore, this study presented unified hybrid models for treating the friction and plastic deformation 
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generated during this operation to avoid this challenge. For the heat friction obstacle, these hybrid models employed 
0.25% and 99.75% as deviation and confidence percentages in GD, respectively, for the moving heat source as a 
thermal applied load. Furthermore, the constitutive models were also utilized with GD function depending on Von 
Mises's criterion to overcome the plastic deformation issues. Hence, under the Von Mises-Voce, Von Mises-
Hollomon, and Von Mises-Swift, as hybrid models, by utilizing 800 rpm, 10 mm/min, and 15 kN as experimental 
conditions, the thermal history concluded the following: 

i. The thermal history measured by thermocouple sensors TC1 to TC6 was validated by the thermal predicted 
data achieved by FEA simulation utilizing Prob-Points P-1 to P-6 according to the hybrid models Von Mises-
Voce, Von Mises-Swift, and Von Mises-Hollomon. Hence, the Von Mises-Voce model was dominant 
compared to other proposed hybrid models, where the error ratios of this model did not exceed 9.891% and 
8.550% for the maximum and average temperatures consecutively. 

ii. The peak temperature for FSW of Al 6061-T6 according to the Von Mises-Voce model has proved best to 
validate the Arbegast and Hartley model at ~ 2.54% error ratio than other hybrid models of heat applied in 
the present work that did not exceed 6%. 

These concluded outputs indicate a pivotal contribution to stabilizing the welding process by adopting confidence 
and deviation ratios in GD, besides utilizing the constitutive models for yield strength. Hence, the findings from this 
study emphasize the significant dominance of the Von Mises-Voce model in the performance of thermal predictive in 
the FSW operation as compared to other hybrid models since the strain-hardening behavior is linear and 
homogeneous. Moreover, the implications of the outcomes of this study can be exploited in the structures of naval 
and airplanes, especially in bulkheads, decks, and fuselages, to predict thermal history for FSW by observing the 
suitable rotational and linear speed that is supplying the best annealing with reducing strain hardening behavior for 
Al 6061-T6. 
In summary, this study offers the best hybrid employing GD principles with constitutive models for yield strength, 
specifically targeting FSW operation, where it has proven effective, opening new opportunities for their application in 
other fields of welding friction techniques. 
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9 LIST OF ABBREVIATIONS AND NOMENCLATURE  

FEA Finite Element Analysis. 𝑣𝑣𝑙𝑙 Linear velocity of pin tool during FSW.  

FSW Friction Stir Welding.  𝜀𝜀𝑜𝑜 Saturation of the strain according to Swift’s 
model 

GD Gaussian Distribution. ℎ𝑝𝑝 Pin height.  
TC Thermocouple sensor. 𝑘𝑘 Thermal conductivity of workpiece. 

ℎ𝑙𝑙  
Convection heat transfer coefficient for the 
lower surface of workpiece. 𝜇𝜇𝑟𝑟 Prandtl number. 

ℎ𝑢𝑢 Convection heat transfer coefficient for the 
upper surface of workpiece. 𝑣𝑣𝑘𝑘 Kinematic viscosity. 

𝐴𝐴𝑆𝑆 Cross-Sectional area of shoulder face. ρ Density of workpiece. 

𝐹𝐹𝑃𝑃 Force translated during FSW operation. 𝐶𝐶 Material coefficient according to Voce’s 
model. 

𝐹𝐹𝑛𝑛 Normal force applied on workpiece. 𝐺𝐺𝑟𝑟 Grashof number. 

𝐾𝐾ℎ Strength coefficient according Hollomon’s 
model. 𝜇𝜇 Plunge pressure applied on pin tool. 

𝐾𝐾𝑠𝑠 Strength coefficient according Swift’s model. 𝑅𝑅 Distribution of heat friction for the curve’s 
shoulder according to GD. 

𝑁𝑁𝑜𝑜𝑙𝑙 
Nusselt number for the upper surface of 
workpiece. 𝑅𝑅𝑎𝑎 Rayleigh number. 

𝑁𝑁𝑜𝑜𝑢𝑢 Nusselt number for the lower surface of 
workpiece. 𝑇𝑇 Absorbed temperature produced from upper 

and lower surfaces of workpiece. 
𝑄𝑄𝑆𝑆 Heat source generated by shoulder surface. 𝑤𝑤 Constant of gravitational acceleration.  
𝑄𝑄𝑝𝑝 Heat source generated by pin surface. 𝑟𝑟 Random variable.  

𝑄𝑄𝑖𝑖𝑛𝑛 Total input energy flow generated from 
welding by stir friction mechanism. 𝑏𝑏 FSW duration.  

𝛿𝛿ℎ Contact variable state for the tool surface 
plunged. 𝛿𝛿 Characteristic length of the horizontal plate. 

𝛿𝛿𝐶𝐶 Contact variable state for the bottom surface 
of pin tool. 𝜂𝜂 FSW efficiency. 

𝑇𝑇𝑃𝑃 Peak temperature in the welding zone. 𝜃𝜃 Volume expansion coefficient. 
𝑇𝑇𝑎𝑎 Ambient temperature. 𝜆𝜆 Pin tool angle. 
𝑇𝑇𝑚𝑚 Melting temperature of workpiece. 𝜇𝜇 Friction coefficient. 
𝑇𝑇𝑜𝑜 Reference temperature. 𝜎𝜎 Standard deviation according to GD. 

𝑝𝑝ℎ Strain-Hardening exponent according to 
Hollomon’s model.  𝜔𝜔 Average shear stress. 

𝑝𝑝𝑠𝑠 
Strain-Hardening exponent according to 
Swift’s model. 𝜓𝜓 Partition coefficient of heat friction.  

𝑞𝑞𝑓𝑓 Heat flux generated by friction between 
workpiece and pin tool. 𝜔𝜔 Rotational velocity.  

𝑞𝑞𝑖𝑖𝑛𝑛 Total heat flux input to the welding zone. 𝜀𝜀𝑟𝑟 Emissivity factor for workpiece surface. 
𝑞𝑞𝑝𝑝 Heat flux input to the welding zone by pin 

tool. 𝜎𝜎𝑜𝑜 Saturation of stress according to Voce’s 
model. 

𝑞𝑞𝑝𝑝𝑝𝑝 Heat flux generated from plastic deformation 
in the welding zone. 𝜎𝜎𝑦𝑦 Yield strength for the workpiece. 

𝑞𝑞𝑠𝑠 
Heat flux input to the welding zone by 
shoulder. Cp Specific heat of workpiece. 

𝑟𝑟𝑆𝑆 Shoulder radius. ℎ𝑝𝑝 Welding depth. 
𝑟𝑟𝑝𝑝 Pin radius. 𝑏𝑏𝑤𝑤 Workpiece thickness.  
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