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Matematicka takmicenja sve vise privlace paZnju istraZivaca u oblasti matematickog
obrazovanja, buduci da donose brojne benefite za ucenike — od produbljivanja i prosiri-
vanja matematickih znanja do razvoja kompetencija za resavanje problema. Imajuci u vidu da je uce-
nicima sedmog razreda u Republici Srbiji ve¢ dugi niz godina omoguceno pohadanje specijalizovanih
odeljenja ucenika sa posebnim sposobnostima za matematiku (SM odeljenja), postavlja se pitanje da li
njihovo grupisanje u homogena odeljenja utice na postignuca na drzavnom takmicenju iz matematike.
Cilj ovog rada je da se podrobnije uporede postignuca ucenika sedmog razreda SM i klasi¢nih odeljenja
na drZavnom takmicenju, kao i da se analiziraju zadaci na kojima su ucenici dve grupe ostvarili statistic-
ki znacajno razlicite rezultate. Analizom uspeha u reSavanju 50 takmicarskih zadataka utvrdeno je da
su ucenici SM odeljenja ostvarili statisticki znacajno bolje rezultate u 23 zadatka, dok su ucenici klasicnih
odeljenja imali znacajno bolje rezultate u samo jednom zadatku. Najvece razlike u korist ucenika SM
odeljenja zabeleZene su u zadacima iz teorije brojeva, zatim geometrije i kombinatorike, dok su najma-
nje razlike uocene u zadacima iz algebre. Takode, ucenici SM odeljenja su u znacajno vecoj meri bili
uspesniji u reSavanju dokaznih zadataka nego ucenici klasi¢nih odeljenja. Detaljina analiza sadrZaja
zadataka ukazuje da razlike u postignucima mogu biti posledica Sireg i temeljnijeg matematickog ob-
razovanja kojem su ucenici SM odeljenja izloZeni, kao i njihove bolje sposobnosti za sintezu razlicitih
matematickih pojmova i tvrdenja u postupku resavanja. Rezultati ovog istraZivanja mogu posluZiti kao
smernice nastavnicima i ucenicima u pripremi za budu¢a matematicka takmicenja.

Apstrakt

1 Rad nastao u okviru projekta Prediktori postignuca ucenika 7. i 8. razreda na matematickim
takmicenjima — PREDIMAT 7-8. finansiranog od strane Centra za naucnoistrazivacki rad SANU i
Univerziteta u Kragujevcu.
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Kljucne reci: =
ucenika.

Uvod

Takmicenja iz matematike u¢enika osnovnih $kola imaju dugu tradiciju u Republici
Srbiji. Od prvih takmicenja Sezdesetih godina proslog veka i prvog republi¢ckog takmice-
nja 1967. godine (Mi¢i¢ i Kadelburg, 2022) sve do danas, postala su najmasovnija takmice-
nja, na kojima svake godine izmedu 60000 i 70000 ucenika od 4. do 8. razreda zapocinje
takmicarski ciklus (Vuloviéi sar., 2023).

Drzavno takmicenje iz matematike je Cetvrti nivo takmicenja, na kojem ucestvuju
ucenici od 6. do 8. razreda osnovne $kole. lako do sada nije radeno mnogo istraZivanja
koja se bave konkretnim postignu¢ima ucenika na ovim takmicenjima, dostupna istrazi-
vanja pokazuju da ucenici koji pohadaju specijalizovana odeljenja uéenika sa posebnim
sposobnostima za matematiku (SM odeljenja) postizu statisticki znac¢ajno bolja postignu-
¢a u odnosu na ucenike koji pohadaju klasi¢na odeljenja. Vulovi¢ i sar. (Vulovi¢ i sar., 2024)
empirijski su utvrdili da su ucenici SM odeljenja u poslednjih 18 godina ostvarili statisticki
znacajno bolje rezultate ¢ak 11 puta.

Ovim radom Zelimo da ispitamo postignuca uc¢enika sedmog razreda osnovne skole
na drzavnim takmicenjima iz matematike u odnosu na oblast i tip zadataka, u zavisno-
sti od toga da li ucenici pohadaju klasi¢na ili SM odeljenja u periodu od 2015. do 2024.
godine. Razlog tome nalazimo u Cinjenici da su zadaci koji su obuhvaéeni programima
takmicenja, idudi od Skolskog ka medunarodnom nivou matematickih takmicenja, sve
manje zasnovani na skolskom kurikulumu. Analizom zadataka koje su ucenici sa najboljim
rezultatima na drzavnim takmicenjima u posmatranom periodu dominantno uspesnije
resavali, Zelimo da pruzimo doprinos u identifikaciji faktora koji uti¢u na uspeh ucenika na
nacionalim matematickim takmicenjima.

Teorijski okvir istrazivanja

Jedna od funkcija matematickih takmicenja jeste budenje interesovanja za dublje
bavljenje matematikom i razvoj kompetitivnosti medu ucenicima. Ona pruzaju podriku
ucenicima buduci da ucenici, tokom resavanja zadataka, demonstriraju svoje visoke mate-
maticke sposobnosti do cijeg je formiranja doslo tokom procesa pripreme za matematic-
ka takmicenja (Keldibekova, 2020). Kenderov navodi da re3avanje slozenih matematickih
zadataka omogucava bolje znanje, ali i razvija vesStine ucenika za prevazilaZzenje realnih
problemskih situacija (Kenderov, 2022).

Lijedal razlikuje ,ucionice u kojima se misli” i ,ucionice u kojima se uci bez razmislja-
nja“: prvi tip ,u¢ionica” odnosi se na podsticajno skolsko okruZenje u kome ucenici aktivno
razmisljaju prilikom ucenja, a drugi tip se odnosi na $kolsko okruZenje u kome ucenici tek
oponasaju razmisljanje (Liljedahl, 2019). Upravo matematicka takmicenja predstavljaju
sredinu u kojoj se afirmise razmisljanje ucenika kao vazno iskustvo za bavljenje matema-
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tikom na visem nivou. Razmatrajuci kompetencije ucenika potrebne za bavljenje mate-
matikom na visem nivou, Falk de Losada i Tejlor isti¢u da resavanje takmicarskih zadataka
dovodi do razvijanja kompetencija ucenika za re3avanje problema i boljeg usvajanja i ko-
ris¢enja matematicke terminologije (Falk de Losada & Taylor, 2022). Dok Skolska matemati-
ka prati tradicionalnu strukturu izlaganja sadrzaja, matematic¢ka takmicenja integrisu date
sadrzaje sa nacinima razmisljanja i strategijama za reSavanje novih problema i izazova,
prosiruju¢i um ucenika i upoznajuci ih sa nacinom rezonovanja profesionalnih matemati-
¢ara (Nieto-Said & Sanchez-Lamoneda, 2022).

Zadaci na takmicenjima pripadaju oblastima algebre, geometrije, teorije brojeva i
kombinatorike, ali naj¢esce istovremeno ukljucuju dve ili vise oblasti. Klju¢ u resavanju
takvih zadataka jeste u domisljatosti, kreativnosti i vestini reSavanja problema. IstraZiva-
nja pokazuju da ucesnici takmicenja ostvaruju razlic¢it uspeh u zavisnosti od oblasti koja
dominira u zadatku. Cesto su uspe3niji u re3avanju zadataka iz algebre, kombinatorike i
teorije brojeva, u odnosu na zadatke iz geometrije (Facciaroni et al., 2023; Keldibekova,
2020; Spijunovi¢ & Mari¢i¢, 2013; Vulovié i sar., 2024).

