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Abstract:

The constructions of three classical Greek problems (squaring the circle,
doubling the cube and angle trisection) using only a ruler and a compass
are considered unsolvable. The aim of this article is to explain the original
methods of construction of the above-mentioned problems, which is
something new in geometry. For the construction of squaring the circle
and doubling the cube the Thales' theorem of proportional lengths has
been used, whereas the angle trisection relies on a rotation of the unit
circle in the Cartesian coordinate system and the axioms of angle
measurement. The constructions are not related to the precise drawing
figures in practice, but the intention is to find a theoretical solution, by
using a ruler and a compass, under the assumption that the above-
mentioned instruments are perfectly precise.

Keywords: construction, squaring the circle, doubling the cube, angle
trisection, coordinate system, unit circle, rotation, proportion.

Introduction

Three problems were proposed in the time of the ancient Greeks,
between 600 and 450 BC. Even though the problems of squaring the
circle, doubling the cube and angle trisection date back to Thales’s times, it
is not known who proposed them. Many Greeks from that period until 500
AD attempted to solve the problems using only Euclidean constructions,
but without success. However, they did find a series of solutions using
tools other than a straight edge and a compass which made a significant
contribution to mathematics at the time.

No progress on the unsolved problems was made until 19th century
when abstract algebra was developed and concluded that the three Greek
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problems cannot be solved. The arguments put forward to prove the
unsolvability of squaring the circle, doubling the cube and angle trisection
were the impossibility of constructing the square root of 7, the cube root
of 2 and the angle trisection of 60°, respectively (Courant, Robbins, 1973,
pp.108-113). These individual cases prejudiced mathematicians against
the unsolvability of the three Greek problems.

Squaring the circle is related to constructing a square with the same
area as a given circle. Doubling the cube is the problem of determining the
length of the sides of a cube whose volume is double that of a given cube.
Angle trisecection concerns the construction of an angle equal to one third
of a given arbitrary angle. The above-mentioned problems are allowed to
be constructed using only a straightedge and a compass, i.e. using
elementary Euclidean construction.

Through an original method based on pure geometry, the three
problems have been solved. The work methodology is based on the
problem-solving process, i.e. constructive task-solving, consisting of four
parts: analysis (description of the construction), construction, proof and
discussion.

A reader should use a straightedge (ruler), a compass and a sheet of
paper to follow the procedure for solving the problems.

The construction of squaring the circle

In everyday speech we may hear the expression “squaring the circle”
used as a metaphor for trying to solve something impossible. The origin of
the phrase is not familiar to many of those who resort to its usage in
conversation, but it is widely known among mathematicians that it refers to
a problem proposed by ancient Greeks, related to constructing a square
with the same area as a given circle by using only a compass and a
straightedge (ruler).

When the length X = V2 is constructed, one can notice that the
construction of a side of a square, which meets the requirements of the
problem, is similar to the construction of the length X = /2 .

Description of the length construction X = V2

We will consider a line p to contain an arbitrary length AB (Fig. 1).
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Figure 1 — Division of the length AB in the ratio 1:2
Puc. 1 - [nuHa ompeska AB, 8 omHoweHuu 1:2
Cnuka 1 — lNodjena dyxu AB y odHocy 1:2

The point C divides the given length in the ratio of integers 2:1, i.e.
AC:CB = 2:1, in the following way: We construct an arbitrary ray Aq and by
a compass determine the points M and N so that the length AM=2, and the
length MN=1. Then we construct the length NB. The line s passing through
the point M is parallel to the length NB. We denote the intersection of the
lines s and p by C. Then we construct the line / passing through the point
C parallel to the ray Ag and denote its intersection with the length NB by L.
Let us prove that the length AB is divided by the point C in the ratio 2:1.

In Fig. 1, the triangles ACM and CBL are similar because the
corresponding angles at the vertices A and C, i.e. M and L are as equal as
angles with the parallel arms in the same direction.

The following proportion is true:

AC:AM=CB:CL (1)

by replacing: AM=2and MN=CL =1 in
we obtain: AC:2=CB:1 = AC:CB=2:1,
Q.E.D. (Quod erat demonstrandum).

Further, let us construct a semicircle on the length AB (Fig. 1).

