MATHEMATICAL MODELING
AND IDENTIFICATION OF THE
MATHEMATICAL MODEL
PARAMETERS OF DIESEL
FUEL INJECTION SYSTEMS

Miloljub S. Stavljanin

Centre for Engines and Vehicles TehnoLab CMV,
Belgrade, Republic of Serbia,

e-mail: stavlja@gmail.com,

ORCID iD: ®http://orcid.org/0000-0002-9989-351X

FIELD: Mechanical Engineering
ARTICLE TYPE: Original Scientific Paper
ARTICLE LANGUAGE: English

https://dx.doi.org/10.5937/vojtehg65-10772

Abstract:

The aim of the paper is to highlight, if not all, then at least the most
important benefits of the application of mathematical modeling in the
development of a new solution or in the process of improvement and the
optimization of an existing product. The thesis presents the basic
principles of the model creation without providing a detailed mathematical
interpretation of the process; therefore, the model includes a substantial
number of unknown or approximately known parameters and it is not
possible to create a model of the transparent cybernetic box type. In order
fo achieve a synthesis of the model and the experimental results, it is
necessary to apply the optimization methods for the identification of
unknown model parameters. The thesis presents the experimental results
along with the results of modeling and identification as well as the analysis
of the process of identification of unknown model parameters.

Key words: diesel engine, fuel injection system, mathematical modeling,
identification.

Introduction

Te fuel injection system for diesel engines is a mechanical-hydraulic
system in which the processes happen very fast and in which very high
fuel pressure develops - with motors of the latest generation even over
2,000 bar.
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The fuel injection process itself lasts for less than 2 milliseconds and it
can be compared only with the duration of a gunshot. If we add to it the
fact that the system should ensure the repeatability of the process during
the working life of the engine of 5,000 and even 10,000 hours, with about
1,000 cycles per each cylinder (i.e. 4,000 cycles for the entire motor)
during each minute in a high-speed four-cylinder four-stroke diesel engine,
it becomes clear how much inventiveness and knowledge is necessary for
the design and creation of such a system.

In order to critically analyze and evaluate various impacts, the
structural, functional, as well as various external disturbances, a good
knowledge of the physics of the processes within the system is necessary.
The conditions for defining the relations between the input and output
parameters and the impacts of the disruption on the operation of the
system are thus created. There are two methods available — the empirical
one and the theoretical one.

The first method provides reliable information in terms of perceiving
the integral, macro characteristics of the process, since the experimental
methods do not allow access to all physical values of the process.
Evaluation of the physical quantities that cannot be determined
experimentally requires the introduction of assumptions, which raises a
question of reliability of conclusions obtained in such a way. It is even
possible to make wrong judgments. And when it comes to the
experimental method, if we take into consideration the subjective
characteristics of researchers such as experience, intuition and talent, the
process of identifying the most optimal solution from the set of possible
solutions is expensive and time-consuming.

Another procedure, analytical one, implies the creation of an idealized
mathematical model for the simulation of the mechanical and
hydrodynamic processes in the system. If the mathematical model fully
imitated the real system, preconditions would be created for the analysis of
the process both on the macro and the micro level and in the aspects that
are unreachable by experimental methods.

Experience shows that, due to the complexity of the process in the
system, it is most rational to combine both methods.

In the following section, an example will be presented of mathematical
modeling of the pump - pipe — injector system, with an emphasis on the
process of identification of unknown model parameters by applying the op-
timization methods. This system, in different varieties, has been long in
use with diesel engines and there are a large number of publications devo-
ted to the mathematical interpretation of the process within the system and
the methods of model solving. The process proposed here has been im-
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plemented for practical purposes, applied in several Research & Deve-
lopment projects, and the results have been implemented in materialized
systems.

The whole "package" also includes the process of the system
optimization; however, it will not be discussed here due to the limited
space.

Mathematical modeling of the process

There is a certain disagreement about the definition of the model and
the role of the modeling of physical processes and systems. Therefore,
due toits comprehensiveness, the often quoted definition of M. Peselis
given here: "The term ‘model’ is used in the broadest sense as a structure
for storing knowledge, in which the leading role is played by the idea of
reduction of information. The reduction of information is in the closest
possible way related to the establishment of relations between different
groups of information, and therefore to the issues of acquainting with the
structure and function of the system. Therefore, the development of the
models represents an important aid to obtain new information on the basis
of already existing special knowledge" (Jankov, 1984, p.20).