Facaroni i saradnici su na uzorku od 29592 ucenika devetog razreda, koji su od 2018.
do 2020. godine ucestvovali na okruznom nivou takmicenja u Italiji, ispitivali razlike u po-
stignu¢ima ucenika u odnosu na matematic¢ku oblast zadataka (Facciaroni et al., 2023).
Fokus istraZivanja bio je na geometriji i poteSko¢ama koje ucenici imaju u re$avanju ovih
zadataka i u izvodenju dokaza. Svake godine, prvih ¢etrnaest od ukupno sedamnaest
zadataka na takmicenju nije zahtevalo izvodenje dokaza, ali je bilo neophodno da uce-
nici poznaju teoreme i postupke radi uspeSnog resavanja tih zadataka. Nasuprot tome,
poslednja tri zadatka (po jedan iz teorije brojeva, kombinatorike i geometrije) zahtevala
su izvodenje dokaza, ali i nosila 40% ukupnog broja bodova, $to je impliciralo da pravil-
no redavanje upravo tih triju zadataka determinise koji ¢e ucenici nastaviti takmicenje na
nacionalnom nivou. Utvrdeno je da postoji razlika u uspesnosti uc¢enika u zavisnosti od
oblasti, premda veliki procenat ucenika nije ni pokusao da uradi dokazni zadatak iz ge-
ometrije. U sve tri godine obuhvacdene istrazivanjem, prosecan broj poena osvojenih na
dokaznom geometrijskom zadatku bio je znatno nizi od prose¢nog broja poena druga
dva dokazna zadatka. U okviru istog istrazivanja, autori su 2020. godine sproveli i anke-
tiranje 486 ucesnika okruznog takmicenja u okrugu Rim. Prilikom anketiranja, u¢enici su
odgovorili da se u proseku podjednako prijatno osecaju prilikom resavanja zadataka iz
svake oblasti. lako nisu bile statisticki znacajne, razlike u srednjim vrednostima pokazuju
da ucenici geometriju ipak percipiraju kao najtezu od navedenih oblasti, dok im je teorija
brojeva najlaksa. Razlog za ovako male razlike u srednjim vrednostima stavova ucenika
autori pronalaze u ¢injenici da je skoro trec¢ina ucenika odgovorila da su im takmicarski
zadaci iz geometrije poznati sa redovne nastave (bilo po slozenosti, sadrzaju ili strukturi),
dok je u slu¢aju ostale tri oblasti u proseku svaki peti u¢enik odgovorio da su takmicarski
zadaci sli¢ni onima koje su resavali na ¢asovima. To potvrduje ¢injenicu da, iako poznaju
osnovna pravila geometrije, kojima ovladavaju na ¢asovima redovne nastave, i u¢enici koji
ostvaruju iznadprosecna postignuc¢a imaju poteskoca sa reSavanjem takmicarskih zadata-
ka iz geometrije (Sal’kov et al., 2017).
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lako se mogu resiti primenom elementarnih metoda, zadaci na matematickim takmi-
¢enjima mogu biti veoma izazovni za reSavanje. Za razliku od konvencionalnih zadataka iz
Skolske matematike, koji obi¢no zahtevaju reprodukciju poznatih procedura, zadaci na ta-
kmicenju su inkluzivni, budu¢i da uzimaju u obzir razli¢ite situacije, nagadanja, ispitivanje
pretpostavki ipostavljanje novih pitanja (Leikin, 2007), pri ¢emu se njihovo resenje smatra
potpunim ako i samo ako ucenik pruzi potpun dokaz onoga sto tvrdi. Falk de Losada i
Tejlor navode da ucenici na takmicenjima, slicno profesionalnim matematicarima, proces
dokazivanja naj¢esce zapocinju opisivanjem onoga $to se zeli dokazati (predlaganjem ar-
gumenta), a zatim nastavljaju sa izvodenjem dokaza (Falk de Losada & Taylor, 2022). Tom
prilikom, ucenici koriste jedan od Cetiri tipa dokaza (Balacheff, 1988, prema: Laamena et
al., 2018): naivni empirizam, kojim se nakon provere posebnih sluc¢ajeva potvrduje istini-
tost argumenta; klju¢ni eksperiment, koji se koristi za izbor izmedu dve prethodno formu-
lisane hipoteze; genericki primer, kojim se objasnjava zasto je argument istinit uz navode-
nje specifi¢nih osobina i struktura; i misaoni eksperiment, kojim se argument uopstava i
diferencira od posebnih slucajeva.

Uticaj grupisanja ucenika na njihova postignuca jeste tema koja je razmatrana u lite-
raturi, ali je u manjoj meri ispitivan uticaj homogenog grupisanja na postignuca ucenika
na takmicenjima. Glavni cilj ovakvog tipa grupisanja jeste da se zadovolje interesovanja
i specificne obrazovne potrebe ucenika koji imaju posebne sposobnosti za matematiku,
a koji najcesce ucestvuju na matematickim takmicenjima. Karp navodi da nastavu u $ko-
lama u kojima su matematicki daroviti u¢enici grupisani u posebno odeljenje karakterise
postavljanje problema, reSavanje problema, trazenje originalnih metoda resavanja pro-
blema i pronalazenje veza izmedu novih i starih problema (Karp, 2009). Kulik i Kulik su
sproveli 90 studija obuhvacéenih metaanalizom i medu njima izdvojili 25 istrazivanja ciji
je predmet bilo ispitivanje efekata nastave u odeljenjima u kojima su grupisani ucenici sa
posebnim sposobnostima (Kulik & Kulik, 1987). Rezultati 19 studija pokazali su da daro-
viti u¢enici postizu bolje rezultate kada su grupisani u homogena odeljenja, dok su u 11
istrazivanja te razlike statisticki znacajne. Isti autori takode navode da grupisanje darovi-
tih u¢enika u homogena odeljenja ne daje Zeljene efekte ukoliko izostane odgovarajuca
transformacija kurikuluma kojom bi se zadovoljile njihove obrazovne potrebe. Ove nala-
ze potvrduju i rezultati studije Stinbergen-Hu i saradnika, koja je obuhvatila sto godina
istrazivanja efekata koje grupisanje ucenika ostavlja na njihova akademska postignuca
(Steenbergen-Hu et al., 2016).

Pozitivan uticaj prelaska ucenika iz klasi¢nih odeljenja u gimnazije sa organizova-
nom nastavom za ucenike osnovne skole posebno nadarene za matematiku uocen je i u
studiji Asmata (Asmat, 2021). S obzirom na mogucénost da ucenici posle zavrsenog petog
ili osmog razreda upisu ovakva odeljenja, jedan od ciljeva istrazivanja Asmata bio je i da
se utvrdi u kojoj meriizbor $kole i vrsta odeljenja uti¢e na ostvarivanje postignuca uc¢enika
na takmicenjima. Pokazalo se da ucenici koji su nastavu pohadali u gimnazijama ostvaruju
prose¢no za 6% visa postignuc¢a od ucenika iz heterogenih odeljenja. Ovakav podatak
potvrduje prednosti nacina rada koji se sprovodi u odeljenjima homogenog tipa, u kojima
je akcenat na obogacenom programu nastave matematike (Kim, 2016; Rochayati & Roc-
hayani, 2024).
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Sriraman navodi da su sloZzeni matematicki zadaci odli¢an nacin da se ucenicima
pruzi 3ansa da razvijaju matematic¢ke procese viseg reda (pre svega reprezentaciju, ap-
strakciju i generalizaciju) (Sriraman, 2003). U studiji koju je sproveo, Sriraman je grupi od
devet ucenika devetog razreda dao zadatak da rese pet nerutinskih kombinatornih pro-
blema, pri ¢emu je generalizacija koju je trebalo upotrebiti za reSavanje pet problema
data u obliku Dirihleovog principa. Cetiri u¢enika koji su prethodno identifikovani kao
matematicki daroviti bili su uspesni u otkrivanju i formulaciji opstosti, koju je trebalo upo-
trebiti za reSavanje tih pet zadataka, dok, sa druge strane, pet u¢enika koji nisu posedovali
posebne sposobnosti za matematiku nisu uspeli da prepoznaju generalizaciju skrivenu u
problemu (Sriraman, 2003).

Sama sustina grupisanja matematicki darovitih u¢enika nije izdvajanje od vrsnjaka
prosec¢nih sposobnosti, ve¢ spajanje sa onima koji dele ista interesovanja. Kada su ucenici
grupisani u ista odeljenja, imaju priliku da ih vrinjaci istih sposobnosti stimuliSu da brze i
efikasnije obraduju sloZenije sadrzaje (Neihart, 2007; Swiatek & Lupkowski-Shoplik, 2003),
jer nastavu matematike u ovakvim odeljenjima odlikuju strategije akceleracije, obogaci-
vanja i produbljivanja.

U svom istrazivanju su Vulovi¢, Milenkovic¢ i Miliki¢ (Vulovi¢ i sar., 2024) analizirali
zastupljenost i postignuca na drzavnim takmicenjima iz matematike u Srbiji koja su u pe-
riodu tokom osamnaest godina ostvarivali u¢enici sedmog i osmog razreda koji pohadaju
SM odeljenja pri gimnazijama i ucenici iz heterogenih odeljenja. Autori isti¢u da su i u
sedmom i u osmom razredu prosecne vrednosti broja bodova koje su ostvarili u¢enici SM
odeljenja svake godine bile vise u odnosu na ucenike iz klasi¢nih odeljenja. Prosecni re-
zultati ukazuju da su ucenici sedmog razreda iz SM odeljenja za 39% imali visa postignuca
u odnosu na ucenike iz klasi¢nih odeljenja, dok je uspeh ucenika osmog razreda bolji za
32% od uspeha ucenika iz klasi¢nih odeljenja.

