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Abstract: 

The aim of the paper is to highlight, if not all, then at least the most 
important benefits of the application of mathematical modeling in the 
development of a new solution or in the process of improvement and the 
optimization of an existing product. The thesis presents the basic 
principles of the model creation without providing a detailed mathematical 
interpretation of the process; therefore, the model includes a substantial 
number of unknown or approximately known parameters and it is not 
possible to create a model of the transparent cybernetic box type. In order 
to achieve a synthesis of the model and the experimental results, it is 
necessary to apply the optimization methods for the identification of 
unknown model parameters. The thesis presents the experimental results 
along with the results of modeling and identification as well as the analysis 
of the process of identification of unknown model parameters. 

Key words: diesel engine, fuel injection system, mathematical modeling, 
identification. 

Introduction 

Te fuel injection system for diesel engines is a mechanical-hydraulic 
system in which the processes happen very fast and in which very high 
fuel pressure develops - with motors of the latest generation even over 
2,000 bar. 
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2 The fuel injection process itself lasts for less than 2 milliseconds and it 
can be compared only with the duration of a gunshot. If we add to it the 
fact that the system should ensure the repeatability of the process during 
the working life of the engine of 5,000 and even 10,000 hours, with about 
1,000 cycles per each cylinder (i.e. 4,000 cycles for the entire motor) 
during each minute in a high-speed four-cylinder four-stroke diesel engine, 
it becomes clear how much inventiveness and knowledge is necessary for 
the design and creation of such a system. 

In order to critically analyze and evaluate various impacts, the 
structural, functional, as well as various external disturbances, a good 
knowledge of the physics of the processes within the system is necessary. 
The conditions for defining the relations between the input and output 
parameters and the impacts of the disruption on the operation of the 
system are thus created. There are two methods available – the empirical 
one and the theoretical one. 

The first method provides reliable information in terms of perceiving 
the integral, macro characteristics of the process, since the experimental 
methods do not allow access to all physical values of the process. 
Evaluation of the physical quantities that cannot be determined 
experimentally requires the introduction of assumptions, which raises a 
question of reliability of conclusions obtained in such a way. It is even 
possible to make wrong judgments. And when it comes to the 
experimental method, if we take into consideration the subjective 
characteristics of researchers such as experience, intuition and talent, the 
process of identifying the most optimal solution from the set of possible 
solutions is expensive and time-consuming. 

Another procedure, analytical one, implies the creation of an idealized 
mathematical model for the simulation of the mechanical and 
hydrodynamic processes in the system. If the mathematical model fully 
imitated the real system, preconditions would be created for the analysis of 
the process both on the macro and the micro level and in the aspects that 
are unreachable by experimental methods. 

Experience shows that, due to the complexity of the process in the 
system, it is most rational to combine both methods. 

In the following section, an example will be presented of mathematical 
modeling of the pump - pipe – injector system, with an emphasis on the 
process of identification of unknown model parameters by applying the op-
timization methods. This system, in different varieties, has been long in 
use with diesel engines and there are a large number of publications devo-
ted to the mathematical interpretation of the process within the system and 
the methods of model solving. The process proposed here has been im-
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plemented for practical purposes, applied in several Research & Deve-
lopment projects, and the results have been implemented in materialized 
systems. 

The whole "package" also includes the process of the system 
optimization; however, it will not be discussed here due to the limited 
space. 

Mathematical modeling of the process 

There is a certain disagreement about the definition of the model and 
the role of the modeling of physical processes and systems. Therefore, 
due toits comprehensiveness, the often quoted definition of M. Pešelis 
given here: "The term ‘model’ is used in the broadest sense as a structure 
for storing knowledge, in which the leading role is played by the idea of 
reduction of information. The reduction of information is in the closest 
possible way related to the establishment of relations between different 
groups of information, and therefore to the issues of acquainting with the 
structure and function of the system. Therefore, the development of the 
models represents an important aid to obtain new information on the basis 
of already existing special knowledge" (Jankov, 1984, p.20). 