The end result of the development and implementation of the
mathematical model is to obtain reliable information on the basis of which
researchers will be able to choose the best solution in the given
circumstances, having in mind certain limitations. The very procedure of
the construction and application of the model consists of several steps:

1. The formulation of the problem.

2. The collection of the data on the system and the identification of
external influences in case the system interacts with other systems.

3. The development of a mathematical model using mathematical
methods.

4. The analysis of the impact of certain (according to researchers —
important) parameters of the model parameters on the system processes.

5. The identification of unknown model parameters, in case the model
is in the form of a cybernetic semi-transparent box.

6. The optimization of the system — application of the optimization
method on the identified model.

7. The evaluation of the obtained results, in which available
experimental results are of particular importance as well as the experience
and knowledge of researchers. The role of researchers is indispensable
because the model cannot provide all the answers.
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8. The last phase is the implementation of the results into the process
of designing a new or modifying the existing solution.

When creating a mathematical model of a complex system, it may
happen that the mathematical interpretation of physical processes is
superfluously cumbersome or that certain processes cannot be described
analytically. In this case, simplifications must be introduced under certain
assumptions which should be taken into account when making decisions
at the stage of evaluation and implementation of results. On the other
hand, the model provides information complex to the extent of how
complexly the physical process is mathematically described.

It has already been pointed out that there are a number of published
papers devoted to the problems of mathematical modeling of fuel injection
systems, and it is up to researchers to apply the already developed model
with or without alterations or by respecting the physical laws to build their
own solution. Therefore, the thesis will expose only the basic principles
common to all the models analyzed by the author, without introducing
details.

In line with the form, the system can be divided into components.
Their number depends on the configuration of the system. The elementary
system consists of the piston mechanism, a working space in the pump’s
cylinder, a delivery valve, a pipe, a chamber in the injector and the injector
needle with all the moving parts. Control (regulatory) elements on the
pump or the nozzle can also be found. Fuel is a separate component, the
physical characteristics of which, in real conditions and according to the
experience of the author based on experimental results, deviate
significantly from the values obtained in stationary conditions.

In the mathematical model used, a separate software module is
formed for each component and mutual influences are defined. There are
a number of reasons for dividing the system into components, and only
two will be mentioned. First, it is easier to monitor and understand the
semantics, i.e. the contents and the meaning of the model, as well as the
limitations and conditions for the similarity of the modeling results and the
characteristics of the real system. Secondly, it allows an easy application
of the model to other systems of various forms by replacing the existing
modules or adding new ones.

Further on, only the basics of the creation of the mathematical
interpretation of physical processes in the system will be displayed.
Displaying all the details of only one of possible options requires
significantly more space.
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The first assumption - the system can be extracted from the engine,
i.e. a higher-level system, and considered separately while defining and
respecting the impact of the engine, but also that of the environment.

For all the chambers in certain parts of the system, the expressions
for determining pressure and other fuel physical properties are obtained
from mass balance expressed though mass flows, which, assuming that
fuel is compressible, homogeneous and isentropic and that pressure is
equal in the whole area when mass is equal to the result of multiplying the
density and volume m = pV, reads as follows:

dm (1)
dn_,dp AV _dw, _dw,_dn,
dt dt dt dt dt dt
And from the equation of state in the form:
p= p(p,s) if it is assumed that the process is isentropic,

p= p(p,T) if it is assumed that the process is isothermal.

Where dm, / dt—dm,/ dt is the balance of the mass flow through the

inlet and outlet orifices for communication of the control space with the
adjacent parts of the system, and dm, / d¢ represents undesired fuel loss

from the monitored space. Losses occur with fuel flowing through
technological gaps in the pump and the injector. It should be emphasized
that the fuel density and the control volume value are not constant. Density
depends on pressure, temperature and the concentration of the gaseous
phase, the presence of which, according to empirical data, cannot be
ignored. Volume is variable for most of the mentioned spaces and
depends on the current position of the system moving parts. The change in
volume caused by the elastic deformation of the parts is practically
negligible.