Metodologija istrazivanja

Zakon u Republici Srbiji prepoznaje mogucnost grupisanja ucenika darovitih za ma-
tematiku u posebna odeljenja. Po zavrietku Sestog razreda osnovne skole, u¢enici imaju
mogucnost prelaska u gimnazije koje organizuju nastavu za ucenike sa posebnim spo-
sobnostima za matematiku (Pravilnik o nastavnom planu i programu za ucenike sedmog
i osmog razreda osnovnog obrazovanja i vaspitanja obdarene za matematiku, 2019). Prili-
kom upisa, ucenici polazu poseban kvalifikacioni ispit na kome se vrednuju sledece stav-
ke: rezultati na testu sposobnosti iz matematike, opsti uspeh u petom i Sestom razredu,
ocene iz matematike u ovim razredima i u¢esce na drzavnom takmicenju iz matematike u
Sestom razredu.

Takmicenje iz matematike na drzavnom nivou odrzava se svake godine u maju, a pra-
vo ucesdca na njemu ima priblizno po sto uc¢enika Sestog, sedmog i osmog razreda osnovne
skole sa najboljim postignu¢ima na okruznim takmicenjima u toku te Skolske godine.

Cilj ovog istrazivanja je analiza postignuca ucenika sedmog razreda SM i klasi¢nih
odeljenja na drzavnim takmicenjima iz matematike u odnosu na matematicke oblasti
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kojim zadaci sa takmicenja pripadaju i u odnosu na tip zadatka. U skladu sa ciljem, ispitiva-
ne su razlike u postignu¢ima ucenika klasi¢nih i SM odeljenja u reSavanju tih zadataka, kao
i analiza sadrzaja datih zadataka. Iz cilja proisti¢u zadaci istrazivanja kojima treba utvrditi:

1) odnos broja zadataka u kojima su ucenici SM odeljenja ostvarili bolje rezultate
od ucenika iz klasi¢nih odeljenja, broja zadataka u kojima su ove dve grupe uce-
nika postigle jednake rezultate i broja zadataka u kojima su ucenici iz klasi¢nih
odeljenja ostvarili bolje rezultate od ucenika iz SM odeljenja;

2) odnos broja zadataka u kontekstu postignuca ucenika SM i klasi¢nih odeljenja u
zavisnosti od matematicke oblasti kojoj zadaci pripadaju;

3) odnos broja zadataka u kontekstu postignuca ucenika SM i klasi¢nih odeljenja u
zavisnosti od toga da li su zadaci racunski ili dokazni.

U radu je vrSena sekundarna analiza postignuca ucenika 7. razreda na drzavnim ta-
kmicenjima iz matematike, u periodu od 2015. do 2024. godine. U¢enici su na takmice-
njima reSavali po pet zadataka koje je sastavila Drzavna komisija za takmicenje ucenika
osnovnih $kola, a za ¢iju su izradu imali 180 minuta. Svi zadaci su javno dostupni na zva-
ni¢nom sajtu Drustva matematicara Srbije. Drzavno takmicenje se svake godine odrzava
uzivo, kao i na svim prethodnim nivoima, u skolskim uslovima, na osnovu Pravilnika o
takmicenjima. Sadrzaji zadataka su definisani Programom takmicenja koji donosi Drustvo
matematicara Srbije na pocetku takmicarskog ciklusa. Pravilnik i Program takmicenja su
javno dostupni. Ocenjivanje zadataka se vrsi na osnovu precizno definisane skale i uput-
stva za pregledanje (zadaci se boduju parcijalno). Svaki zadatak se boduje maksimalno sa
20 bodova.

Rezultati dobijeni na drzavnim takmicenjima svake godine se objedinjuju u jedin-
stvenu bazu koja je koris¢ena u ovom istrazivanju. Uzorak istrazivanja ¢ine svi u¢enici sed-
mog razreda koji su ucestvovali na drzavnim takmicenjima iz matematike u periodu od
2015. do 2024. godine, &iji ukupan broj iznosi 1014. Struktura populacije u odnosu na tip
odeljenja koje ucenici pohadaju data je u Tabeli 1.

Tabela 1
Struktura populacije istraZivanja

Klasi¢no odeljenje SM odeljenje
Godina
F % F %
2015. 64 66,67% 32 33,33%
2016. 50 50,00% 50 50,00%
2017. 57 58,16% 41 41,84%
2018. 53 52,48% 48 47,52%
2019. 60 62,50% 36 37,50%
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Klasi¢no odeljenje SM odeljenje
Godina
F % F %

2020. 60 61,22% 38 38,78%

2021. 50 50,00% 50 50,00%

2022. 61 54,46% 51 45,54%

2023. 64 61,54% 40 38,46%

2024. 67 61,47% 42 38,53%
Ukupno 586 57,79% 428 42,21%

Dobijeni podaci obradeni su u softverskom paketu SPSS 20. Od statistickih mera i
postupaka koris¢eni su: frekvencije, procenti, aritmeti¢ka sredina, statisticki test Sapi-
ro-Vilk (engl. Shapiro-Wilk) za odredivanje normalnosti raspodele numeric¢kih podataka,
Studentov t-test za nezavisne grupe i Man-Vitnijev (engl. Mann-Whitney) za poredenje
raspodele podataka u dve grupe.

Rezultati istrazivanja i diskusija

U skladu sa ciljem istrazivanja, analizirali smo da li postoje statisticki znacajne razlike
u postignuc¢ima ucenika koji pohadaju SM i klasi¢na odeljenja, u reSavanju zadataka za
sedmi razred, na drzavnim takmicenjima iz matematike, za svaki zadatak pojedina¢no, u
prethodnih deset godina (ukupno 50 zadataka). Za svaki zadatak je u obe grupe ucenika
ispitano da li broj poena koji su u¢enici ostvarili ima normalnu raspodelu. U slu¢ajevima
kada su obe grupe imale normalnu raspodelu, Studentovim t-testom nezavisnih grupa
uporedivane su aritmetic¢ke sredine broja ostvarenih poena, dok su u suprotnim sluca-
jevima Man-Vitnijevim testom uporedene raspodele broja poena koje su ucenici dveju
grupa ostvarili. Rezultati su prikazani u Tabeli 2. Za svaki zadatak su navedene aritmeticke
sredine broja poena koje su ucenici dve grupe ostvarili, dok su rezultati Man-Vitnijevog te-
sta navedeni u slucajevima kada su ustanovljene statisticki znacajne razlike. Ni u jednom
zadatku u kome su razlike ispitivane Studentovim t-testom nisu ustanovljene statisticki
znacajne razlike u rezultatima ucenika.
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Tabela 2
Postignuca takmicara sedmog razreda, u odnosu na vrstu odeljenja, po zadacima,

u periodu od 2015. do 2024. godine

Redni broj zadatka

Godina 1. 2. 3 4, 5.
Klasi¢no SM Klasi¢no SM Klasi¢no SM Klasi¢no SM Klasi¢cno SM
2,73 5,56
2015. 572 897 U=798.0 239 409 6,42 913 131 3,50
2=-3.100
p=.002
3,44 878 12,00 1598
2016. 7,90 838 9,36 12,72 U=914.0 U=1009.5 3,64 4556
Z=-2.414 7=-1.994
p=016 p=.046
700 11,56 430 9,85 4,65 9,90 3,21 8,02 718 11,32
2017, U=798.0 U=644.5 U=782.5 U=861.5 U=849.0
7=-2.766 7=-3.946 7=-2.833 7=-2.349 Z=-2.371
p=.006 p=.000 p=.005 p=.019 p=.018
858 12,54 657 13,42
2018, 1708 169 U=990.0 217 235 302 473 U=742.0
2=-2.071 Z=-3.800
p=.038 p=.000
675 12,17 7,03 3,72
2019, 1032 1339 U=664.5 10,00 12,06 6,90 8,06 U=862.0
7=-3.178 7=-1.962
p=.001 p=.050
855 1395 10,50 18,71 2,67 6,58 4,40 9,76
2020, 962 1308 U=745.0 U=591.0 U=829.5 U=690.0
7=-3.056 Z=-4.545 7=-2.394 Z7=-3.491
p=.002 p=.000 p=.017 p=.000
11,50 15,62
2021, 6,00 7,60 11,06 12,18 U=865.0 1422 15,54 200 1,20
7=-2.987
p=.003
918 12,65 226 7,94 808 1284 084 5,35
202, U=1193.5 U=866.5 425 490 U=1063.5 U=1146.5
2=-2.306 7=-4.523 7=-2.960 7=-3.147
p=.021 p=.000 p=.003 p=.002
2023, 6,53 875 448 7,03 1008 1215 484 5,50 139 3,57
1021 1514 2,96 707 1130 1438
2024, 1833 1783 U=931.0 9,76 11,57 U=1011.5 U=1080.0
Z=-3.064 Z7=-2.781 Z7=-2.095
p=.002 p=.005 p=.036
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Od 50 posmatranih zadataka, u¢enici SM odeljenja postigli su statisti¢ki znac¢ajno

bolje rezultate u 23 zadatka, u 26 zadataka razlike nisu bile statisticki znacajne, dok su
ucenici klasi¢nih odeljenja u jednom zadatku postigli statisticki znacajno bolje rezultate.

