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Abstract:

In this paper, we have proven several generalizations of the Banach
contraction principle for multiplicative metric spaces. We have also derived
the Cantor intersection theorem in the setup of multiplicative metric spa-
ces. Non-trivial supporting examples are also given.
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Introduction

The study of fixed points of mappings satisfying certain contractive condi-
tions has many fruitful applications in various branches of mathematics; hen-
ce, it has extensively been investigated by many authors (Rad, et al, nd),
(Radenovi¢, et al, nd), (Mustafa, et al, 2016, pp.110-116), (Radenovi¢, et al,
2016, pp.38-40). The Banach contraction principle has been the most versati-
le and effective tool in the fixed-point theory (Banach, 1922, pp.133-181). Ge-
neralization of the Banach contraction principle has been one of the most in-
vestigated branches of research. Matthews (1994, pp.183-197) introduced the
concept of partial metric space as a part of the study of denotational seman-
tics of dataflow networks, showing that the Banach contraction mapping theo-
rem can be generalized to the partial metric context for applications in pro-
gram verification. Hitzler (2001) generalized the Banach contraction principle
in the context of a dislocated metric space.

ACKNOWLEDGEMENT: The authors are grateful to the editor and anonymous refe-
rees for their careful reviews, valuable comments and remarks to improve this manuscript.
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Zeyada (2005, pp.111-114) improved the work of Hitzler in a disloca-
ted quasi metric space. Shatanawia & Nashine (2012, pp.37-43) studied
the Banach contraction principle for nonlinear contraction ina partial metric
space. Suzuki (2008, pp.1861-1869) characterized metric completeness
by the generalized Banach contraction principle. Boyd and Wong (1969,
pp.458- 464) showed that the constant used in the Banach contraction
principle can be replaced by an upper semi-continuous function. Hadzi¢
and Pap (2001) extended the contraction principle to probabilistic metric.
Jainet al. (2012, pp.252-258) generalized the Banach contraction principle
for cone metric spaces. There have been a number of generalizations of a
metric space. Some examples of such generalizations are given above.
One such generalization is a multiplicative metric space, where Ozavsar
and Cevikel (2012) introduced the notion of multiplicative contraction map-
pings and derived some fixed-point results for such mappings on a com-
plete multiplicative metric space.

Hxiaoju, et al. (2014) established some common fixed points for weak
commutative mappings on a multiplicative metric space.

In the current paper, we establish an extension of the famous Banach
contraction principle in multiplicative metric spaces. The Banach theorem
is extended in two ways:

1. The contraction constant depends on the multiplicative distance

between the points under consideration.

2. The behavior of d(x; T x) is considered instead of the comparison

of d(T x, Ty) and d(x, y).

The derived results carry the fixed-point results of Dugundji and Gra-
nas (1982) in a metric space to a multiplicative metric space. Furthermore,
to complete the proof of the extension of the Banach theorem, we also de-
rived the Cantors intersection theorem in multiplicative metric spaces.

Definition 1.1. (Bashirov et al, 2008) A multiplicative metric on a
nonempty set X is a mapping

d: X xX — R satisfying the following condition:

(1) d(x, y) 21 forall x, ye X;

(2) d(x,y)=1ifandonlyif x =y;

(3) d(x,y) =d(y, x) for all x, y € X;

(4) d(x,z)=<d(x,vy).d(y, z)forall x,y, z€ X.

The pair (X,d) is called a multiplicative metric space.

Example 1.1. Let R! denote the set of n-tuples of positive real numbers.
And letd:R!xR! — R be defined as
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* * * *

n

Rl I N B Y I B
)’1 yz y3 yn
Where X=(x1, X2, ..., Xo) , Y=(V1, Y2 .., Yo)e R and || :R, >R is defi-

ned as
a if a>1
1Ll a<
a
Then, clearly, d’ X, y) is a multiplicative metric (Bashirov et al, 2008).
Example 1.2. Let (X,d) be a metric space, then the mapping d,
defined on X as follows is a multiplicative metric,
d,(x,y) =a%Y) where a>1.

The following definitions are given by Ozavsar and Cevikel (2012).