If we define the fuel compressibility via the so-called compressibility

o
p
%

one of the system chambers will be formed as:

dp 1

= + YA v, 2

el DICED YR @
where the first Sum in the parentheses is the balance of the fuel flow at the

boundaries of the control space with the volume V, and the second Sum is
the balance of the shifts of space boundaries (the piston, the valve, etc.).

coefficient o =— , the expression for determining the pressure in
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It should be particularly emphasized that the engine, directly linked to the
analyzed system, is a cyclic machine by the nature of the work process.
In the time period that includes a multiple number of cycles, it is an
imperative to have the repeatability of the cycle. This means the
repeatability of the angular velocity from cycle to cycle, i.e. the equality of
the mean angular velocity of the engine crankshaft, i.e. the angular
velocity of the pump’s camshaft of the observed system from cycle to
cycle. During one working cycle, angular speed is variable; therefore, in
order to understand the process, it is more convenient to regard the fuel
injection system as a function of the camshaft position (as a reference
shaft), and not as a function of time. This is achieved by introducing the
following expression:

»_»_», -

o Op ot O
where ¢ is the angular position of the reference shaft in relation to a
certain reference position, and w is a current value of the angular velocity
of the shaft in the position ¢.

The modeling of the fluid flow through the inlet and outlet orifices,
generally irregular in shape, would significantly burden the model. Practice
shows that, with sufficient accuracy, Bernoulli's expression for the flow
ratecan be used with the introduction of a correction, the flow coefficient
of a constant value, with which the theoretically idealized results approach
the real process. Thus, the volume flow Qthrough the geometric flow cross
section Acan be determined from the following expression, with a
difference in pressure 4p:

[ 2
=u-A-Ap- |—=—— 4
O=p-A4-Ap 87 (4)

The form of a gap between the cylindrical surfaces through which
losses occur is unknown because the straightness and roundness of the
parts’ surfaces are of the same order as the nominal gap. Neither is
known any eccentricity of the parts, so it is practically impossible to make
a mathematical model to calculate the loss of working fluid. In literature,
there are a lot of semi-empirical expressions, out of which, based on the
experimental results, the expressions of Astakhov (Astakhov, 1972)
simulate the real process the best.

The position, i.e. the movement of freely moving parts of the system
of mass m (the valve, the absorber, the injector needle, etc.) is
determined from the equality of inertial forces and forces F; which act on
the movable part:
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Friction forces as a constant value and damping forces linearly
dependent on the movement speed should also be included into the sum
of the forces. Also, from the standpoint of the stability of the model
integration process, the following has been proven useful to include in the
model: deformation of the system elements restricting the movement of the
parts in the boundary positions, as well as the friction forces during the
movement in the deformation zone. This eliminates the discontinuity of the
calculated values and increases the stability of the integration process.

The flow in the pipe is three-dimensional and unsteady, with variable

physical characteristics of the fuel. Mathematical expressions to describe
such flow are very complex and unsuitable for practical use. It has turned
out that, with certain simplifications, the expressions of the mass and
impulse conservation law can be transformed into a form suitable for
solving while preserving the process physical aspect. If we introduce the
following assumptions:

- The pipecross section is constant and multiple times smaller than
the length, so it can be adopted that the flow is one-dimensional
and linear;

- Disturbances are transmitted at the speed of sound by waves
perpendicular to the movement direction - the pipe;

- The change of the working fluidstate is isentropic and the speed of
sound can be calculated from Laplace's expression

a’>=0p/op
- The fuel characteristics depend only on pressure, and
- Gravitation is negligible,
the expressions acquire a simpler form:

a—”’+v-a—’0+az-p@=0 (6)
ot ox ox
av+ @.}.l@.}.l%:() (7)

o ox pox p ox
According to Darsy and Weisbach, the hydraulic friction force at a unit
volume (the last item in the second expression) is a non-linear function of
the fluid velocity, which is not convenient from the point of integration. The
expression can be linearized by introducing the coefficient of hydraulic re-
sistance K that linearly depends on the flow velocity; however, it is adopted
that it has a constant value in a single integration step and is calculated for
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each step on the basis of the mean flow velocity. Thus, the previous ex-
pressions obtain the following form:

a—p+v-a—p+az-,0-@=0 and @+v-@+i-a—p=2Kv (8)

ot ox ox ot ox p Ox

And finally, fuel is regarded as a separate component; its physical
characteristics in stationary conditions depend on pressure and
temperature and can be determined with the help of published empirical
expressions (Huber, Schafitz, 1966). However, the experimental results
obtained in real systems have significantly different values.