Uspeh ucenika u zavisnosti od oblasti kojima pripadaju zadaci

Vec je napomenuto da zadaci pripadaju oblastima algebre, geometrije, teorije bro-
jeva i kombinatorike, a da su za reSavanje odredenog broja zadataka potrebna znanja i
umenija iz dve ili tri oblasti. Svaki zadatak svrstali smo u jednu oblast koja je dominantna
u njegovom resavanju sudeci po sadrzajima i postupcima. Na osnovu Grafikon 1, uocava-
mo da je u posmatranom periodu najveci broj zadataka na drzavnim takmicenjima bio iz
geometrije, zatim iz algebre, pa kombinatorike, a najmaniji broj iz oblasti teorija brojeva.

Grafikon 1
Broj zadataka na drZavnim takmicenjima ucenika 7. razreda od 2015. do 2024. godine, po oblastima
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algebra geometrija teorija brojeva  kombinatorika

Ako uporedimo uspeh po zadacima ucenika SM i klasi¢nih odeljenja, u odnosu na
oblasti kojima zadaci pripadaju, dobijamo rezultate prikazane na Grafikonu 2.

Grafikon 2
Postignuca ucenika 7. razreda iz SM i klasicnih odeljenja u odnosu na oblast iz koje su zadaci
natakmicenju u periodu od 2015. do 2024. godine

4
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= ucenici SM znacajno bolji
nema stat. znac. razlike
ucenici klasi¢nih odeljenja znacajno bolji
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Uocavamo da je razlika u postignuc¢ima u korist ucenika SM odeljenja najveca na
zadacima iz teorije brojeva. Od 8 zadataka iz ove oblasti, u¢enici SM odeljenja su u 5 za-
dataka imali statisticki znacajno bolji rezultat. Analizom sadrzaja ovih zadataka uo¢avamo
da svi sadrze delove koji se mogu resiti poznavanjem sadrzaja sa redovne nastave, npr.
rastavljanja broja na proste ¢inioce ili deljivosti i ostatka pri deljenju prirodnim brojem,
ali da je za uspesno sprovodenje ¢itavog resenja obi¢no neophodno i dobro poznavanje
sadrzaja dodatne nastave, npr. desifrovanje brojeva u dekadnom zapisu u skladu sa datim
uslovima, primena Dirihleovog (kombinatornog) principa (na deljivost prirodnim brojem).
Stoga je npr. primena kongruencija za odredivanje ostatka pri deljenju, kao i specijalno za
odredivanje poslednje cifre visecifrenog broja (kao specijalan slucaj deljenja sa 10), nesto
sa Cime se prosecan ucenik osnovne $kole ne susrece, osim ako nastavnik tome ne posveti
posebnu paznju na dodatnoj nastavi. S druge strane, vece su $anse da ¢e ucenici sedmog
razreda SM odeljenja imati priliku da nauce osobine kongruencija jer se one i javljaju u
njihovom programu rada. Pored toga, Dirihleov princip se takode obraduje iskljucivo na
dodatnoj nastavi matematike (i naglasen je u programu takmicenja). Napominjemo da se
zadaci u kojima se primenjuje Dirihleov princip svrstavaju u kombinatorne, ali da je jedan
konkretan zadatak (iz 2018. godine) klasifikovan u teoriji brojeva, bududi da je u resavanju
akcenat na primeni osobina deljivosti.

Na geometrijskim zadacima su ucenici SM odeljenja na 9 zadataka ostvarili sta-
tisticki znacajno bolje rezultate, dok razlika u rezultatima kod 10 zadataka nije postojala.
Sadrzaji zastupljeni u ovim zadacima su usvajani pre sedmog razreda (osobine kvadrata
i pravougaonika, uglova i trouglova, podudarnost trouglova, povrsina trouglova i Ce-
tvorouglova, osna simetrija, simetrala duzi, simetrala ugla, opisana i upisana kruznica u
trougao, itd), a od sadrzaja sedmog razreda zastupljeni su: Pitagorina teorema sa prime-
nama na trougao, ¢etvorougao i mnogougao, krug, periferijski i centralni ugao. Poseb-
no treba naglasiti da se u svim zadacima ocekivalo poznavanje veéeg broja definicija,
tvrdenja i osobina iz razli¢itih tema, kao i njihovo sintetisanje u reSenje zadatka. Iz tog
razloga je bilo zadataka u kojima je trebalo povezati znanja iz dve teme (podudarnost
trouglova i uglovi trougla; zbir uglova u trouglu i periferijski ugao...), tri teme (trougao,
cetvorougao, Pitagorina teorema; visina trougla, podudarnost trouglova, mnogou-
gao...), ali i Cetiri teme (osobine pravouglog trougla, kruznica upisana u trougao, obim
trougla, povrsina trougla; simetrala ugla, kruznica upisana u trougao, uglovi trougla,
podudarnost trouglova). Analizom zahteva u ovim zadacima uo¢avamo da se sadrzaji
koje ucenici treba da poznaju kako bi resili date zahteve obraduju gotovo u punom obi-
mu u redovnoj nastavi. Ipak, neophodnost povezivanja sadrzaja iz vise oblasti i kreiranje
razli¢itih strategija jesu ono $to njihovo resavanje Cini zahtevnim. Pored sposobnosti
za prepoznavanje strategije i poznavanja potrebnih sadrzaja, neophodna je i odredena
uvezbanost ucenika, odnosno iskustvo u reSavanju sloZenih zadataka, koje se do odre-
dene mere stice vezbom. Do takvih iskustava dolaze kroz saradnju sa vrinjacima koji
imaju sli¢na iskustva, ali i uz podriku nastavnika koji vodi u¢enike kroz postupak resava-
nja, bar u prvom susretu sa takvim zadacima.

Na zadacima iz oblasti kombinatorike ucenici SM odeljenja postigli su statisticki zna-
¢ajno bolje rezultate u Cetiri zadatka, a skoro svi zadaci pripadali su oblastima dodatne
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nastave: kreiranje pobednicke strategije matematicke igre, primena kombinatorike za
reSavanje problema bojenja, prebrojavanje palindroma, prebrojavanje nacina na koji se
elementi skupa mogu razbiti u podskupove (koji nisu obavezno disjunktni) sa zadatim
svojstvom itd. Ovde se posebno isti¢e primena Dirihleovog principa u geometriji, kod ko-
jeg je potrebno poznavanje geometrijskih sadrZaja koji se obraduju na redovnoj nastavi,
ali je u reSavanju akcenat na prebrojavanju geometrijskih objekata i dokazivanju da je
odabirom bilo kog odredenog broja tih objekata moguce da se izabere njihov podskup
takav da ispunjava zadati uslov.

Najmanije razlike u postignu¢ima ucenika su iz oblasti algebre i u ovoj oblasti se jav-
ljaju u 5 od 14 zadataka. U zadacima iz oblasti algebre akcenat je na primeni algebarskih
transformacija, dokazivanju algebarskih jednakosti, odredivanju vrednosti algebarskih
izraza, primeni stepena i faktorizaciji prirodnog broja, sto se obraduje na redovnoj nastavi,
dok se iz tema dodatne nastave izdvajaju reSavanje linearnih i nelinearnih Diofantovih
jednacina, algebarski razlomci i sloZeniji zadaci iz stepena i operacije sa stepenom. Ucenici
SM odeljenja su statisticki znacajno bolje resili zadatke u kojima je trebalo primeniti oso-
bine stepena i algebarske transformacije, odrediti vrednost izraza u kojima se javljaju al-
gebarski razlomci, faktorizaciju polinoma i odredivanje skupa resenja sistema nelinearnih
jednacina. MoZzemo uociti da se sadrzaji zastupljeni u ovim zadacima pretezno javljaju na
redovnoj nastavi, ali i da su zahtevi u njima prili¢no ozbiljni za taj uzrast u¢enika, buduci da
i podrazumevaju iskustvo u resavanju sli¢cnih zadataka, odnosno primenu odgovarajuce
strategije reSavanja.

Uspeh ucenika u zavisnosti od tipa zadataka

Pored matematicke oblasti kojoj pripadaju zadaci, zeleli smo da analiziramo uspeh
ucenika SMi klasi¢nih odeljenja u odnosu na vrstu (tip) zadataka. U skladu sa time, podelili
smo zadatke na rac¢unske i dokazne. Prvom tipu zadataka pripadaju svi zadaci u kojima je
trebalo odrediti: vrednost brojevnog izraza, meru nekog geometrijskog objekta (duzinu
duzi, povrsinu i/ili obim figure, meru ugla), ostatak pri deljenju, nepoznatu vrednost i sl.
Drugom tipu zadataka pripadaju oni zadaci u kojima se trazi izvodenje neke vrste dokaza:
jednakost mera geometrijskih objekata, deljivost algebarskog izraza prirodnim brojem,
valjanost algebarskih jednakosti, egzistencija podskupova ¢iji elementi zadovoljavaju
odredeno svojstvo itd. Dokazni zadaci su obi¢no zahtevniji od ra¢unskih, $to potvrduje i
nacin bodovanja na odredenim takmicenjima, gde se dokazni zadaci vrednuju znaéajno
vecim brojem poena (Facciaroni et al., 2023). U ovim zadacima ucenici uglavnom prilaze
reSenju tako $to prvo opisu tvrdenje koje treba dokazati, pa zatim postupno izvode dokaz
(Falk de Losada & Taylor, 2022). Postignuc¢a ucenika na osnovu ovako definisane klasifika-
cije data su na Slici 3.