The end result of the development and implementation of the 
mathematical model is to obtain reliable information on the basis of which 
researchers will be able to choose the best solution in the given 
circumstances, having in mind certain limitations. The very procedure of 
the construction and application of the model consists of several steps: 

1. The formulation of the problem. 
2. The collection of the data on the system and the identification of 

external influences in case the system interacts with other systems. 
3. The development of a mathematical model using mathematical 

methods. 
4. The analysis of the impact of certain (according to researchers – 

important) parameters of the model parameters on the system processes. 
5. The identification of unknown model parameters, in case the model 

is in the form of a cybernetic semi-transparent box. 
6. The optimization of the system – application of the optimization 

method on the identified model. 
7. The evaluation of the obtained results, in which available 

experimental results are of particular importance as well as the experience 
and knowledge of researchers. The role of researchers is indispensable 
because the model cannot provide all the answers. 
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2 8. The last phase is the implementation of the results into the process 
of designing a new or modifying the existing solution. 

When creating a mathematical model of a complex system, it may 
happen that the mathematical interpretation of physical processes is 
superfluously cumbersome or that certain processes cannot be described 
analytically. In this case, simplifications must be introduced under certain 
assumptions which should be taken into account when making decisions 
at the stage of evaluation and implementation of results. On the other 
hand, the model provides information complex to the extent of how 
complexly the physical process is mathematically described. 

It has already been pointed out that there are a number of published 
papers devoted to the problems of mathematical modeling of fuel injection 
systems, and it is up to researchers to apply the already developed model 
with or without alterations or by respecting the physical laws to build their 
own solution. Therefore, the thesis will expose only the basic principles 
common to all the models analyzed by the author, without introducing 
details. 

In line with the form, the system can be divided into components. 
Their number depends on the configuration of the system. The elementary 
system consists of the piston mechanism, a working space in the pump’s 
cylinder, a delivery valve, a pipe, a chamber in the injector and the injector 
needle with all the moving parts. Control (regulatory) elements on the 
pump or the nozzle can also be found. Fuel is a separate component, the 
physical characteristics of which, in real conditions and according to the 
experience of the author based on experimental results, deviate 
significantly from the values obtained in stationary conditions. 

In the mathematical model used, a separate software module is 
formed for each component and mutual influences are defined. There are 
a number of reasons for dividing the system into components, and only 
two will be mentioned. First, it is easier to monitor and understand the 
semantics, i.e. the contents and the meaning of the model, as well as the 
limitations and conditions for the similarity of the modeling results and the 
characteristics of the real system. Secondly, it allows an easy application 
of the model to other systems of various forms by replacing the existing 
modules or adding new ones. 

Further on, only the basics of the creation of the mathematical 
interpretation of physical processes in the system will be displayed. 
Displaying all the details of only one of possible options requires 
significantly more space. 
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The first assumption - the system can be extracted from the engine, 
i.e. a higher-level system, and considered separately while defining and 
respecting the impact of the engine, but also that of the environment. 

For all the chambers in certain parts of the system, the expressions 
for determining pressure and other fuel physical properties are obtained 
from mass balance expressed though mass flows, which, assuming that 
fuel is compressible, homogeneous and isentropic and that pressure is 
equal in the whole area when mass is equal to the result of multiplying the 
density and volume m = ρV, reads as follows: 

gu i
dmdm dmdm d dV

V
dt dt dt dt dt dt

       
(1) 

And from the equation of state in the form: 

 ,p p s  if it is assumed that the process is isentropic, 

 ,p p T  if it is assumed that the process is isothermal. 

Where /  /u idm dt dm dt  is the balance of the mass flow through the 

inlet and outlet orifices for communication of the control space with the 
adjacent parts of the system, аnd /gdm dt  represents undesired fuel loss 

from the monitored space. Losses occur with fuel flowing through 
technological gaps in the pump and the injector. It should be emphasized 
that the fuel density and the control volume value are not constant. Density 
depends on pressure, temperature and the concentration of the gaseous 
phase, the presence of which, according to empirical data, cannot be 
ignored. Volume is variable for most of the mentioned spaces and 
depends on the current position of the system moving parts. The change in 
volume caused by the elastic deformation of the parts is practically 
negligible. 

