
1. iNTRoduCTioN

As most national economies follow the

innovative development paradigm to solve

the problem of their higher competitiveness

in the global market under conditions of

increased globalization and influenced by a

number of geopolitical challenges, national

policy regarding major economic sectors

which determine national macroeconomic

policies needs improving. A set of economic

and mathematical models that allow making

efficient economic decisions on the

implementation of management by
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objectives principles and mechanisms could

serve as a toolkit and methodic basis to

support innovative processes. Thus, the

modeling of dynamic properties of national

economic systems at different hierarchic

levels is of crucial importance. The research

of the dominant factors of economic growth

within this modeling could solve a number of

tasks on forecasting, optimizing and

managing structural reforms, modernization,

economic dynamics and economic growth.

2. LiTERATuRE REViEW ANd

METHodoLoGY oF THE RESEARCH

Modern theories on economic growth are

based on the neoclassical theory (Say, 1883;

Jevons, 1905; Walras, 2000; Marshall, 2007;

Clark, 2000) and Keynes’s macroeconomic

theory of general equilibrium (Keynes,

2011), according to which any economy is

considered as a self-regulated mechanism

capable of using all factors of production in

the best possible way, which leads to profit

maximization and costs minimization.

However, in real economies, and in

modern Russian economy in particular, such

equilibrium does not exist (Keller &

Shishkina, 2013; Kleiner, 1986; Salin,

Medvedev & Medvedev, 2012). This causes

the need to identify the deviation of the real

process from the ideal one by applying factor

models, the example of which can be the

model of Cobb-Douglas production function

focusing on two major factors – capital and

lab our. The general model of the production

function may include much more factors. For

instance, the theory of complex-valued

production function introducing more

advanced methods of economic analysis

which are unattainable in the area of real

numbers (Svetunkov & Abdullaev, 2009) has

been developed recently. But despite higher

possibilities for the analysis, the theory and

the models could be applied mostly to

explain and interpret economic facts and, in

rare instances, to determine future strategic

development. R. Solow’s and Tinbergen’s

models (Solow, 2010; Tinbergen, 1980) are

purely macroeconomic and cannot be used in

structural research. Applying the

abovementioned models, a factor analysis of

economic growth sources can be conducted;

it enables a researcher to identify the

relationship between national economic

growth and the dynamics of savings and

capital accumulation or the level of

technological development. However, these

models cannot be used to develop dynamic

properties and structural reforms in

economic systems.

Harrods’s, Domar’s and Hansen’s neo-

Keynesian models as well as other models of

this group have similar disadvantages

(Harrod, 2008; Hansen, 2006). They can be

used to establish cause and effect

relationships, but do not offer the

opportunity to forecast managerial impact on

economic growth. At the same time,

mathematical support of modernization

management in national economic systems

should provide identification of step-by-step

structural shifts, changing dynamic

properties of an economy as a system and

establishing proportions in it which are

desirable in terms of efficiency, new

possibilities and long-term development

perspectives of a country as a whole. In this

respect, the strategic testing of the

cooperation among different spheres of the

national economy, financial and production

sectors in particular, should be considered. It

can be applied to building the model of

efficient development of these processes

taking into account timely identification and
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negotiation of the limiting factors. The latter

are the financial sector elements which, on

the whole, restrict possibilities of a

macroeconomic system as a key factor of

industrial modernization due to their

underdevelopment for a number of reasons,

and thus, determine major trajectory of

managerial impact. In addition, the strategic

testing of complementary dependence

according to aims and tasks of financial and

real sectors provides controlled

implementation of the national social and

economic development strategy and

achievement of global goals (Matveeva et

al., 2015).

3. diRECTioNS oF SoLViNG THE

PRoBLEM ANd THE RESuLTS

In our opinion, among many different

economic dynamics models, Leontyev’s

model in its dynamic variation (Leontief,

1953; Leontief, 1997), which has a direct

relation to ‘input – output’ methodology and

analysis, should be paid due attention to.

(1)                                                                

where              is the differentiation symbol 

A is the matrix of direct tangible costs

coefficients, 

B is the matrix of differential capital

coefficients, 

Y(t) is the demand vector, X(t) is the

output vector, E is the identity matrix,

describes the ‘capital’

accumulation / decumulation in proportion to

the change in output from the

macroeconomic perspective.