Definition 1.2. Let (X,d) be a multiplicative metric space. If a €X and
r>1, then a subset
B.(a)=B(a;r) = {x € X :d(a;x) <r}

of X is called a multiplicative open ball centered at a with the radius r.
Analogously, one can define a multiplicative closed ball as

B.(a)=B(a;r) = {x € X :d(a;x) <r}

Definition 1.3. Let A be any subset of a multiplicative metric space
(X,d). A point xeX is called a limit point of A if and only if
(A N B,(x)) —{x}# D forevery e>1 .

Definition 1.4. Let (X,d) and (Y,p) be given multiplicative metric spa-
ces and a €X. A function f:(X,d) (Y, p) is said to be multiplicative conti-
nuous at a, if for given £>1 , there exists a 6 >7 such that

d(x, a) <6 =d(f(x),f(a)) < ¢ orequivalently f(B(a;5 )) < B(f(a); &).
Where B(a;0 ) and B(f(a); €)

are open balls in (X,d) and (Y,p) respectively. The function f is said to be
continuous on X if it is continuous at each point of X.

X

d’(x,y)=

a

Definition 1.5. A sequence {x,} in a multiplicative metric space (X,d)
is said to be multiplicative convergent to a point x €X if for a givene>1

there exists a positive integer 7, such that d(x,,x) <e&for all »=n, or
equivalently, if for every multiplicative open ball B.(x) there exists a positi-
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ve integer n,such that n>n;= x, € B.(x) then the sequence {x,}is

said to bemultiplicative-convergent to a point x & X denoted by xn— x(n —

oo)_

Definition 1.6. A sequence {x,}in a multiplicative metric space (X,d)
is said to be multiplicative Cauchy sequence if for every £>1 there exists a
positive integer ", such that d(x,,x,) <& foralln, mzn, .

Definition 1.7. A multiplicative metric space (X,d) is said to be com-

plete if every multiplicative Cauchy sequence in X converges in X in the
multiplicative sense.

Definition 1.8. Let (X,d) be a multiplicative metric space. A mapping
f: X — Xis called a multiplicative contraction if there exists a real number
a where 0<a<1 such that

d(f (. f (x,)) < dx,, xz)“ for all x,x, €X.
Theorem 1.1. In a multiplicative metric space, every multiplicative
convergent sequence is a multiplicative Cauchy sequence.
Lemma 1.1. A sequence {x,} in a multiplicative metric space (X,d) is
a multiplicative Cauchy sequence ifand only if 4 (x,,x,,) > 1 (n,m — ©)

Theorem 1.2. (Banach Contraction Principle): Let (X,d) be a multipli-
cative metric space and let f: X—X be a multiplicative contraction. If (X,d)
is complete, then f has a unique fixed point.

Main Results

In this section, we are attempting to extend the famous Banach con-
traction principle into multiplicative metric spaces.

Theorem 2.1. Let (M,d) be a complete multiplicative metric space and
let T: M—M. Also assume that for each a>17 there is a y(a)>7 such that if
d(x, Tx)<y(a) then T(Ba(x))c Ba(x).

If d(T"y,7"*1y) > 1 for some y €M, then the sequence {T"y}
converges to a fixed point of T .

Proof. We first show that {7"y} is a multiplicative Cauchy sequence.

Let, for the sake of brevity, define 7"y =Y, . Given a>1, choose a natu-

ral number 7 so that d(yn,yn+l)<y\/; forall n=n,.
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Since d(3,3,41)=d(¥,.Ty,) <y we get T(B,(v,)) B (y,). This
gives y,., =Ty, €B.(3,) and Ty, = Ty,,, € B,_(¥,) by induction forall j > 0.

Then d(yk,yj)ﬁd(yk,yno)-d(yno ,yj)<\/5-\/5=a for all j,anO.

It means {y,} = {T"y} is a multiplicative Cauchy sequence and, due

to the completeness of M, converges to some point z&M . Now we claim
that z=Tz. Suppose by way of contradiction that z= Tz then d(z, Tz)=>1.

Choose z, € By;(2) such that d(zn,zn+l)<y§/ﬁ. Then, by the

i IzeB
hypothesis of the theorem 7' (B% (Zn ) CB% (zn) . Therefore, 12 %(Zn) :

2
But since d(17,2)<d(Tz,z ). d(z ) =d(Tz,z )2 ;{((ZZ’,ZZ)) N % _

2

As B3 >pfor B >1.
Therefore, 1z eBW(Zn) gives a contradiction. Hence, Tz=z. This com-
pletes the proof.