If we define the fuel compressibility via the so-called compressibility 

coefficient 

V
p

V


 
    , the expression for determining the pressure in 

one of the system chambers will be formed as: 
1

i j j

dp
Q A v

dt V 
         (2) 

where the first Sum in the parentheses is the balance of the fuel flow at the 
boundaries of the control space with the volume V, and the second Sum is 
the balance of the shifts of space boundaries (the piston, the valve, etc.). 
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2 It should be particularly emphasized that the engine, directly linked to the 
analyzed system, is a cyclic machine by the nature of the work process. 
In the time period that includes a multiple number of cycles, it is an 
imperative to have the repeatability of the cycle. This means the 
repeatability of the angular velocity from cycle to cycle, i.e. the equality of 
the mean angular velocity of the engine crankshaft, i.e. the angular 
velocity of the pump’s camshaft of the observed system from cycle to 
cycle. During one working cycle, angular speed is variable; therefore, in 
order to understand the process, it is more convenient to regard the fuel 
injection system as a function of the camshaft position (as a reference 
shaft), and not as a function of time. This is achieved by introducing the 
following expression: 

p p p

t t

 
 

   
   

   
 (3) 

where φ is the angular position of the reference shaft in relation to a 
certain reference position, and ω  is a current value of the angular velocity 
of the shaft in the position φ. 

The modeling of the fluid flow through the inlet and outlet orifices, 
generally irregular in shape, would significantly burden the model. Practice 
shows that, with sufficient accuracy, Bernoulli's expression for the flow 
ratecan be used with the introduction of a correction, the flow coefficient μ 
of a constant value, with which the theoretically idealized results approach 
the real process. Thus, the volume flow Qthrough the geometric flow cross 
section Acan be determined from the following expression, with a 
difference in pressure Δp: 

2
Q A p

p



   

 
 (4) 

The form of a gap between the cylindrical surfaces through which 
losses occur is unknown because the straightness and roundness of the 
parts’ surfaces are of the same order as the nominal gap. Neither is 
known any eccentricity of the parts, so it is practically impossible to make 
a mathematical model to calculate the loss of working fluid. In literature, 
there are a lot of semi-empirical expressions, out of which, based on the 
experimental results, the expressions of Astakhov (Astakhov, 1972) 
simulate the real process the best. 

The position, i.e. the movement of freely moving parts of the system 
of mass m (the valve, the absorber, the injector needle, etc.) is 
determined from the equality of inertial forces and forces Fi which act on 
the movable part: 
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2

2
1

n

i
i

d x
m F
dt 

   (5) 

Friction forces as a constant value and damping forces linearly 
dependent on the movement speed should also be included into the sum 
of the forces. Also, from the standpoint of the stability of the model 
integration process, the following has been proven useful to include in the 
model: deformation of the system elements restricting the movement of the 
parts in the boundary positions, as well as the friction forces during the 
movement in the deformation zone. This eliminates the discontinuity of the 
calculated values and increases the stability of the integration process. 

The flow in the pipe is three-dimensional and unsteady, with variable 
physical characteristics of the fuel. Mathematical expressions to describe 
such flow are very complex and unsuitable for practical use. It has turned 
out that, with certain simplifications, the expressions of the mass and 
impulse conservation law can be transformed into a form suitable for 
solving while preserving the process physical aspect. If we introduce the 
following assumptions: 

- The pipecross section is constant and multiple times smaller than 
the length, so it can be adopted that the flow is one-dimensional 
and linear; 

- Disturbances are transmitted at the speed of sound by waves 
perpendicular to the movement direction - the pipe; 

- The change of the working fluidstate is isentropic and the speed of 
sound can be calculated from Laplace's expression 

2 /a p     
- The fuel characteristics depend only on pressure, and 
- Gravitation is negligible,  
   the expressions acquire a simpler form: 

2 0v
v a

t x x

    
     

  
 (6) 

1 1 0srpv v p
v

t x x x 
  

      
     

(7) 

According to Darsy and Weisbach, the hydraulic friction force at a unit 
volume (the last item in the second expression) is a non-linear function of 
the fluid velocity, which is not convenient from the point of integration. The 
expression can be linearized by introducing the coefficient of hydraulic re-
sistance K that linearly depends on the flow velocity; however, it is adopted 
that it has a constant value in a single integration step and is calculated for 
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2 each step on the basis of the mean flow velocity. Thus, the previous ex-
pressions obtain the following form: 

2 10        2p p v v v p
v a and v Kv

t x x t x x



     

          
     

 (8) 

And finally, fuel is regarded as a separate component; its physical 
characteristics in stationary conditions depend on pressure and 
temperature and can be determined with the help of published empirical 
expressions (Huber, Schafitz, 1966). However, the experimental results 
obtained in real systems have significantly different values. 