Od 33 zadatka racunskog tipa, u¢enici SM odeljenja ostvarili su statisti¢ki znac¢ajno
bolja postignuca u 39,39% zadataka, u 57,58% zadataka nije bilo statisti¢ki znacajne ra-
zlike, a samo jedan zadatak (3,03%) ucenici iz klasi¢nih odeljenja su statisti¢ki znacajno
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bolje uradili. Od preostalih 17 zadataka dokaznog tipa, u¢enici SM odeljenja su ostvarili
statisticki znacajno bolje rezultate u 10 (58,82%) zadataka, dok u ostalim zadacima razlike
nisu bile statisti¢ki znacajne.

Grafikon 3
Postignuca ucenika sedmog razreda na drZavnim takmicenjima u zavisnosti od tipa zadataka

20

racunski dokazni
H ucenici SM znacajno bolji
nema stat. znac. razlike

ucenici klasi¢nih odeljenja znacajno bolji

Ucenike koji pohadaju SM odeljenja, sa jedne strane, karakterisu dobre predispozi-
cije za bavljenje matematikom na visokom nivou jer su neretko ostvarivali dobre rezulta-
te na takmicenjima u $estom razredu, gde se vec javljaju dokazni zadaci, a polaganjem
kvalifikacionog ispita za upis u SM odeljenje potvrdili su svoje sposobnosti za reavanje
zahtevnih matematickih zadataka. S druge strane, u okviru redovne i dodatne nastave,
ucenici SM odeljenja su zahvaljujuci podrsci nastavnika imali priliku da reSavaju vedi broj
dokaznih zadataka (u odnosu na ucenike iz klasi¢nih odeljenja), ¢ime su uvezbali sposob-
nost argumentacije, pa samim tim i naucili da, navodenjem odgovarajucih kontraprimera,
pretezno dokazuju da zadatak nema resenja ili da ne postoji matematicki objekat koji za-
dovoljava zahtevana svojstva — osim $to su svakako na ¢asovima algebre i geometrije u
vecoj meri dokazivali poznata matematicka tvrdenja.

Ukoliko posmatramo konkretne sadrzaje kod dokaznih zadataka koje su ucenici SM
odeljenja bolje uradili, izdvaja se primena Dirihleovog principa u geometriji. Od tri zadat-
ka primene Dirihleovog principa (jedan u teoriji brojeva, a dva u geometriji), razlike su
u sva tri zadatka bile statisticki znacajne u korist u¢enika SM odeljenja (5. zadatak, 2018;
5. zadatak, 2020; 4. zadatak, 2022. godine). Poteskoca za ucenike klasi¢nih odeljenja bila
je generalizacija odredene karakteristike matematickih objekata. Upravo sposobnost ge-
neralizacije, kao misaoni proces, i Dirihleov princip, kao konkretan matematicki sadrzaj,
predstavljaju kombinaciju gde ucenici koji poseduju posebne sposobnosti za matematiku
po pravilu ostvaruju bolja postignuca (Sriraman, 2003).
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Zakljucak

Rezultati ranijih istrazivanja pokazuju da uenici sedmog razreda grupisani u ho-
mogena odeljenja, gde se u radu sa njima podrazumeva produbljivanje i obogacdivanje
nastavnog programa, postizu statisticki znacajno bolje rezultate od svojih vrsnjaka iz
heterogenih odeljenja (Neihart, 2007; Swiatek & Lupkowski-Shoplik, 2003; Vulovi¢ i sar.,
2024) na drzavnim takmicenjima. Do sli¢nih rezultata dosli smo i naSom analizom. Re-
zultati ukazuju da su ucenici SM odeljenja postigli statisticki znacajno bolje rezultate u
46% zadataka na drzavnim takmicenjima u poslednjih deset godina. Statisticki znacajna
razlika u korist u¢enika SM odeljenja se najvise puta javila u zadacima iz oblasti teorije
brojeva, nakon ¢ega slede geometrija i kombinatorika, da bi taj procenat zadataka bio
najmaniji iz algebre.

Za reSavanje zadataka iz odredenih oblasti, poput teorije brojeva i kombinatorike,
kao preduslov bilo je neophodno poznavanje odredenih postupaka, tvrdenja i osobina
matematickih koncepata sa kojima se ucenici u najvecoj meri sre¢u van redovne nasta-
ve matematike. Za njihovo usvajanje nije dovoljna sama izloZzenost tim sadrzajima, ve¢
je neophodna i sposobnost argumentacije, uopstavanja i generalizacije. S druge strane,
pored sposobnosti za prepoznavanje strategije i poznavanja sadrzaja iz drugih oblasti,
poput geometrije i algebre, potrebna je uvezbanost, odnosno iskustvo, za sta je uloga
nastavnika koji treba da upozna ucenike sa odredenim procedurama u pocetku od kru-
cijalnog znacaja.

Kada je re¢ o tipu zadataka, u ra¢unskim zadacima su ucenici SM odeljenja ostvarili
statisticki znacajno bolje rezultate u nesto manje od 40% zadataka, dok je kod dokaznih
zadataka taj procenat skoro 60%. Resavanje dokaznih zadataka zahtevalo je temeljno po-
znavanje sadrzaja iz vise nastavnih tema, kao i sposobnost odrzavanja i sintetisanja toka
misli u koherentan i logi¢ki zasnovan dokaz, koji je potkrepljen odgovaraju¢om argumen-
tacijom. Dakle, potvrdeno je da poznavanje $kolske matematike nije dovoljno za uspesno
reSavanje takmicarskih zadataka koji se zasnivaju na izvodenju dokaza i odgovaraju¢em
rezonovanju prilikom tog postupka (Sal’kov et al., 2017).

Mozemo zakljuciti da su kombinacija prisustva nadarenosti u¢enika za matematiku,
zajedno sa detaljnijim (obogacenim i produbljenim) nastavnim programom, uz formalnije
bavljenje odredenim sadrZajima doveli do toga da ucenici SM odeljenja u znatnoj meri
nadmasuju postignuca svojih vrinjaka iz klasi¢nih odeljenja. Pravac narednih istraZivanja
moze se ogledati u sprovodenju kvalitativnih istrazivanja kako bi se rasvetlilo koji je od
ova dva efektadominantniji kod veceg broja ucenika i u kojoj meri.
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Mathematics competitions are increasingly attracting the researchers’ attention in the
field of mathematics education, as they offer numerous benefits to students — from
deepening and broadening their knowledge to developing problem-solving skills. Given that sev-
enth-grade students in the Republic of Serbia have had, the opportunity to attend specialized classes
for mathematically gifted students (SM classes) for many years, the question arises as to whether
grouping these students in homogeneous classes affects their performance in national mathematics
competitions. The aim of this paper is to make a detailed comparison of the performances of students
from SM and from regular classes in the national competitions and to analyze the tasks which the two
groups solved with statistically significant differences. The analysis of students’ performance in 50
competition tasks showed that SM students achieved statistically significantly better results in 23 tasks,
while the students from the regular classes only performed better in one task. Greatest differences in
favor of SM students were observed in number theory, followed by geometry and combinatorics, with
the smallest differences in algebra tasks. SM students were significantly more successful in solving
proof-based tasks than their peers from regular classes. A detailed analysis of tasks content suggests
that the performance differences may stem from the broader and deeper mathematical education of
SM classes, as well as their superior ability to synthesize various mathematical concepts and statements
in the problem-solving process. The results of this study can serve as a guide for both teachers and
students in preparing for mathematics competitions.

Abstract

1 The paper was developed within the project Predictors of 7% and 8" Grade Students’ Achievements
in Mathematical Competitions — PREDIMAT 7-8, funded by the Center for Scientific Research of the
Serbian Academy of Sciences and Arts and the University of Kragujevac.
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mathematics competitions, type of class, mathematical topics, task type, student perfor-
mance.

Keywords:

Introduction

Mathematics competitions for primary school students have a long-standing tra-
dition in the Republic of Serbia. Since the first competitions in the 1960s and the first
competition at national level in 1967 (Mi¢i¢ i Kadelburg, 2022), they have been the most
popular type of school competitions in the country. Each year, between 60,000 and 70,000
students from grades 4 to 8 take part in the first phase of the competition cycle (Vulovi¢
i sar.,, 2023).