This is most apparent with the speed of propagation of disturbances
in the system pipes, the value of which, according to experimental results,
reaches a significantly lower value than the value obtained in stationary
conditions. The reason for this is the presence of the gaseous phase in the
fuel which is uniformly dispersed in the liquid phase in the form of tiny
bubbles (Murzin, 1990). On the basis of a specific or adopted (presumed)
gaseous phase concentration value, it is possible to determine the fuel
characteristics as a function of pressure and temperature (Fox, 1977),
(Thiemann, 1988). Finally, we can conclude that the fuel characteristics,
density, compressibility and also the speed of propagation of disturbances
depend on the pressure, temperature and concentration of the gaseous
phase.

Solving the mathematical model

The mathematical model consists of a set of two partial nonlinear
hyperbolic differential equations and a set of non-homogeneous nonlinear
differential Cauchy - type equations of the first or second order, the
number of which depends on the number of components. There is also a
set of algebraic expressions and a set of restrictions and logical conditions
that alter the system structure depending on the process phases. The first
set of differential equations describes the fluid movement in the flow
plane/coordinate system consisting of the pipe longitudinal axis and the time
coordinate. The other set describes boundary conditions at the pipe end.

The fluid flow can be viewed as a wave phenomenon - as a flow
induced by the propagation of waves of finite intensity, which at each point
of the coordinate system determine the fuel condition. In this sense, the
differential equations that describe the flow in the pipe are transformed
intoa so-called "characteristic" form (Fomin, 1973) which determines the
change in fluid pressure and speed along the characteristics — the
trajectories of waves at the coordinate system.
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dv_}.L d_p—_z.K.v and ﬂ_i.d_pz_z.K.v (9)

They are solved using the so-called method of characteristics, but
in order to apply numerical methods in the expressions, finite differences
should be used instead of differentials. Consequently, the coordinate
system should be subdivided by the rectangular network Ax— Az, where Ax
is a step along the pipe, and 4ta step along the timeline axis, provided that
the characteristic does not cross over from one field to another, i.e. that the

requirement Ax <(a+v)max -At is met, by which the numerical integration

algorithmis significantly simplified. At each intersection of the net, "S+" and
"S-" characteristics should be set; they are defined by differential expressions

dx/dt=v+a and dx/dt=v-a (10)
or by the finite differences in the expressions
Ax/At=(v+a) and Ax/At=(v-a) (11)

in which the right members of the equations represent the average value
of the sum, i.e. the differences of flow velocity and the wave propagation
speed within one integration step 4¢. Along the characteristics, the
changes in pressure and flow velocity are calculated, thus determining

their values at all nodes at the "level" ¢ = (j+l)-At, based on the already

calculated values in all the nodes along the pipe for the "level" 1 = j-At.

This procedure must be synchronized with the integration of the equations
of the boundary conditions which determine the pressure at the beginning
and at the end of the pipe.

The second method consists of calculating Riemann's invariants
(Hanjali¢, 1978) along the characteristics out of which the velocity and
pressure in the flow field are calculated. Both methods provide the same
results with approximately the same computing time.

When selecting numerical methods for solving differential equations of
boundary conditions, it should be kept in mind that the model changes the
structure and that the gradients of physical values of the fuel, primarily
pressure and speed, have extremely high values. Experience has shown
that, due to the integration process stability, it is more convenient to use
only the methods that do not require the calculations of higher order diffe-
rentials. Such is, for example, the Euler-Cauchy’s method, a so-called pre-
dictor-corrector method with a variable step and an iterative process of
correction. The integration step varies depending on the calculated error
as a difference between the results of two successive iterations in the sa-
me integration step. If, for a limited number of iterations (not more than fi-
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ve) the error is greater than the adopted maximum value, the step should
be reduced, and if it is lower than the lowest adopted limit value, the next
step should be increased. The limit values are determined for each of the
calculated values so as to obtain sufficient accuracy within a reasonable
computing time.

What is provided by the mathematical model.

If we interpret it as a set of rules with which the set of input
parameters is mapped onto a set of output parameters, then a change of
one of the input data reflects onto some or all of the output data. This
allows the implementation of systematic research — a systematic changing
of one by one input data and determining the degree of their impact on the
process in the system, by comparison and qualitative and quantitative
evaluation of representative, output parameters. The scope of input
parameters changes is determined in accordance with the model structure,
physical meaning of a value and researcher’s experience.