This is most apparent with the speed of propagation of disturbances 
in the system pipes, the value of which, according to experimental results, 
reaches a significantly lower value than the value obtained in stationary 
conditions. The reason for this is the presence of the gaseous phase in the 
fuel which is uniformly dispersed in the liquid phase in the form of tiny 
bubbles (Murzin, 1990). On the basis of a specific or adopted (presumed) 
gaseous phase concentration value, it is possible to determine the fuel 
characteristics as a function of pressure and temperature (Fox, 1977), 
(Thiemann, 1988). Finally, we can conclude that the fuel characteristics, 
density, compressibility and also the speed of propagation of disturbances 
depend on the pressure, temperature and concentration of the gaseous 
phase. 

Solving the mathematical model 

The mathematical model consists of a set of two partial nonlinear 
hyperbolic differential equations and a set of non-homogeneous nonlinear 
differential Cauchy - type equations of the first or second order, the 
number of which depends on the number of components. There is also a 
set of algebraic expressions and a set of restrictions and logical conditions 
that alter the system structure depending on the process phases. The first 
set of differential equations describes the fluid movement in the flow 
plane/coordinate system consisting of the pipe longitudinal axis and the time 
coordinate. The other set describes boundary conditions at the pipe end. 

The fluid flow can be viewed as a wave phenomenon - as a flow 
induced by the  propagation of waves of finite intensity, which at each point 
of the coordinate system determine the fuel condition. In this sense, the 
differential equations that describe the flow in the pipe are transformed 
intoa so-called "characteristic" form (Fomin, 1973) which determines the 
change in fluid pressure and speed along the characteristics – the 
trajectories of waves at the coordinate system. 
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1 12   2       
 

           
dv dp dv dp

K v and K v
dt a dt dt a dt

 (9) 

 They are solved using the so-called method of characteristics, but 
in order to apply numerical methods in the expressions, finite differences 
should be used instead of differentials. Consequently, the coordinate 
system should be subdivided by the rectangular network Δх– Δt, where Δх 
is a step along the pipe, and Δta step along the timeline axis, provided that 
the characteristic does not cross over from one field to another, i.e. that the 

requirement  
max

x a v t     is met, by which the numerical integration 

algorithmis significantly simplified. At each intersection of the net, "S+" and 
"S-" characteristics should be set; they are defined by differential expressions 

/dx dt v a     and    /dx dt v a   (10) 
or by the finite differences in the expressions 

 /
sr

x t v a     and  /
sr

x t v a     (11) 

in which the right members of the equations represent the average value 
of the sum, i.e. the differences of flow velocity and the wave propagation 
speed within one integration step Δt. Along the characteristics, the 
changes in pressure and flow velocity are calculated, thus determining 

their values at all nodes at the "level"  1t j t   , based on the already 

calculated values in all the nodes along the pipe for the "level" t j t  . 
This procedure must be synchronized with the integration of the equations 
of the boundary conditions which determine the pressure at the beginning 
and at the end of the pipe. 

The second method consists of calculating Riemann's invariants 
(Hanjalić, 1978) along the characteristics out of which the velocity and 
pressure in the flow field are calculated. Both methods provide the same 
results with approximately the same computing time. 

When selecting numerical methods for solving differential equations of 
boundary conditions, it should be kept in mind that the model changes the 
structure and that the gradients of physical values of the fuel, primarily 
pressure and speed, have extremely high values. Experience has shown 
that, due to the integration process stability, it is more convenient to use 
only the methods that do not require the calculations of higher order diffe-
rentials. Such is, for example, the Euler-Cauchy’s method, a so-called pre-
dictor-corrector method with a variable step and an iterative process of 
correction. The integration step varies depending on the calculated error 
as a difference between the results of two successive iterations in the sa-
me integration step. If, for a limited number of iterations (not more than fi-
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2 ve) the error is greater than the adopted maximum value, the step should 
be reduced, and if it is lower than the lowest adopted limit value, the next 
step should be increased. The limit values are determined for each of the 
calculated values so as to obtain sufficient accuracy within a reasonable 
computing time. 