The national mathematics competition is the fourth and final stage in which stu-
dents in grades 6 to 8 participate. Although few studies have been conducted specifically
on student performance in these competitions, the available research suggests that stu-
dents who are taught in specialized mathematics (SM) classes for mathematically gift-
ed students achieve statistically significantly better results than those in regular classes
achieve. Vulovi¢ et al. (Vulovi¢ i sar, 2024) have empirically confirmed that the students
from SM classes have performed better than their peers in regular classes, with statistically
significant differences in 11 of the last 18 years.

This paper aims to investigate the performance of 7th grade students in national
mathematics competitions from the years 2015 to 2024, focusing on mathematical do-
mains and task types, depending on whether the students attend regular or SM classes.
The study is based on the observation that the tasks in the curricula of the competitions
are increasingly detached from the regular curriculum as they move from school to the
international level of mathematics competitions. By analyzing the tasks that were pre-
dominantly solved by the highest-achieveing students in the observed period, we aim
to contribute to the identification of key factors that influence students’ performance in
national mathematics competitions.

Theoretical background

One of the functions of mathematics competitions is to spark students’ interest in
engaging more deeply with mathematics and to foster a sense of competitiveness among
them. Competitions provide support for students, as solving challenging tasks allows
them to demonstrate their high mathematical abilities i.e., the abilities that are developed
through the preparation process for such events (Keldibekova, 2020). Kenderov (2022)
notes that solving complex mathematical problems not only leads to deeper mathemat-
ical understanding but also enhances students’ skills in overcoming real-world problem
situations.

Liljedahl (2019) distinguishes between “thinking classrooms” and “non-thinking
classrooms”— that is, the learning environments which encourage students to learn
through active thinking and those learning environments in which students mere-
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ly imitate thinking. Mathematics competitions, in this sense, create an environment
where student thinking is affirmed as a valuable experience for engaging with math-
ematics at a higher level. When discussing the competencies required for engaging
with advanced mathematics, Falk de Losada & Taylor (2022) emphasize that solving
competition problems helps develop students’ problem-solving abilities and improves
their understanding and use of mathematical terminology. While school mathematics
typically follows a traditional structure of content delivery, mathematics competitions
integrate content with modes of thinking and strategies for solving new and challeng-
ing problems. In doing so, they broaden students’ perspectives and expose them to the
reasoning methods used by professional mathematicians (Nieto-Said & Sanchez-Lam-
oneda, 2022).

The tasks in mathematics competitions typically fall within the domains of algebra,
geometry, number theory, and combinatorics, although they often involve two or more
domains simultaneously. The key to solving such tasks lies in ingenuity, creativity, and
problem-solving skills. Research shows that the competition participants achieve varying
levels of success depending on the predominant domain of the task. Students are often
more successful in solving problems from algebra, combinatorics, and number theory
compared to those from geometry (Facciaroni et al., 2023; Keldibekova, 2020; Spijunovi¢ i
Marici¢, 2013; Vulovié i sar., 2024).

Facciaroni et al. (2023) examined differences in student performance across task
domains using a sample of 29,592 ninth-grade students who participated in the region-
al level of mathematics competitions in Italy between 2018 and 2020. The study focused
particularly on geometry and the difficulties which students encounter when solving
geometric tasks and constructing formal proofs. Out of the seventeen tasks given in the
competition each year, the first fourteen tasks did not require formal proof construction,
although they did necessitate knowledge of theorems and procedures. The final three
problems — one each from number theory, combinatorics, and geometry — did require
formal proofs. These three tasks accounted for 40% of the total score, meaning that cor-
rectly solving them was decisive for qualifying for the national stage. The study found
performance differences across mathematical domains, with a significant proportion of
students not even attempting the proof-based geometry problem. In all three years cov-
ered by the study, the average score on the geometry proof task was significantly lower
than the average scores on the other two proof tasks. In the same study, the authors
also conducted a survey in 2020 involving 486 participants from the regional competi-
tion in the Rome district. On average, the students reported feeling equally comfortable
when solving problems from each mathematical domain. Although not statistically sig-
nificant, the differences in mean values indicated that students still perceived geometry
as the most difficult domain, while number theory was seen as the easiest. The authors
explain the small differences in students’ attitudes by pointing out that nearly one-third
of the students responded that the competition problems in geometry were similar in
complexity, content, or structure to those which they had encountered during regular
classes. In contrast, only about one in five students on average gave the same response
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for the other three domains. This supports the finding that, even though students — es-
pecially the high-achieving ones — are familiar with the basic geometric rules taught in
regular classes, they still encounter difficulties when solving competition-level geome-
try problems (Sal’kov et al., 2017).

Although solvable using elementary methods, problems in mathematics competi-
tions can be very challenging. Unlike conventional school mathematics problems, which
typically require reproducing known procedures, competition problems are inclusive,
since they consider various situations, conjectures, examination of assumptions, and
posing of new questions (Leikin, 2007). A solution is considered complete if and only
if the student provides a full proof of their claim. Falk de Losada & Taylor (2022) note
that students in competitions, similarly to professional mathematicians, most often be-
gin the proving process by stating what is to be proven (proposing an argument), and
then proceed with the construction of the proof. In doing so, students employ one of
four types of proofs (Balacheff, 1988, as cited in Laamena et al., 2018): naive empiricism,
where the truth of the argument is confirmed after verifying special cases; key experi-
ment, which is used to choose between two previously formulated hypotheses; generic
example, which explains why the argument holds true by citing specific properties and
structures; thought experiment, which generalizes the argument and distinguishes it
from particular cases.

The impact of student grouping on academic achievement has been widely dis-
cussed in the literature; however, the influence of homogeneous grouping on student
performance in mathematics competitions has been less extensively studied. The pri-
mary goal of this type of grouping is to meet the interests and specific educational
needs of mathematically gifted students, who most frequently participate in mathemat-
ics competitions. Karp (2009) states that instruction in schools where mathematically
gifted students are grouped together is characterized by problem posing, problem solv-
ing, seeking original methods of solving problems, and finding connections between
new and old problems. Kulik & Kulik (1987) conducted a meta-analysis including 90
studies, 25 out of whom focused specifically on examining the effects of instruction in
classes composed of gifted students. In 19 of these studies, results showed that gifted
students achieved better outcomes when grouped homogeneously, and in 11 of these
studies, the differences were statistically significant. The same authors also note that
grouping gifted students in homogeneous classes does not yield the desired effects if
an appropriate curriculum transformation to meet their educational needs is lacking.
These findings are supported by the results of a study by Steenbergen-Hu et al. (2016),
which covered one hundred years of research on the effects of student grouping on
academic achievement.

A positive impact of transferring students from regular classes to gymnasiums that
offer instruction for primary school students gifted in mathematics was also observed
in the study by Asmat (2021). Since students can enroll in such classes after complet-
ing either the fifth or eighth grade, one of Asmat’s research objectives was to deter-
mine the extent to which school choice and class type influence student achievement
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in competitions. It was found that students attending gymnasiums achieve on aver-
age 6% higher results than those from heterogeneous classes. This finding confirms
the advantages of the instructional approach applied in homogeneous classes, where
the focus is placed on an enriched mathematics curriculum (Kim, 2016; Rochayati &
Rochayani, 2024).

Sriraman (2003) notes that complex mathematical problems provide an excellent
opportunity for students to develop higher-order mathematical processes, primarily
representation, abstraction, and generalization. In his study, Sriraman assigned the task
of solving five non-routine combinatorial problems to a group of nine ninth-grade stu-
dents, in such manner that the generalization required for solving these problems was
presented in the form of the Pigeonhole principle. Four students, previously identified as
mathematically gifted, successfully discovered and formulated the generalization need-
ed to solve the five problems, while the other five students, who did not possess special
mathematical abilities, failed to recognize the generalization hidden in the problems
(Sriraman, 2003).

The essence of grouping mathematically gifted students is not to isolate them from
average-ability peers, but to unite them with those who share similar interests. When
grouped together, students are stimulated by peers of comparable ability and can pro-
cess any more complex content more quickly and effectively (Neihart, 2007; Swiatek &
Lupkowski-Shoplik, 2003). Mathematics instruction in such classes is characterized by
strategies of acceleration, enrichment, and deepening.

In their research, Vulovi¢ et al. (2024) analyzed the partcipation frequency and
achievements at national mathematics competitions in Serbia over an eighteen-year peri-
od of seventh- and eighth-grade students attending specialized mathematics (SM) classes
in gymnasiums and of students from heterogeneous classes. The authors emphasize that
in both seventh and eighth grades, the average scores achieved by students in SM classes
were higher each year compared to those from regular classes. On average, seventh-grade
students in SM classes scored 39% higher than their counterparts in regular classes, while
the achievement of eight-grade students was 32% higher.