Although the mathematical model is exposed only in its basic form,
without detailed mathematical interpretations of the process, it can be
concluded that it contains a variety of values that are unknown or just
approximately known. The model, therefore, has a form of a semi-
transparent cybernetic box with a set of unknown parameters that
significantly affect the process. Also, there is a second group of
parameters introduced into the model primarily to improve the stability of
the numerical integration procedure. Their influence on the results is not
significant. It is highly unlikely that researchers, solely based on their
knowledge and experience, can determine the actual values of quantities
such as friction and damping forces during the motion of freely moving
parts, flow coefficients, gaseous phase concentration in the fuel, etc.. The
unknown parameters may also be some constructive data that cannot be
reached without the destruction of the analyzed system. A model with
experimentally determined unknown parameters can be used for a
systematic analysis in order to acquire knowledge about the impacts of the
input parameters on the process. If experimental results from similar
systems are also available, it is possible to define quite reliably a relatively
narrow range of unknown parameters so that the model can be used in a
design phase as well.

Mathematical modeling is an essential tool for researchers in
modifying, improving and optimizing realized systems or in a design of a
similar solution where the results of experimental studies of the basic
system are available. Experimental results provide an opportunity to
identify unknown parameters and apply the modeling results with sufficient
reliability in designing a desired solution.

430




|dentification of unknown parameters of
the mathematical model

In order for a computational model to fully simulate the process in the
system, it is necessary that the difference between a series of modeling
results and the corresponding series of experimental results for one or
more characteristic process quantities is equal to zero in an ideal case. Let
us denote a series of modeling results as a function of the reference shaft

position and the vector of model parameters with V" (goi, pj), and a

corresponding series of the experimental results of the same characteristic
values of the process with V' (goi +g00)+ Vs, where the index i represents

the position of values of the results in a corresponding sequence. The
phase shift ¢, =cost is a new unknown parameter with which the
measuring results are coordinated with the modeling results regarding the
angular position of the reference shaft, and V' is a parameter that should

also be determined in the case when the absolute level of the measured
value must be corrected. The difference

V;e(@'+¢0)+V08_Vim((oi,pj>:gi€_gim (12)

is the total error as a difference between the combination of random and
systematic errors in measurement and modeling errors. It cannot be equal
to zero either, so the task of identifying unknown parameters comes down
to a search for the minimum of this difference.

The mathematical model is complex, the number of unknown
parameters is large, they are mutually independent and the task cannot be
solved by deterministic methods. It remains to solve the problem with
statistical methods. We should formulate the error functional in the form of
a sum of the squares of differences of modeled and measured (n) values
of the characteristic value.

u 2

F(x)=2 (e +vi-1") (13)
1

In the expression, x denotes a vector of unknown model parameters,
and only one estimation value is included in the sum of squares, although
there can be more of them. The problem comes down to searching for the
error functional minimum, for which optimization methods are used. At the
same time, unknown parameters cannot reach an arbitrary value, but in
order to preserve the process physicality, we must define the boundaries
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within which an optimal value of the parameters can be sought. Any com-
bination of parameters within the established boundaries represents a va-
lid solution, and a set of all permissible solutions represents valid space.
The mathematical model is complex, therefore it is expected that, in a set
of allowed solutions, a greater number of local functional minima are obta-
ined, and those are obtained within the search for the minimum with diffe-
rent initial values of unknown parameters. The search for an absolute mi-
nimum is often cumbersome, and often not even necessary in practice, so
finally, the solution that corresponds to one of the local minima of the fun-
ctional is accepted.

The task would be solved by analytical methods if the model had a
form that allows calculating the gradients. This is not possible in this case,
so the use of numerical methods is necessary. According to the
experience of other researchers, out of a whole range of developed
optimization methods for determining the minimum sum of squares
(Tomi¢, 1987), (Vengerskij, et al, 1982), the highest efficiency was
demonstrated by Marqurdt's method (Gill, et al, 1981) which will not be
discussed further here due to space limitations.

An example of the application of the mathematical model with the
identification of unknown model parameters will be shown here together
with the experimental results obtained within the project of defining the fuel
injection system that would be delivered by an alternative manufacturer,
and that would be applied to the existing engine in a serial production as a
replacement solution. The project was implemented by the Factory of
Engines for Special Purposes in Pale, where the research was carried out.
It should be particularly emphasized that the results presented are of a
preliminary nature, they were obtained on a system that does not meet the
requirements to be applied on the specific engine and they do not contain
potentially confidential information for the engine manufacturer.