Theorem 2.2. Let (M,d) be a complete multiplicative metric space,
and let T: M—M be a mapping satisfying

d(Tx,Ty) < 6[d(x,y)]. (2.1)

Where §:[1,0) —[1,0) is any non-decreasing (not necessarily conti-
nuous) mapping such that s”(r) » 1 for each fixed > 1.

Then the sequence {T"x } converges to a fixed point of T in M.

Proof. We claim that §(¢) < for each #>1; because if ¢t <5(¢) for so-
me 7>1, then by monotonicity 5(¢) < 5[5 (¢)] , which by induction implies that
t < 8" (t) forall n>0, implying that ¢< 1, which is a contradiction. Now, by
equation (2.1), we have d(T"x,T""'x)<¢8"d(x,Tx). Hence

d(T"x,7"*1x) > 1 foreach xe M.

(04
o(a)
u € B(x,a) , using multiplicative triangular inequality we have

Let o be given, and 7(a)= >1If d(x,Tx)< y(a) for any
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d(Tu,x) < d(Tu,Tx).d(Tx,x) < 5[d (u, x)].y < 5(05).% -a.
o

It means Tu € B(x,a). The rest of the proof is followed by Theorem 2.1.

Theorem 2.3. Let (M,d) be a complete multiplicative metric space and
T: M —M be a map satisfying

d(Tx, Ty) <d(x, )", (2.2)

Where 6 :M xM —[1,0) has the property that for any closed interval

[a, b] < [1, =), sup{S(x,y)|a<d(x,y)<b}=u(a,b)<1, here u(a,b) denotes
a maximum value of &(x,y)for allx,y e[a,b]. Then T has a unique fixed

point veM and T"x— v foreach xe M.
Proof. Using condition (2.2), for any positive integer n andxeM,
we have

n_ on+l
d(Tn+lx,Tn+2x)Sd(Tnx,Tn+1x)§(T X,T )C)

x,Tn+1x)

n
<d (T, 7T <d(Tx, 7"y

That is {d(I"x,T""'x)}* is a decreasing sequence and therefore con-
verges to some 1. We claim that e=1.Suppose on the contrary that e>1.
Obviously, there will be some positive integer 7, such that

d(T"x,T""'x)[&,e+1] for all n>n,. We can choose an integer m > n,
andlet x € u(e,& + 1), we get by inductio

p p
e<d@™ PP a7 LK < (641K forall p>0.

As k<1, so letting p — o0, we have € =<1, which is a contradiction.

Now let @>1, u=u(J@.a) and y=min{/a, 0!1_’”}. Let
d(x,Tx)<y and ze€B(x,a). Using multiplicative triangular inequality, we
have d(Tz,x) <d(Tz,Tx).d(Tx,x) . We distinguish the following two cases:

Case-1: d(X,Z)<\/E , then
d(Tz,x) <d(Tz, TY).d(Tx,0)<d(z,x).d(Tx,x)<Nala=a

Case-2: \/asd(x,z)<a, then

351

Rome, B., et al, Extensions of the banach contraction principle in multiplicative metric spaces, pp. 346-358



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2017., Vol. 65, Issue 2

d(Tzx) < d(Tz, Tx) d(Tx.x)< d(z.x)° @0 d(Te.x)< e ol ~H = a.
In both cases, T(Ba(x))cBa(x). Consequently, the existence of the

fixed point of 7" follows from Theorem 2.1.
For the uniqueness of the fixed point 7, consider Tz =z Zw = Tw

where x,we M. Using (2.2), we have, d(z, wy=d(Tz, Tw)<d(z, w’ ",

Which for 6(z,w)<1, gives a contradiction. Hence z = w.
Definition 2.1. The sequence of non-empty sets {Sn} in a multiplicati-

ve metric space M is said to be a nested sequence of sets, if
DS o8 ,n=12,.
n n+1
2) The diameter o( Sn) of Sn tends to 1 as n — o,
Theorem 2.4. (Cantor's Intersection Theorem)A multiplicative metric

space (M,d) is complete if and only if every nested sequence of closed
sets has a non-empty intersection.