What is provided by the mathematical model. 
If we interpret it as a set of rules with which the set of input 

parameters is mapped onto a set of output parameters, then a change of 
one of the input data reflects onto some or all of the output data. This 
allows the implementation of systematic research – a systematic changing 
of one by one input data and determining the degree of their impact on the 
process in the system, by comparison and qualitative and quantitative 
evaluation of representative, output parameters. The scope of input 
parameters changes is determined in accordance with the model structure, 
physical meaning of a value and researcher’s experience. 

Although the mathematical model is exposed only in its basic form, 
without detailed mathematical interpretations of the process, it can be 
concluded that it contains a variety of values that are unknown or just 
approximately known. The model, therefore, has a form of a semi-
transparent cybernetic box with a set of unknown parameters that 
significantly affect the process. Also, there is a second group of 
parameters introduced into the model primarily to improve the stability of 
the numerical integration procedure. Their influence on the results is not 
significant. It is highly unlikely that researchers, solely based on their 
knowledge and experience, can determine the actual values of quantities 
such as friction and damping forces during the motion of freely moving 
parts, flow coefficients, gaseous phase concentration in the fuel, etc.. The 
unknown parameters may also be some constructive data that cannot be 
reached without the destruction of the analyzed system. A model with 
experimentally determined unknown parameters can be used for a 
systematic analysis in order to acquire knowledge about the impacts of the 
input parameters on the process. If experimental results from similar 
systems are also available, it is possible to define quite reliably a relatively 
narrow range of unknown parameters so that the model can be used in a 
design phase as well. 

Mathematical modeling is an essential tool for researchers in 
modifying, improving and optimizing realized systems or in a design of a 
similar solution where the results of experimental studies of the basic 
system are available. Experimental results provide an opportunity to 
identify unknown parameters and apply the modeling results with sufficient 
reliability in designing a desired solution. 
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Identification of unknown parameters of  
the mathematical model 

In order for a computational model to fully simulate the process in the 
system, it is necessary that the difference between a series of modeling 
results and the corresponding series of experimental results for one or 
more characteristic process quantities is equal to zero in an ideal case. Let 
us denote a series of modeling results as a function of the reference shaft 

position and the vector of model parameters with  ,m
i i јV p , and a 

corresponding series of the experimental results of the same characteristic 

values of the process with  0 0
e e
i iV V   , where the index i represents 

the position of values of the results in a corresponding sequence. The 
phase shift 0 cost   is a new unknown parameter with which the 

measuring results are coordinated with the modeling results regarding the 
angular position of the reference shaft, and 0

eV is a parameter that should 

also be determined in the case when the absolute level of the measured 
value must be corrected. The difference 

   0 0 ,e e m e m
i i i i ј i iV V V p          (12) 

is the total error as a difference between the combination of random and 
systematic errors in measurement and modeling errors. It cannot be equal 
to zero either, so the task of identifying unknown parameters comes down 
to a search for the minimum of this difference. 

The mathematical model is complex, the number of unknown 
parameters is large, they are mutually independent and the task cannot be 
solved by deterministic methods. It remains to solve the problem with 
statistical methods. We should formulate the error functional in the form of 
a sum of the squares of differences of modeled and measured (n) values 
of the characteristic value. 

   2

0
1

n
е e m
i iF x V V V    (13) 

In the expression, x denotes a vector of unknown model parameters, 
and only one estimation value is included in the sum of squares, although 
there can be more of them. The problem comes down to searching for the 
error functional minimum, for which optimization methods are used. At the 
same time, unknown parameters cannot reach an arbitrary value, but in 
order to preserve the process physicality, we must define the boundaries 
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2 within which an optimal value of the parameters can be sought. Any com-
bination of parameters within the established boundaries represents a va-
lid solution, and a set of all permissible solutions represents valid space. 
The mathematical model is complex, therefore it is expected that, in a set 
of allowed solutions, a greater number of local functional minima are obta-
ined, and those are obtained within the search for the minimum with diffe-
rent initial values of unknown parameters. The search for an absolute mi-
nimum is often cumbersome, and often not even necessary in practice, so 
finally, the solution that corresponds to one of the local minima of the fun-
ctional is accepted. 