The experimental studies were carried outside the engine, on a test
stand for the purpose of testing the system using all the elements intended
to be installed in the engine. Two characteristic process quantities were
measured - the fuel pressure at the pipe end and the injector needle
position. The following quantities were also measured: the position of the
pump camshaft, the fuel pressure and temperature and the mean value of
the volumetric flow rate of fluid through the injector, i.e. the cumulative
quantity for a selected number of operating cycles. The following
measuring devices were used:

- Piezoelectric pressure sensor AVL 5QP,

- Sensor AVL 3056-A01,

- Needle lift inverter - hand-made inductive half bridge,
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- Sensor AVL 3076-A01, and

- Encoder of camshaft angular position: optical incremental

The obtained electrical quantities are digitalized using the National
Instruments data acquisition system USB 621 and stored in a personal
computer.

The obtained results include systematic and random measurement
errors. Out of systematic errors, two have been identified and previously
discussed - the angular position of the cam profile in relation to the flow of
the measured quantities and the absolute level of the measured signal of
fluid pressure as a result of operating principles of piezoelectric sensors.
Both errors are effectively eliminated by the procedure of identification of
unknown parameters. On the other hand, random errors are of stochastic
nature and they are neither possible to identify nor to eliminate. However,
when random errors are subjected to normal distribution with the zero
mean value, then their level becomes significantly reduced by calculating
the average cycle obtained by averaging the characteristic quantity values
(measured over a number of consecutive cycles, for each angular shaft
position). In this case, the influence of random errors can be disregarded
(Tomic¢, 1987).
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Figure 1 — The pressure at the end of the pipe and standard deviation
for 50 consecutive cycles
Puc. 1 — [aBneHune Tonnuea Ha KoHLe Tpybonposoaa ansi
50 nocnegoBaTenbHbIX LUKNOB
Cnuka 1 — lNpuTucak Ha Kpajy LeBu 1 cTaHaapaHo oAcTynawe 3a
50 ysacTonHux uuknyca
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Figs. 1 and 2 display the pressure at the pipe endaver aged for 50
consecutive cycles as well as the statistical parameters — standard
deviation and Pearson’s coefficients. It should be noted that the measured
pressure value between two consecutive injections is equal to zero, which
is a result of the fact that the measurement was performed with a piezo-
electric sensor. That is why this quantity is of one of the unknown
parameters that should be determined.

The value of the asymmetry coefficient is close to zero and the shape
coefficient varies around a value of 3 (from 2 to 4) except in the process
phases where the gradient values of the measured quantity are extremely
high. This can be explained by anerror in measuring the camshaft angular
position. in the process phases where the gradient of the measured
quantity ishigh (up to 350bar per angle), a measuring error of one angle
increment (0.1 degree) results in aconsiderable error. The value of
Pearson’s coefficients shows that random errors are subject to normal
distribution; consequently, their impact on the measured quantity can be
neglected if the values measured over a number of consecutive cycles are
averaged.
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Figure 2 — The pressure at the pipe end and Pearson's coefficients
for 50 consecutive cycles
Puc. 2 — laBneHue Tonnuea Ha KoHUe Tpybonposoaa n koedduumeHTsl MNupcoHa
ansa 50 nocnegoBaTenbHbIX LIMKNOB
Cnuka 2 — MpuTtucak Ha Kpajy uesoBoga U MNMpcoHOBU KoedhnLmjeHTH
3a 50 y3acTonHuX uuknyca
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It has already been emphasized that the identification process must
be repeated multiple times with different initial values of the unknown
parameters, i.e. more local minima of the functional should be found, and
then one chosen as a final solution. The following illustrations display in
parallel: the results of the measurements and the results of modeling with
the initial and the "exact" (identified) values of the unknown parameters for
two operation modes determined by the total flow through the nozzle Vc
during one cycle and by the camshaft rotational speed n. In order to
illustrate the convergence of the suggested method, in both cases a large
number of parameters are identified - 10. For the same reason, the
illustration shows the results of "computing" processes, with which the
initial values of certain model parameters are significantly different from the
"true" ones, which resulted in a large difference between the results of the
identified model and the results obtained with the initial parameter values.
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Figure 3 — Comparative review of the experimental results and the results
with the initial and identified mathematical model parameters
Puc. 3 — CpaBHeHVe aKcrneprMeHTarnbHbIX pe3ynbTaToB U pe3yrnbTaToB MOAENMPOBaHU
C HayanHuM 1 MAEHTUULNPOBaAHHLIMI NapameTpamm
Crnuka 3 — YnopegHu npernea ekcnepMMeHTanHux pesynrarta u pesynraTa
MaTemMaTUyKor Mogenupana ca No4YeTHUM U NAeHTUMKOBAHUM NapameTpuma
mMaTemaTtudkor mogena
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Figure 4 — Comparative review of the experimental results and the results with the initial
and identified mathematical model parameters
Puc. 4 — CpaBHeHWe 3KCNepUMeHTanbHbIX Pe3ynbTaToB U pe3yfibTaToB MOAENMPOBaHMS
C HavanbHbIM 1 UOEHTUULMPOBAHHBIMW NapaMeTpamm
Cnuka 4 — YnopegHu nperneg ekcnepuMmeHTanHux pesynrarta u pesynraTta ca NnoYeTHUM
W NAeHTMMKOBaHUM NapaMeTpma Mogena