Proof. Suppose the multiplicative metric space M is complete and let
S1 252 ;)S3 ;)...;)Sn D...be a nested sequence of closed sets. Select a
point x in Sn, n=1,2,..We show that {x,} is a Cauchy sequence. Let

e>1 be given. As §(Sn)—>1 for n—1. There will be a positive integer

n such that 5(Sn)= sup d(a,b)<s forn>n,.
a,beS

n

Now X isin § DS for m=n. Therefore, x ,x €S for all
m n m m n I’IO

m,n>ny and d(x X )<&.Hence, {x } is a Cauchy sequence in M: Due
to the completeness of M, x —xeM. Next, we are going to show that
n

o0
xe N Sn. For any integer nZnO,the elements xn,xn

,..arealling .
n
n=1

+1
As X is the limit point of the set of these points of Sn, so X is the limit point

of § as well. Also, as Sn is closed, therefore xeSn forn=>n,. Hence,
n
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o0
xe N S =¢. Conversely, suppose every nested sequence of closed
n
n=1
sets has a non-empty intersection. We shall show that M is complete. Let
{xn} be a Cauchy sequence in M. Then for every £>1 there will be a posi-

tive integer " such that d(xm, xn)<g YV m,n2n,.

1

Take £=2? and let n

1
d(xn,xn )<22% n, >n,.

1

| be a positive integer such that

1

Let S1 =§(xn ,2), take £=2* and let n, be a positive integer such
1
1
that d(xn] , xn2 )<2% n,>n,.

1
_ 1 -
Let S2 =B(xn ,22) . Again take =28 and let ny be a positive inte-
2
1

8
ger such that d( XX, )< 2 ny>n.
2 3
—_ 1
Let S3=B(xn ,24) . Clearly SI’SZ and 53 are closed and
3

S, 25, QS3. Continuing in the same way, choose 7, <n, <n, <..<n, <.

1
k-1

i - R 2
and closed sets S1 ;)S2 253 ;)...QSk D... with Sk _B(xnk,z ). As
5(Sk)—>l when k — oo therefore these sets form a nested sequence of

e8] [00]
closed sets. By our assumption N Sk #¢. Let xe N Sk , then for some
k=1 k=1
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1

k-1
integer kO’ xeSk forall k >k, . Thatis d(x, ,x)<2® . k=>k,. It means
X, X But {xnk } is a subsequence of a Cauchy sequence {xn}, there-

fore, x, = x € M . This completes the proof.

The Banach theorem can also be extended in another way, where the
behavior of d(x,Tx) is considered instead of comparing d(7x,7y) and

d(x,y) . Many of such generalizations relay on the following general prin-

ciple involving minimizing sequences for suitable real valued functions:
Theorem 2.5. Let (M,d) be a complete multiplicative metric space and
w:M —[1,) be an arbitrary (not necessarily continuous) function. As-

sume that inf{y (x)w (»)|d(x,y)= B} =A(B)>1 forall g >1(2.3).

Then each sequence {xn} in M such that l//(xn)—>1converges to
one and the same point zeM.

Proof. Let S, = {x|w(x) St//(xn)}. Any finite family of these nonempty

sets has a nonempty intersection. We shall show that &(s,) >1. As
v (x,) — 1; so, for any given £>1, there will be a positive integer 7, such
/ >
that l//(xn)< Ae) forall n=n.
For any x,ye S, with n>n, we have v (x)¥(y)<a(¢). Condition

(2.3) gives d(x,y)<e&, sO 6(S,)<e. But &>1 is arbitrary, so §(S,)—> 1.
Moreover, as 5(S,)=46(S,) > 1, so, using Cantor’s Intersection Theorem

e 0] —
2.4, we conclude that there is unique ze N Sn . Since x, € Sn for each n,

n=1

therefore X >z Now let {yn} be another sequence with l//(yn)—>l, the-
refore l//(xn).l//(yn)—ﬂ, arguing as before and using relation (2.3), it fol-

lows that d(xn, yn)—>1 and therefore y, 7.

The following theorem is an obvious consequence of the above result.