The task would be solved by analytical methods if the model had a 
form that allows calculating the gradients. This is not possible in this case, 
so the use of numerical methods is necessary. According to the 
experience of other researchers, out of a whole range of developed 
optimization methods for determining the minimum sum of squares 
(Tomić, 1987), (Vengerskij, et al, 1982), the highest efficiency was 
demonstrated by Marqurdt's method (Gill, et al, 1981) which will not be 
discussed further here due to space limitations. 

An example of the application of the mathematical model with the 
identification of unknown model parameters will be shown here together 
with the experimental results obtained within the project of defining the fuel 
injection system that would be delivered by an alternative manufacturer, 
and that would be applied to the existing engine in a serial production as a 
replacement solution. The project was implemented by the Factory of 
Engines for Special Purposes in Pale, where the research was carried out. 
It should be particularly emphasized that the results presented are of a 
preliminary nature, they were obtained on a system that does not meet the 
requirements to be applied on the specific engine and they do not contain 
potentially confidential information for the engine manufacturer.  

The experimental studies were carried outside the engine, on a test 
stand for the purpose of testing the system using all the elements intended 
to be installed in the engine. Two characteristic process quantities were 
measured - the fuel pressure at the pipe end and the injector needle 
position. The following quantities were also measured: the position of the 
pump camshaft, the fuel pressure and temperature and the mean value of 
the volumetric flow rate of fluid through the injector, i.e. the cumulative 
quantity for a selected number of operating cycles. The following 
measuring devices were used: 

- Piezoelectric pressure sensor AVL 5QP, 
- Sensor AVL 3056-A01, 
- Needle lift inverter - hand-made inductive half bridge, 
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- Sensor AVL 3076-A01, and 
- Encoder of camshaft angular position: optical incremental 
The obtained electrical quantities are digitalized using the National 

Instruments data acquisition system USB 621 and stored in a personal 
computer. 

The obtained results include systematic and random measurement 
errors. Out of systematic errors, two have been identified and previously 
discussed - the angular position of the cam profile in relation to the flow of 
the measured quantities and the absolute level of the measured signal of 
fluid pressure as a result of operating principles of piezoelectric sensors. 
Both errors are effectively eliminated by the procedure of identification of 
unknown parameters. On the other hand, random errors are of stochastic 
nature and they are neither possible to identify nor to eliminate. However, 
when random errors are subjected to normal distribution with the zero 
mean value, then their level becomes significantly reduced by calculating 
the average cycle obtained by averaging the characteristic quantity values 
(measured over a number of consecutive cycles, for each angular shaft 
position). In this case, the influence of random errors can be disregarded 
(Tomić, 1987). 
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Figure 1 – The pressure at the end of the pipe and standard deviation  

for 50 consecutive cycles 
Рис. 1 – Давление топлива на конце трубопровода для  

50 последовательных циклов 
Слика 1 – Притисак на крају цеви и стандардно одступање за  

50 узастопних циклуса 
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2 Figs. 1 and 2 display the pressure at the pipe endaver aged for 50 
consecutive cycles as well as the statistical parameters – standard 
deviation and Pearson’s coefficients. It should be noted that the measured 
pressure value between two consecutive injections is equal to zero, which 
is a result of the fact that the measurement was performed with a piezo-
electric sensor. That is why this quantity is of one of the unknown 
parameters that should be determined. 