The following diagrams show the course of the change of the functio-
nal and several unknown model parameters during the identification pro-
cess. In the first case (Fig. 5), which corresponds to the results of Fig. 3,
the allowed space in which we seek a solution is narrowed. The result is a
high value of the functional and reaching the threshold values of model
parameters. At first glance (Fig. 3) the results of measurements and mode-
ling match relatively well, so a question arises whether the threshold valu-
es of other model parameters are established correctly, i.e. whether the
identified model represents a real system. This example shows that, when
assessing the modeling results, researchers must analyze in detail the
whole process, not only the modeled and experimental values of the
selected characteristic process quantities.
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Figure 5 — The course of the process of identifying unknown model parameters
Puc. 5 — TeuyeHve npouecca naeHTUUKaLnmM HeM3BECTHbIX NapaMeTpoB Modenu
Cniuka 5 — Tok nocTynka naeHTudnkaumje HenosHaTux NnapameTtapa mogena

In the second example (Figs. 4 and 6), the threshold values of the pa-
rameters are determined taking into account all the known system charac-
teristics; therefore, the final value of the functional is much lower, and the
model parameters are within the permitted area.

The comparison ofthe experimental and calculated values (Fig. 4)
shows that the model appropriately simulates the operational process and
that the results can be used for system design and optimization. In addi-
tion, the differences observed during the change of the analyzed value in-
dicate that the model does not fully describe the real physical process in
the system, but that it can and should be improved in further research.
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Figure 6 — The course of the process of identifying unknown model parameters
Puc. 6 — TeueHue npouecca ngeHtTugurKaumm Hen3BeCTHbIX NapamMmeTpoB Moaenu
Criuka 6 — Tok nocTynka naeHTudukaumje HenosHaTMx NapameTtapa mogena

Conclusion

Mathematical modeling, with the application of optimization methods
for identifying model parameters, enables connecting theoretical and empi-
rical relations, on the one hand, with experimental results, on the other.
This provides a number of benefits to researchers.

- It is possible to also gain insight into the process phases in

accessible by experimental methods.

- The relationship between input and output values can be
established at minimum cost - without cumbersome and detailed
experimental research.

- It is possible to carry out a systematic analysis of all factors
influencing the course of hydro-mechanical processes within the
system and therefore to acquire relevant new knowledge.

- The mathematical interpretation of the process allows the use of
optimization methods and effective identification of possible
solutions leading to the choice of the best one.

Since the processes within the system are complex, a detailed

mathematical interpretation leads to the creation of an unnecessarily
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cumbersome model; therefore, some necessary simplifications that do
not jeopardize the physicality of the process have proved to be justified in
practice. This approach provides a model that appropriately simulates a
real physical process. However, the model cannot be integrated by
analytical methods and it is necessary to create computer programs
along with the application of numerical methods.