The system of equations is open-ended in

consumption and has a quite complicated

solution which depends on the particular

type of the demand vector function (t). In

practice, this system can be closed if we

introduce the assumption that demand is

proportional to gross output applying matrix

defined by labour efficiency and

consumption standards:

(2)

The open-ended system is based on

matrix but the system itself is homogenous

as it lacks exogenous variables:

(3)

There is a matrix exponential and initial

conditions in the solution of such system:

(4)

where X(0) are initial conditions which

determine the rates of gross output for the

year when the integration process forecasting

gross output under different changes in the

model parameters begins.

The whole set of methods of the analysis

and dynamic system management developed

in technical sciences and economic

cybernetics can be applied to the

abovementioned models. They can be used

to manage economic growth and other

components of economy movement within

time horizons which maintain linearity of the

model. Moreover, the reach ability of the

desired goals can be assessed within the

framework of this model. The scaled-up

examples of the problems solved may

include the following: 

- development of optimizing procedures
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symbol with respect to time,

B(p) X(p)

Y(t) = QX(t)                                                                                                                                   

X(t) = GX(t)                                                                                                                                   

 

X(t) = eGtX(0)                                       

 



to achieve stable and well-balanced

economic growth by implementing structural

reforms and modernization;

- creating balance models of economic

systems with predefined dynamic properties

and generation of efficient processes/laws of

their management as well as solution of

stability problem;

- mid-term and, in some cases, long-term

forecasting of major national indicators

based on reference year data, which comes

though mathematical representation of the

dynamic model of input-output balance in

the form of Cauchy problem for ordinary

differential equations.

It should be emphasized that monitoring,

forecasting and economic dynamics

management tasks based on the represented

models are conceptually different from any

traditional forecasting task models which use

time series application analysis. This can be

explained by the fact hat the guided paths of

gross output balanced growth are determined

by intrinsic dynamic properties of the subject

of management, the deliberate changes in

which could be valued in terms of time and

money as well.

Let us examine the case of Stavropol

region to consider possible ways of applying

the described above models to assess the

dynamic properties of economic systems at

different hierarchic levels and analyze

factors determining qualitative and

quantitative indicators of macroeconomic

dynamics. 15 major economic activities were

modeled but the figures illustrate only those

which are dominant in this region.  

Exponential extrapolation of output in

certain economic activities represented in
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Figure 1. Gross economies of Stavropol region according to international economic activity 



figure 1 provides the evidence of the

misbalanced economic development, which

can be seen in the intersections of

approximation trends. 

The real data on gross output in different

economic activities demonstrate variable

trends, i.e. the rates of their growth and

increment of growth witness misbalanced

macroeconomic indicators both in the region

and in the economy as a whole. Taking into

account the linear character of the model, we

can conclude that intermediate consumption,

gross value added, the elements of gross

regional product and other indicators are

subject to similar misbalance. 

According to the authors’ experience in

optimization calculations, the problem of

managing the intrinsic dynamic properties of

the economic system in question is

controversial and diverse.

Several types of system behavior might be

identified in terms of characteristic equation

root positions (eigenvalues for the state

matrix G) in the complex plane:

- systems with negative eigen spectrum of

the state matrix totally situated in the left

semi-plane of the complex plane;

- systems with one positive eigenvalue in

the spectrum;

- systems with more than one positive

eigenvalues in the spectrum;

- systems with complex conjugate

eigenvalues.

Within the traditional concept, the first

type represents a stable system; however it is

considered to be unstablein economics.

Negative real parts of eigenvalues

demonstrate the imminent fall in all

economic activities to zero, which is

illustrated in figure 2. It shows the data on

the output in the corresponding economic

activities in Russian economy and results of

approximation when applying the first-type
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model. The crisis of 2009 can be seen in the

data on both national and regional output.

The trends in gross output components show

only negative eigenvalues in the period of

crisis, which resulted in the decreased gross

output.

If in the matrix spectrum of a close-ended

system one eigenvalue is positive and the

others are negative, such system becomes

capable of self-reproducing growth in gross

output which will be balanced due to the

trend components defined by negative

eigenvalues will decay and the growth will

be subject to one trend component with

positive eigenvalue. This balanced growth,

which can be considered as the main line, is

shown in figure 3.

A quite complicated figure of the output

variation in time can be seen if matrix G

spectrum includes more than one positive

eigenvalue. It should be mentioned that this

fact does not mean the presence of the

economic growth. 

The transient process in such system

includes the growth in output of some

economic activities and the fall in the output

of others, as shown in figure 4. This

economic trend indicates the mistake in

limited resources allocation when some

economic activities are considered dominant

in the region and are allocated excessive

amounts of resources, which leads to the

underfunding of others. The territory (the

region, the economic area, the country)

which suffers from such mistake will be

forced to import the deficient goods

including those which could have been

produced efficiently on site.