The value of the asymmetry coefficient is close to zero and the shape 
coefficient varies around a value of 3 (from 2 to 4) except in the process 
phases where the gradient values of the measured quantity are extremely 
high. This can be explained by anerror in measuring the camshaft angular 
position. in the process phases where the gradient of the measured 
quantity ishigh (up to 350bar per angle), a measuring error of one angle 
increment (0.1 degree) results in aconsiderable error. The value of 
Pearson’s coefficients shows that random errors are subject to normal 
distribution; consequently, their impact on the measured quantity can be 
neglected if the values measured over a number of consecutive cycles are 
averaged. 
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Figure 2 – The pressure at the pipe end and Pearson's coefficients  

for 50 consecutive cycles 
Рис. 2 – Давление топлива на конце трубопровода и коеффициенты Пирсона  

для 50 последовательных циклов 
Слика 2 – Притисак на крају цевовода и Пирсонови коефицијенти  

за 50 узастопних циклуса 
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It has already been emphasized that the identification process must 
be repeated multiple times with different initial values of the unknown 
parameters, i.e. more local minima of the functional should be found, and 
then one chosen as a final solution. The following illustrations display in 
parallel: the results of the measurements and the results of modeling with 
the initial and the "exact" (identified) values of the unknown parameters for 
two operation modes determined by the total flow through the nozzle Vc 
during one cycle and by the camshaft rotational speed n. In order to 
illustrate the convergence of the suggested method, in both cases a large 
number of parameters are identified - 10. For the same reason, the 
illustration shows the results of "computing" processes, with which the 
initial values of certain model parameters are significantly different from the 
"true" ones, which resulted in a large difference between the results of the 
identified model and the results obtained with the initial parameter values. 
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Figure 3 – Comparative review of the experimental results and the results  

with the initial and identified mathematical model parameters 
Рис. 3 – Сравнение экспериментальных результатов и результатов моделировани  

с началним и идентифицированными параметрами 
Слика 3 – Упоредни преглед експерименталних резултата и резултата  

математичког моделирања са почетним и идентификованим параметрима  
математичког модела 



 

436 

V
O

JN
O

T
E

H
N

IČ
K

I G
LA

S
N

IK
 / 

M
IL

IT
A

R
Y

 T
E

C
H

N
IC

A
L 

C
O

U
R

IE
R

, 2
01

7.
, V

ol
. 6

5,
 Is

su
e 

2

20 25 30 35 40 45 50
0

100

200

300

400

500

600

700

800

900

1000
P

re
ss

ur
e 

a
t t

he
 p

ip
el

in
e 

en
d 

p
C

2(b
ar

)

Angular position (degree)

 Experiment
 Model - identified
 Model - unidentified

Vc=300 mm3

n= 15 1/s

0,0

0,4

0,8

1,2

1,6

2,0

 R
e

la
tiv

e
 a

b
so

lu
te

 e
rr

or
 E

r

Er

 
Figure 4 – Comparative review of the experimental results and the results with the initial 

and identified mathematical model parameters 
Рис. 4 – Сравнение экспериментальных результатов и результатов моделирования 

с начальным и идентифицированными параметрами 
Слика 4 – Упоредни преглед експерименталних резултата и резултата са почетним 

и идентификованим параметрима модела 
 

The following diagrams show the course of the change of the functio-
nal and several unknown model parameters during the identification pro-
cess. In the first case (Fig. 5), which corresponds to the results of Fig. 3, 
the allowed space in which we seek a solution is narrowed. The result is a 
high value of the functional and reaching the threshold values of model 
parameters. At first glance (Fig. 3) the results of measurements and mode-
ling match relatively well, so a question arises whether the threshold valu-
es of other model parameters are established correctly, i.e. whether the 
identified model represents a real system. This example shows that, when 
assessing the modeling results, researchers must analyze in detail the 
whole process, not only the modeled and experimental values of the 
selected characteristic process quantities. 
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Figure 5 – The course of the process of identifying unknown model parameters 
Рис. 5 – Течение процесса идентификации неизвестных параметров модели 
Слика 5 – Ток поступка идентификације непознатих параметара модела 

 
In the second example (Figs. 4 and 6), the threshold values of the pa-

rameters are determined taking into account all the known system charac-
teristics; therefore, the final value of the functional is much lower, and the 
model parameters are within the permitted area. 