Research Methodology

The law in the Republic of Serbia recognizes the possibility of grouping mathe-
matically gifted students into special classes. After completing the sixth grade of pri-
mary school, students have the option to transfer to gymnasiums that offer instruction
tailored for students gifted in mathematics (Guidelines on the Curriculum for Seventh
and Eighth Grade Students of Primary Education Gifted in Mathematics, 2019). Upon
enrollment, students take a special qualifying exam that evaluates their performance
on a mathematics ability test, overall grades from fifth and sixth grades, mathematics
grades in those years, and participation in the national mathematics competition in
the sixth grade.
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The national-level mathematics competition takes place every year in May, and ap-
proximately one hundred students from each of the sixth, seventh, and eighth grades of
primary school, who achieve the highest results at the preceding district-level competi-
tions during that school year, are eligible to participate.

The aim of this research is to analyze the performance of seventh-grade students
from specialized mathematics (SM) and regular classes in national mathematics compe-
titions with respect to the mathematical domains to which the competition tasks belong
as well as to the types of given tasks. In line with this aim, differences in the performance
of students from regular and SM classes in solving these tasks were examined, along with
an analysis of the content of the given tasks. The research objectives derived from this aim
are to determine:

1. The ratio of the number of tasks in which SM students achieved better results
than students from regular classes, the number of tasks in which there were no
differences in performance between the two observed groups, and the number
of tasks in which students from regular classes achieved better results than SM
students;

2. The ratio of the number of tasks in the context of the performance of SM and
regular class students depending on the mathematical domain to which the
tasks belong;

3. The ratio of the number of tasks in the context of the performance of SM and
regular class students depending on whether the tasks are computational or
proof-based.

The paper presents a secondary analysis of the performance of seventh-grade stu-
dents in national mathematics competitions from the year 2015 to 2024. At the compe-
titions, students solved five tasks prepared by the State Commission for Primary School
Competitions, with a time limit of 180 minutes for completion. All tasks are publicly avail-
able on the official website of the Serbian Mathematical Society. The national competition
is held live each year, as are all preceding levels, in school settings. The content of the tasks
is defined by the Competition Program issued by the Serbian Mathematical Society at the
beginning of the competition cycle, based on the Competition Rulebook. Both the Rule-
book and the Competition Program are publicly accessible. Task evaluation is conducted
according to a precisely defined scoring scale and grading instructions (partial credit is
awarded). Each task is scored with a maximum of 20 points.

The results obtained from the national competitions each year are consolidated into
a unified database, which was used for this study. The research sample consists of all sev-
enth-grade students who participated in the national mathematics competitions from
2015 to 2024, totalling 1,014 students. The population structure, with respect to the type
of class attended by the students, is presented in Table 1.
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Table 1

Structure of the research population
Vear Regular class SM class

F % F %

2015. 64 66,67% 32 33,33%
2016. 50 50,00% 50 50,00%
2017. 57 58,16% 41 41,84%
2018. 53 52,48% 48 47,52%
2019. 60 62,50% 36 37,50%
2020. 60 61,22% 38 38,78%
2021. 50 50,00% 50 50,00%
2022. 61 54,46% 51 45,54%
2023. 64 61,54% 40 38,46%
2024. 67 61,47% 42 38,53%
Total 586 57,79% 428 42,21%

The collected data were processed using the SPSS 20 software package. The statis-
tical measures and procedures used included frequencies, percentages, arithmetic mean,
the Shapiro-Wilk test for assessing the normality of numerical data distribution, the Stu-
dent’s t-test for independent samples, and the Mann-Whitney test for comparing data
distributions between two groups.

Results and Discussion

In line with the research objective, we analyzed whether statistically significant dif-
ferences exist in the performance of students attending specialized mathematics (SM)
and regular classes in solving seventh-grade tasks at national mathematics competitions,
examining each individual task over the past ten years (a total of 50 tasks). For each task,
it was tested whether the scores that were achieved by students in both groups followed
a normal distribution. In cases when both groups exhibited normal distribution, the arith-
metic means of the scores were compared using the independent samples Student'’s
t-test; otherwise, the distributions of scores achieved by students in the two groups were
compared using the Mann-Whitney test. The results are presented in Table 2. For each
task, the arithmetic means of the scores achieved by students from both groups are given,
while the results of the Mann-Whitney test are reported in cases where statistically sig-
nificant differences were found. No statistically significant differences in student perfor-
mance were found in any task where the Student’s t-test was applied.
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Table 2
Performance of seventh-grade students by class type, per task, in the period from 2015 to 2024
Task Number
Year 1. 2. 3. 4. 5.
Regular M Regular SM Regular M Regular SM Regular M
2,73 5,56
2015. 572 897 U=798.0 239 409 6,42 913 131 3,50
Z=-3.100
p=.002
3,44 8,78 12,00 15,98
2016. 7,90 838 9,86 12,72 U=914.0 U=1009.5 3,64 456
Z=-2.414 7=-1.994
p=.016 p=.046
7,00 11,56 4,30 9,85 4,65 9,90 3,21 8,02 7,18 11,32
2017, U=798.0 U=644.5 U=782.5 U=861.5 U=849.0
7=-2.766 7=-3.946 7=-2.833 7=-2.349 7=-2.371
p=.006 p=.000 p=.005 p=.019 p=.018
8,58 12,54 6,57 13,42
2018. 17,08 16,96 U=990.0 217 235 302 473 U=742.0
Z=-2.071 7=-3.800
p=.038 p=.000
6,75 12,17 7,03 3,72
2019. 10,32 1339 U=664.5 10,00 12,06 6,90 8,06 U=862.0
7=-3.178 7=-1.962
p=.001 p=.050
8,55 1395 1050 18,71 2,67 6,58 4,40 9,76
2020, 962 1308 U=745.0 U=591.0 U=829.5 U=690.0
7=-3.056 Z=-4.545 7=-2.394 7=-3.491
p=.002 p=.000 p=.017 p=.000
11,10 15,62
2021. 6,00 7,60 11,06 12,18 U=865.0 14,22 15,54 2,00 1,20
7=-2.987
p=.003
9,18 12,65 2,26 7,94 8,08 12,84 0,84 5,35
2022, U=1193.5 U=866.5 425 490 U=1063.5 U=1146.5
Z=-2.306 Z=-4.523 Z7=-2.960 7=-3.147
p=.021 p=.000 p=.003 p=.002
2023. 6,53 875 448 7,03 10,08 12,15 4,84 550 139 357
10,21 15,14 2,96 7,07 11,30 1438
2024, 18,33 17,83 U=931.0 9,76 11,57 U=1011.5 U=1080.0
Z=-3.064 Z=-2.781 Z=-2.095
p=.002 p=.005 p=.036
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Out of 50 observed tasks, students from specialized mathematics (SM) classes achieved
statistically significantly better results in 23 tasks, the differences in 26 tasks were not statis-
tically significant, while students from regular classes performed statistically better in 1 task.

Student performance depending on the mathematical domains of the tasks

It has already been mentioned that the tasks belong to the domains of algebra, geometry,
number theory, and combinatorics, and that solving certain tasks requires knowledge and skills
from two or three of these domains. Each task was categorized into the domain that is dom-
inant in its solution, based on content and procedures. According to Figure 1, during the ob-
served period, the largest number of tasks at the national competitions belonged to geometry,
followed by algebra, then combinatorics, with the fewest tasks coming from number theory.

Figure 1
Number of tasks at national competitions for 7th-grade students from 2015 to 2024, by mathematical domain
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If we compare the task performance of students from specialized mathematics (SM)
and regular classes according to the mathematical domain to which the tasks belong, we
obtain the results shown in Figure 2.

Figure 2
Performance of seventh-grade students from specialized mathematics (SM) and regular classes in national competitions
from 2015 to 2024, by mathematical domain
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= There are no statistically significant differences.

Students in regular classes are statistically significantly better
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We observe that the difference in performance favoring students from specialized
mathematics (SM) classes is the greatest on the tasks from number theory. Out of 8
tasks in this domain, SM students achieved statistically significantly better results on
five. Analyzing the content of these tasks, we notice that of them all include parts which
can be solved using knowledge from regular instruction, such as prime factorization,
divisibility, and remainders in division by natural numbers. However, a successful com-
pletion of the entire solution usually requires good knowledge of additional instruction
content, for example, decoding numbers in decimal notation according to given con-
ditions or applying Pigeonhole’s (combinatorial) principle (to divisibility by a natural
number). For instance, the use of congruences to determine the remainder in division
and specifically to find the last digit of a multi-digit number (a special case of division
by 10) is something the average primary school student does not encounter unless the
teacher dedicates special attention to it during additional lessons. On the other hand,
seventh-grade students in SM classes are more likely to have the opportunity to learn
the properties of congruences, as these topics appear in their curriculum. Furthermore,
Pigeonhole’s principle is also covered exclusively in additional mathematics lessons
(and emphasized in the competition program). It is worth noting that the tasks applying
Pigeonhole’s principle are classified under combinatorics, but one specific task (from
2018) was classified under number theory because the focus of the solution was on
applying divisibility properties.