If matrix G spectrum includes complex-

conjugate pairs of eigenvalues, business

cycles can be seen in the system, which is

shown in figure 5. It is evident that it is

advisable to choose the second-type macro-

models with one positive eigenvalue to

provide balanced growth and continuous

increase in gross output. This eigenvalue is

called the rate of economic growth. 

The algebraic explanation of this
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eigenvalue and the corresponding

eigenvector is very often referred to Perron-

Frobeni us theorem, but it is not always

correct as a close-ended matrix can include

negative coefficients while the theorem can

be applied to positive matrices only.

The inverse of matrix G must be positive,

which is due to productivity of the inter

industry balance model, i.e.                        .  

Moreover, incremental capital coefficient of

matrix B must be positive for the result of

multiplication of two positive matrices to be

a positive matrix as well. Leontyev eases fair

requirement of positive inverse of matrix G

(Leontief, 1953), pointing out the possibility

of negative coefficients in matrix B. The

components of this matrix are calculated by

the following formula:

(5)

where Sij is the cost of capital stock

produced in external business activity i and

used in economic activities j in current

prices;

is the production capacity of industry

j, defined as the cost of its products in current

prices;

dij is the annual depreciation rate of

capital stock used in economic activities i

and produced in economic activities j;

Rj is the annual rate of change in the

production capacity of industry j;

are investments (expenses) in

economic activities j to change the cost of

their productive assets which are created in

economic activities i.

Inparticular periods, indicator Rj can

be negative and exceed negative value dij of

the corresponding incremental capital

coefficient bij in modulus.

If at the certain stage of the economic

development matrix G becomes general

matrix with one eigenvalue and one

eigenvector remaining positive, it indicates

the inertial development of the economic

system.

At Rj≥ 0, the presence of a positive

eigenvector and the corresponding positive

real eigenvector shows the possibility of

balanced economic growth focused on the

gradual achievement of structural and

dynamic harmonization of the country’s

economic system. Among other factors, such

modeled growth can be achieved with the

solution of the optimization problem on

shifting this value to the right semi-plane of

the complex plane.

Thus, applying dynamic models after

having solved the optimization problem of

managing intrinsic dynamic properties of the

subject, we can receive a long-term pattern

of the balanced economic growth, as shown

in figure 6.

Considering the economy of Stavropol

region as the example of a regional economy,

one can notice that the model allows taking

the impact of 2009 crisis into account as well

as creating and controlling the proportions of

the development in all economic activities

with the desired growth rate. 

4. CoNCLuSioNS

In conclusion, it should be mentioned that

the approach to modeling the dynamic

properties of complex economic systems,

which include the national economic system

in particular, suggested by the authors

provides the opportunity to investigate the
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dominant factors of its development and

apply these results to managing structural

shifts to reach the strategic goals and

structural and dynamic harmonization of the

country’s economic growth. If the necessary

economic and statistical support is available,

the suggested models could be used to make

high-quality forecasts, develop economic

development strategies, make laws which

will be genetically linked and related to

similar laws on managing national and

regional output.

As opposed to neoclassical models of

economic dynamics that allow establishment

of a cause and effect relationships of

macroeconomic indicators on the theoretical

and methodological level, but do not provide

forecasting of management impacts on the

economic growth, the model proposed in the

article allows to solve these problems on the

empirical level. In the development of

dynamic input-output models of Leontiev,

which have always been positioned as

"purely theoretical", the model, proposed in

this article, allows to examine and manage

such economic indicators of economic

dynamics as the frequency and decay of the

individual components of the economic

system motions, to assess their excitability,

observability and controllability, and to

identify and manage limiting factors of

economic development in the strategic

aspect using the methods of the classical

theory of systems and system analysis. 

The novelty of the conducted research is

that the authors propose a fundamentally

new approach to the analysis of own

(internal) dynamic properties of complex

economic systems in a linearized

formulation, alternatives to which do not

exist in the modern theory and practice of

strategic management of socio-economic
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systems neither in economic theory ,nor in

management theory. Thus, our work showed

an example of self-organization of science,

when the results of one of its branch,

transferred to another one, are able to give

fruitful and unattainable by other methods

results.

The universality of the presented

modeling tools must be noted as it makes it

possible to use them in the investment design

of development of various countries and

particular regions, as well as in the

development of evidence-based strategies for

socio-economic development of territories.
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Извод

Циљ овог чланка је описати моделовање динамичких особина националних економских
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