The comparison ofthe experimental and calculated values (Fig. 4) 
shows that the model appropriately simulates the operational process and 
that the results can be used for system design and optimization. In addi-
tion, the differences observed during the change of the analyzed value in-
dicate that the model does not fully describe the real physical process in 
the system, but that it can and should be improved in further research. 
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Figure 6 – The course of the process of identifying unknown model parameters 
Рис. 6 – Течение процесса идентификации неизвестных параметров модели 
Слика 6 – Ток поступка идентификације непознатих параметара модела 

Conclusion 

Mathematical modeling, with the application of optimization methods 
for identifying model parameters, enables connecting theoretical and empi-
rical relations, on the one hand, with experimental results, on the other. 
This provides a number of benefits to researchers. 

- It is possible to also gain insight into the process phases in 
accessible by experimental methods. 

- The relationship between input and output values can be 
established at minimum cost - without cumbersome and detailed 
experimental research. 

- It is possible to carry out a systematic analysis of all factors 
influencing the course of hydro-mechanical processes within the 
system and therefore to acquire relevant new knowledge. 

- The mathematical interpretation of the process allows the use of 
optimization methods and effective identification of possible 
solutions leading to the choice of the best one. 

Since the processes within the system are complex, a detailed 
mathematical interpretation leads to the creation of an unnecessarily 
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cumbersome model; therefore, some necessary simplifications that do 
not jeopardize the physicality of the process have proved to be justified in 
practice. This approach provides a model that appropriately simulates a 
real physical process. However, the model cannot be integrated by 
analytical methods and it is necessary to create computer programs 
along with the application of numerical methods. 

Finally, it is possible to realize a theoretical-experimental procedure 
that takes the shortest route to the objective - to find the optimal solution 
and implement it in the development project. 
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2 МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ И ИДЕНТИФИКАЦИЯ 
ПАРАМЕТРОВ МАТЕМАТИЧЕСКОЙ МОДЕЛИ СИСТЕМЫ 
ВПРЫСКА ТОПЛИВА ДИЗЕЛЬНЫХ ДВИГАТЕЛЕЙ 

Милолюб С. Штавлянин 
Лаборатория двигателей и автомобилей ООО „TehnoLabCMV», г.Беoград, 
Республика Сербия 
 
ОБЛАСТЬ: машиностроение 
ВИД СТАТЬИ: оригинальная научная статья 
ЯЗЫК СТАТЬИ: английский 

 
Краткое содержание: 

Целью работы является подчеркивание преимуществ при 
применении математического моделирования в проектировании 
и разработке новых решений или оптимизации существующего 
объекта. Представлены основные принципы моделирования без 
изложения подробной математической модели, из чего следует, 
что модель включает в себя множество неизвестных или 
приблизительно известных параметров, соответственно 
модель прозрачного кибернетического ящика исключается. Для 
того чтобы достичь синтеза моделей и экспериментальных 
результатов необходимо применение методов оптимизации 
для идентификации неизвестных параметров модели. 

В статье представлены экспериментальные результаты 
наряду с результатами моделирования, а также анализ 
результатов процесса идентификации неизвестных 
параметров модели. 

Ключевые слова: дизельный двигатель, система впрыска топлива, 
математическое моделирование, идентификация. 

 
 

МАТЕМАТИЧКО МОДЕЛИРАЊЕ И ИДЕНТИФИКАЦИЈА 
ПАРАМЕТАРА МАТЕМАТИКОГ МОДЕЛА СИСТЕМА 
УБРИЗГАВАЊА ГОРИВА КОД ДИЗЕЛ МОТОРА 
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Сажетак: 

Циљ рада је да се истакну, ако не све, а оно бар најважније 
предности које доноси примена математичког моделирања 
током пројектовања новог решења или усавршавања и 
оптимизације постојећег објекта. Изложени су основни 
принципи израде модела без изношења детаљне математичке 
интерпретације процеса из чега следи да модел садржи већи 
број непознатих или орјентационо познатих параметара и да 
није могуће реализовати модел типа прозирне кибернетичке 
кутије. Да би се остварила синтеза модела и експерименталних 
резултата неопходна је примена оптимизационих метода за 
идентификацију непознатих параметара модела. У раду су 
наведени експериментални резултати упоредо са резултатима 
моделирања и идентификације као и анализа поступка 
идентификације непознатих параметара модела.  

Кључне речи: дизел мотор, систем за убризгавање горива, 
математичко моделирање, идентификација. 
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