Theorem 2.6. Let (M,d) be a complete multiplicative metric space and
F,:M —[l,0)be a continuous mapping. Assume the function

w (x) = d(x, F,(x)) satisfying condition (2.3) and inAf;d(x, F(x))=1.Then F,

has a unique fixed point.
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Proof. Notice that the Banach fixed-point theorem in a multiplicative
metric space follows from theorem 2.6. If

d(F,(x),F,(y))<d(x,y)* where a<(0,1). Then condition (2.3) is
valid for v (x) = d (x, F,(x)), because

d(x. ) = dix,y) . dxy) _, L E()d (0 F ().
(x, ¥) 20 AFEO) (x, F(x)d(y,F (»))

Using )lcrelﬁf/} d(x, F,(x))=1, we get that d(Fl"(x), Fl"Hl(x))—ﬂ for each

xeM . This completes the proof.

The following corollary is readily derivable from the Banach Contrac-
tion principle

Corollary 2.1. Let (M,d) be a complete multiplicative metric space
and B:B(xo’ r):{x|d(x, x0)<r} where r>1.

Let 7:B— M be a mapping such that d(7x,7y)<d(x, y))“ for all

x,y € B where 4 € (0,1) _If d(Txy,x,)< P74 then T hasa unique fixed point.

1-1

Proof. Choose ¢ < r such that d(Tx,,x,)<¢ <. Next, we

show that T maps the closed ball C={x|d(x, x,) <&} intoitself. If xe C then

using the contractive condition of T and multiplicative triangular inequality we

have d(Ix, x,)<d(Tx, Ix,).d(TIx,, x,) <d(x, x, )’1.81_/1 <t =g,

As C is closed, so the Banach Contraction Principle completes the proof.
We conclude with the following example which supports Theorem 2.3.
Example 2.1. Let M =[0.01, 1]. Consider the multiplicative metric

11
\

d:MxM — [1,0) defined by d(x,y) = 87?' . Then (M,d) is a complete

multiplicative metric space. The mapping 7 :M — M defined by

3
T(x)=
()5+x

, satisfies the following multiplicative contractive condition

d(Tx,Ty)Sd(x,y)(s(x’y), where 0:MxM —[0,0) defined 5(x,y):%,

has the property that for any closed interval
[a,b] < [1, ), sup{d(x,y)|a<d(x,y)<b}=p(a,b)<l.

Obviously, T has a unique fixed point 0.5413812651 M.

355

Rome, B., et al, Extensions of the banach contraction principle in multiplicative metric spaces, pp. 346-358



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2017., Vol. 65, Issue 2

References

Banach, S., 1922. Sur les opérations dans les ensembles abstraits et leur
application aux équations integrals. Fundamenta Mathematicae, 3(1), pp.133-181.

Bashirov, A.E., Kurpnar, E.M., & Ozyapc, A., 2008. Multiplicative calculus
and its applications. J. Math. Analy. App, 337, pp.36-48. Available at:
http://dx.doi.org/10.1016/j.jmaa.2007.03.081.

Boyd, D.W. & Wong, J.S.W. 1969. On nonlinear contracti-
ons. Proceedings of the American Mathematical Society, 20(2), pp.458-466.
Available at; http://dx.doi.org/10.2307/2035677.

Dugundji, J., & Granas, A., 1982. Fixed Point Theory.Warszawa: Polish
Academic Publishers. 1.

Hadzi¢, O. & Pap, E., 2001. Fixed point theory in PM spaces, Kluwer Aca-
demic Publishers, Dordrecht.

Hitzler, P., 2001. Generalized Metrics and Topology in Logic Programming
Semantics. National University of Ireland - University College Cork. Ph.D. Thesis.

Hxiaoju, H., Songmand, M., & Chen, D., 2014. Common fixed points for
weak commutative mappings on a multiplicative metric space. Fixed Point
Theory and Applications, pp.20-48. Available at: http://dx.doi.org/10.1186/1687-
1812-2014-48.

Jain, Shobha, Jain, Shishir, & Jain, L.B., 2012. On Banach contraction prin-
ciple in a cone metric space. J. Nonlinear Sci. Appl., 5, pp.252-258.

Matthews, S.G., 1994. Partial metric topology, 183-197. In: Proc. 8th Sum-
mer Conference on General Topology and Applications. Ann. New York Acad.
Sci., 728.

Mustafa, Z., Huang, H., Radenovi¢, S., 2016. Some remarks on the paper
“Some fixed point generalizations are not real generalizations”. J. Adv. Math.
Stud. (9), pp.110-116.