In geometry tasks, students from specialized mathematics (SM) classes achieved sta-
tistically significantly better results on 9 tasks, while no significant difference was found
in ten tasks. The content represented in these tasks was mostly learned before seventh
grade (properties of squares and rectangles, triangle angles, triangle congruence, areas of
triangles and quadrilaterals, axial symmetry, segment bisector, angle bisector, inscribed
and circumscribed circles in triangles, etc.). Content from the seventh-grade curriculum
included the Pythagorean theorem with applications to triangles, quadrilaterals, and pol-
ygons, circles, inscribed and central angles. It is especially important to emphasize that all
tasks required knowledge of multiple definitions, theorems, and properties from various
topics, and the ability to synthesize all of it into a complete solution. Some tasks required
connecting knowledge from two topics (e.g., triangle congruence and triangle angles;
sum of angles in a triangle and inscribed angle), three topics (e.g., triangle, quadrilateral,
Pythagorean theorem; triangle height, congruence, polygon), and even four topics (e.g.,
properties of right triangles, inscribed circle in a triangle, triangle perimeter, triangle area;
angle bisector, inscribed circle, triangle angles, congruence). Analyzing the demands of
these tasks, we note that the much of the required content which students need to know
is largely covered in regular instruction. However, the challenge lies in the need to connect
content from multiple areas and create different solving strategies. Besides the ability to
recognize strategies and knowledge of necessary content, students also require a certain
level of practice and experience in solving complex problems, which is gained through
repeated exercises. This experience is further developed through collaboration with peers
who share similar experiences, as well as with the support of teachers who guide students
through the solving process, at least during their first encounters with such tasks.
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In combinatorics tasks, students from specialized mathematics (SM) classes achieved
statistically significantly better results on 4 tasks, with nearly all tasks belonging to topics
covered in supplementary lessons: creating winning strategies for mathematical games,
applying combinatorics to solve coloring problems, counting palindromes, counting the
ways elements of a set can be partitioned into subsets (not necessarily disjoint) with given
properties, and so on. It is particularly noteworthy is the application of the Pigeonhole
Principle in geometry, which required knowledge of geometric content taught in regular
classes, but in solving these tasks the focus was on counting geometric objects and prov-
ing that, for a chosen number of such objects, it is possible to select a subset that satisfies
a given condition.

The smallest differences in student performance were observed in the domain of
algebra, where differences occur in 5 out of 14 tasks. Algebra tasks were focused on ap-
plying algebraic transformations, proving algebraic equalities, determining the values of
algebraic expressions, applying exponents and factoring natural numbers, all of which
are covered in regular classes. Topics from supplementary lessons include solving linear
and nonlinear Diophantine equations, algebraic fractions, and more complex problems
involving exponents and exponent operations. Students from specialized mathematics
(SM) classes performed statistically significantly better on the tasks requiring the applica-
tion of exponent properties and algebraic transformations, determining values of expres-
sions containing algebraic fractions, factoring polynomials, and finding solution sets of
nonlinear equation systems. While the content in these tasks generally aligns with regular
instruction, the level of difficulty is quite advanced for this age group and again suggests
the importance of prior experience in solving similar problems, by applying appropriate
solution strategies.

Student performance depending on task type

In addition to the mathematical domains to which the tasks belong, we aimed to
analyze the performance of students from specialized mathematics (SM) and regular
classes with respect to the type of task. Accordingly, we divided the tasks into compu-
tational and proof tasks. The first type includes all tasks where students had to deter-
mine: the value of a numerical expression, the measure of a geometric object (length
of a segment, area and/or perimeter of a figure, measure of an angle), remainder upon
division, unknown value, etc. The second type includes tasks requiring the construc-
tion of some form of a proof: equality of measures of geometric objects, divisibility of
an algebraic expression by a natural number, validity of algebraic equalities, existence
of subsets whose elements satisfy certain properties, and so on. Proof tasks are gener-
ally more demanding than computational ones, which is also confirmed by the scor-
ing system in certain competitions where proof tasks are awarded significantly more
points (Facciaroni et al., 2023). In these tasks, students typically approach the solution
by first stating the claim to be proven, and then gradually constructing the proof (Falk
de Losada & Taylor, 2022). The students’ performances based on this classification are
shown in Figure 3.
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Of the 33 computational-type tasks, students from the specialized mathematics (SM)
classes achieved statistically significantly better results in 39.39% of the tasks, there was no sta-
tistically significant difference in 57.58% of the tasks, while only one task (3.03%) was complet-
ed statistically significantly better by students from regular classes. Among the remaining 17
proof-type tasks, students from SM classes achieved statistically significantly better results in
10 tasks (58.82%), while in the remaining tasks the differences were not statistically significant.

Figure3
Performance of seventh-grade students from specialized mathematics (SM) and regular classes in national competitions
from 2015 to 2024, by task type

20

Computational Proof-based

Students in SM classes are statistically significantly better.
There are no statistically significant differences.

Students in regular classes are statistically significantly better.

Students attending specialized mathematics (SM) classes, on one hand, are character-
ized by strong predispositions for engaging with mathematics at a high level, as they often
achieved good results in competitions in the sixth grade, where proof-based tasks already ap-
pear. By passing the qualifying exam for admission to SM classes, they demonstrated their abil-
ity to solve demanding mathematical problems. On the other hand, through regular and sup-
plementary instruction, SM students — supported by their teachers —had more opportunity
to solve a greater number of proof-based tasks (compared to students from regular classes),
thereby strengthening their argumentative skills. They were also more extensively exposed to
learning how to use appropriate counterexamples in order to prove that a task has no solution
or that no mathematical object satisfies the required properties. Additionally, during algebra
and geometry lessons, they proved known mathematical theorems to a greater extent.

If we consider the specific content of the proof-based tasks on which SM students
outperformed their peers, the application of the Pigeonhole principle in geometry stands
out. Among the three tasks involving the Pigeonhole principle (one in number theory
and two in geometry), the differences were statistically significant in all three tasks in fa-
vor of the SM students (task 5 from 2018; task 5 from 2020; task 4 from 2022). The diffi-
culty for students from regular classes was the generalization of mathematical objects’
certain characteristics. The ability to generalize, as a cognitive process, combined with the
Pigeonhole principle as a specific mathematical concept, represents a challenge in which
mathematically gifted students typically perform better (Sriraman, 2003).
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Conclusion

Results from previous studies show that seventh-grade students grouped in
homogeneous classes, where intensification and enrichment of the curriculum is as-
sumed in their instruction, achieve statistically significantly better results in national
competitions than their peers from heterogeneous classes (Neihart, 2007; Swiatek &
Lupkowski-Shoplik, 2003; Vulovi¢ et al., 2024). Our analysis yielded similar results. The
findings indicate that students in SM classes achieved statistically significantly better
results in 46% of the tasks at national competitions over the past ten years. The greatest
number of statistically significant differences in favor of SM students occurred in tasks
from the field of number theory, followed by geometry and combinatorics, with the
lowest percentage in algebra.

Solving problems in certain domains, such as number theory and combinatorics,
requires prior knowledge of specific procedures, theorems and properties of mathemat-
ical concepts, many of which students mostly encounter outside of regular mathematics
classes. However, mere exposure to this content is not sufficient for mastery; rather, stu-
dents also need the ability to argue, to generalize and to abstract. On the other hand,
besides the ability to recognize strategies and knowledge of content from other domains,
like geometry and algebra, practice and experience are required. At the initial stages, the
teacher plays a key role, by introducing students to the relevant procedures and guiding
them through the problem-solving process. Regarding the type of the tasks, students in
SM classes achieved statistically significantly better results in just under 40% of computa-
tional tasks, while for proof-based tasks that percentage was nearly 60%. Solving proof-
based tasks required a thorough knowledge of content from multiple instructional top-
ics, as well as the ability to maintain and synthesize the flow of thought into a coherent
and logically sound proof which is supported by appropriate argumentation. Thus, it was
confirmed that knowledge of school mathematics alone is not sufficient for a successful
solution of competition tasks that are based on constructing proofs and appropriate rea-
soning during the process (Sal’kov et al., 2017).

We can conclude that the combination of students’ mathematical giftedness, to-
gether with a more detailed (enriched and intensified) curriculum and a more formal en-
gagement with specific content, has led to students in SM classes significantly outper-
forming their peers in regular classes. Future research could take the form of qualitative
studies aimed at clarifying which one of these two effects is more dominant for a larger
number of students and to what extent.
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