Finally, it is possible to realize a theoretical-experimental procedure
that takes the shortest route to the objective - to find the optimal solution
and implement it in the development project.
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MATEMATUYECKOE MOAENNPOBAHVE N WOEHTUOUKALIVA
MAPAMETPOB MATEMATUYECKOW MOAENN CUCTEMBI
BMPLICKA TOMIMBA ON3ENbHLIX ABUTATENEN

Munomob C. LUtaBnaHUH
JlabopaTtopusi geuratenei n astomobunen OO0 ,TehnoLabCMV», r.Beorpag,
Pecny6nuka Cepbus

OBNACTb: MalIMHOCTpOeHne
BWO CTATbW: opurmHanbHasa HayyYHas ctatbsl
A3bIK CTATbW: aHrnuinckmn

Kpamkoe codepxaHue:

Llenbto pabombi sienisemcesi nooyepkusaHue rnpeumywiecms rpu
npUMeHeHUU MamemMamu4eckKko20 Modesiupo8aHusi 8 MPoOeKmMuUposaHuU
U paspabomke HO8bIX pewieHul unu onmumMu3auyuu Cyuecmesyroueao
obwekma. lNpedcmasrieHbl OCHOBHbIE MPUHUUNbLI ModernuposaHusi be3
u3noxeHusi moOpobHoul mamemamu4veckol mModesiu, u3 4ezo criedyem,
ymo moOlesib 8KoYaem 8 cebsi MHOXecmeo Heu38eCmHbIX Usu
npubnusumenbHO  U38E€CMHbLIX  MapaMempos, COOMEemcmeeHHO
Moderib Mpo3padyHO20 KubepHemu4eckoz20 siuuKka uckmovyaemcs. Ans
moz2o ymobbl docmudb cuHmesa molenel U 3KcrepuMeHmMarbHbIX
pesynbmamos Heobxo0uMo rpuUMeHeHUe Memodos onmumusayuu
Ons1 udeHmucgbukayuu Heu38eCmMHbIX napamempos Mooesu.

B cmambe npedcmasrnieHbl aKkcriepuMeHmarbHbie pe3yribmamesl
Hapsidy ¢ pesynbmamamu MOOenuUposaHus, a makxe aHasau3
pesynbmamos npouecca udeHmucbukayuu HeussecmHbIX
napamempog mModersiu.

KntoueBble crioBa: An3ernbHbIn ABuratenb, cuctema BMnpbICKa TOMNJINBA,
mMaTtemMmatTnyeckoe mogernnmposaHume, VIﬂ,eHTVI(bI/IKaLI,VIFI.

MATEMATWYKO MOOENTIMPARE N MOEHTUOUKALIMJA
MAPAMETAPA MATEMATWKOIr MOAENA CUCTEMA
YBEPU3IrABAHA TOPUBA KOO AU3ENT MOTOPA

Munomy6 C. lUTaBrbaHWH
LleHTap 3a moTope 1 Bo3una TehnoLabCMV doo, Beorpag,
Peny6bnuka Cpbuja

OBNACT: MalwmrHCTBO
BPCTA YJTAHKA: opurvMHanHm HayyYHu YnaHak
JE3VMK YJTAHKA: eHrnecku
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Caxemak:

Lurs pada je da ce ucmakHy, ako He cee, a OHO bap HajeaxkHuje
npedHocmu Koje OOHOCU rpuMeHa Mamemamuykoe mModesupara
MOKOM ripojeKkmosara HO0802 pewera Uunu ycaspwasama U
onmumu3auyuje nocmojehez objekma. W3n0XeHU Cy OCHO8HU
npuHyunu uspade modena 6e3 usHowera OemarbHe MameMamuyke
UHmMeprnpemauuje npoueca u3 4yeza credu Oa moden cadpxu eehu
6poj HernosHamux UMU OPjeHMauUOoOHO o3Hamux fnapamemapa u oda
Huje moeyhe peanuzoeamu moden muna rpo3upHe KubepHemuyke
Kymuje. [a 6u ce ocmeapuria cuHme3a modernia u eKcriepuMeHmarsnHux
pesynmama HeornxodHa je npuMeHa onmumu3ayuoHux memoda 3a
udeHmuchukauyujy HernosHamux napamemapa Mmolena. Y pady cy
HaeedeHuU eKkcriepuMmeHmarHu pesynmamu yrnopedo ca pe3ynmamuma
molenupara U udeHmMudpuKkayuje Kao U aHaau3a rnocmyrka
udeHmuchukayuje Hero3Hamux napamemapa mooerna.

KrbyyHe peun: ausen MoOTop, CUCTEM 3a YybOpusraBake ropuBa,
mMateMaTUyKo MoJenunpawe, naeHTudukaumja.
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