Ozavsar, M., & Cevikel, A.C., 2012. Fixed point of multiplicative contraction
mappings on multiplicative metric space. arXiv: 1205. 5131v1 [matn. GN].

Rad, G.S., Radenovi¢, S., Doli¢anin-Deki¢, D., A shorter and simple appro-
ach to study fixed point results via b-simulation functions, to appear in Iranian
Journal of Mathematical Sciences and Informatics.

Radenovi¢,S., Chandok, S., Shatanawi, W., 2016. Some cyclic fixed point
results for contractive mappings. University Though, Publication in Nature Sci-
ences, 6(2), pp.38-40. Available at: http://dx.doi.org/10.5937/univtho6-11813.

Radenovié, S., Dosenovi¢, T., Osturk, V., Doliéanin, C., nd, to appear in
J.Fixed Point Theory Appl.A note on the paper ‘Integral equations with new
admissibility types in b-metric spaces”.

Shatanawia, W., & Nashine, H.K., 2012. A generalization of Banach's con-
traction principle for nonlinear contraction in a partial metric space. J. Nonlinear
Sci. Appl., 5, pp.37-43.

356



Suzuki, T., 2008. A generalized Banach contraction principle that characte-
rizes metric completeness. Proceedings of the American Mathematical
Society, 136(5), pp.1861-1869.

Zeyada, F.M., & et al., 2005. A Generalization of Fixed Point Theorem Due
to Hitzler and Seda in Dislocated Quasi Metric Space. Arabian j. sci. Engg, 31,
pp.111-114.

PACLUMPEHME BAHAXOBbBIX NMPUHLIMNMNOB CXXATUA B
MYITTbTUTTNNKATUBHOM METPUYECKOM MNMPOCTPAHCTBE

badwax-e-Pome, Myxammed CapBap
YHuepcuteT r. ManakaHg, Matematuyeckuin dpakynbTeT, r. Yakgapa, MNaku-
CTaH

OBNACTb: matematuka
BWO CTATbW: opurmHanbHasa HayyYHas ctatbsl
A3bIK CTATbW: aHrnunckmn

Pe3some:

B OaHHOU cmambe Mbl Ooka3sanu HECKO/IbKO 0606weHul
baHaxoebix  MPUHUUNOS cxxamusi 8 MyfbMUnauKamueHoMm
Mempu4YecKom rnpocmpaHcmse. Mbi makxe passunu
npumeHsiemyroKaHmoposymeopemy nodMHoOXecms rnpu obpasosaHuu
MynbMUIUKamueHbIX Mempu4Yeckux npocmpaHcme,nodmeepous ee
HempusuarbHbIMU rpumMepamu.

Knroyesnie criosa: MyrnbmurisilukamueHas Mempuka,
MyﬂmeI'lﬂUKamUSHbILj Oprblmbllj wap, riocrnedosame’sibHOCMb
Kowwu, MyribmuriyiukamueHoe Cxamue.

MPOWNPUBAHE BAHAXOBOI MPUHLUNMNA KOHTPAKLUWJE
HA MYOTUMNINNKATUBHE METPUYKE MNMPOCTOPE

Badshah-e-Rome, Muhammad Sarwar

University of Malakand, Department of Mathematics, Chakdara Dir(L), Paki-
stan

OBNACT: maTemaTuka

BPCTAUJIAHKA: opuvruHanHun Hay4yHu YnaHak

JESUKYJTAHKA: eHrnecku

Caxemak:

Y oBOM pagy je Joka3aHO HEKONUKO reHepanusauunja baHaxosor
NPUHUMNA KOHTpakuuje 3a MYyMTUMIMKaTUBHE METpUYKe MpocTope.
Takohe, pasBujeHa je KaHTOpoBa TeopemMa WHTepceKkuuje npu
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obpasoBary MYNTUMNNUKATUBHUX METPUYKUX MpOCTopa, MNoapXxaHa
HeTpUBUjanH1M NpuMeprMa.

KrbyyHe peuu: mynmunnukamueHa Mempuka, MynmuriukamueHa
omeopeHa Kyana, MynmurauKkamueHu Kowujes HU3,
MynmuriukamueHa KoHmpakuyuja.
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