With a compass and a straightedge, we construct the line n
perpendicular to the length AB through the point C and denote its
intersection with the semicircle by the point D. We construct the lengths
ADfnd BD. Let us prove that the length CD equals the real number
X=+2 .
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The right-angled triangles ACD and DCB are similar, because the
angles at the vertices A and D are as equal as angles with the
perpendicular arms. The vertex angle D of the triangle ADB is right-angled
because it is peripheral, whereas the straight angle BOA is 180° as the
central angle, which is two times as great as the peripheral angle.

The following proportion is true:

AC:CD=CD:CB (2)
CD?=AC - CB

if we replace

AC=2and CB=1in(2)

we obtain

CD? =21

CD=+2,

Q.E.D. (Quod erat demonstrandum).

In the 19th and 20th century, many mathematicians were trying to
prove the unsolvability of squaring the circle using an algebraic method
relying on the fact that +/2 cannot be written as a fraction; that is why it is
consider(i?Lan approximate number. However, in geometry, as we have
shown, +/2 is the length, because there are no approximate lengths.
Therefore, the value of /2 corresponds to the real number between 1 and
2, i.e. the relation is the following: 1<+/2 <2. The relation can be proven in
a classical, well-known way described below.

The Cartesian coordinate system is given (Fig. 2). In the first
quadrant, we construct the square OABC whose side OA equals 1.

}fl
C B
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1 A BT .,
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Figure 2 — Value of the length X between real numbers 1 and 2
Puc. 2 — 3nayeHue OnuHbl X mexdy GelicmeumernbHbiMu Yucrnamu 1 u 2
Cnuka 2 — BpujeGHocm Oyxu X usmeRy npupodHux epujedHocmu 1 u 2
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We denote the diagonal OB by X. According to the Pythagorean
Theorem, the equation of the right-angled triangle OAB is the following:

X2=12412 = X?=2 = X=2

If we rotate the length OB around the point O as a centre of rotation
by a negative angle a = - 45°, the point B will be mapped onto the point B1
which is situated between the points A and D on the axis Ox. (Fig. 2) The
length OB1 corresponds to the real number and it is bigger than the length
OA and smaller than the length OD.

“On the basis of Cantor’'s axiom which states that there is a one-to-
one correspondence between real numbers and points on a line, every
point on the real number line corresponds to a real number” (Doli¢anin,
1984, p.62). It can be concluded that the real point B1 is situated between
integers 1 and 2.

Squaring the circle using only a straightedge and
a compass is possible

Description of the construction:

A given circle’ with the central point O and the radius r are
denoted by k(O, r). The length AB is the diameter of an arbitrary
circle k (Fig. 3). As shown by the previous method, when
constructing the length X=+/2, we divide the diameter AB by the
point C in the ratio of integers 11000000 and 3005681, i.e. AC : CB =
11000000 : 3005681, in the following way:

On the arbitrary ray Aq, we determine the point M by
“transferring” 11000000 arbitrary unit lengths. Then we determine the
point N so that the length MN equals 3005681 arbitrary unit lengths.

Then we construct the length NB. Through the point M, we draw
a line s parallel to the length NB. The intersection of the line s and
the length AB is denoted by C. Through the point C we construct the
line | so that it is parallel to the ray Ag and its intersection with the
length NB we denote by the point L (Fig. 3). The length AB is divided
in the above-mentioned ratio by the point C.

! Instead of a circle, in Figure 3 a semicircle is constructed for the sake of clarity.
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Proof:

J%
!
] ‘hﬁ‘, N
L
Figure 3 — Proportion of the lengths AC and CB in the ratio 11000000 : 3005681

Puc. 3 — lNpornopuuoHansHocmb OnuHbl ompeska AC u CB 8 omHoweruu 11000000 : 3005681
Cnuka 3 — lNponopyuoHanHocm Ayxu AC u CB y odHocy 11000000 : 3005681

The triangles AMC and CLB are similar, so we can form the
proportion:

AC:AM=CB:CL (3)

Based on relation (3), we replace:

AM =11 - 10° and
MN = CL = 3005681 = 3.005681 - 10°

It follows that
AC:CB=11-10°: 3.005681 - 10°

After having it shortened with 10°, we get:

AC:CB=11:3.005681 =t (4)

Based on relation (4)

AC:11=t = AC=11tand CB : 3.005681 =t = CB =3.005681¢f, (5)
where t is a non-negative real number, i.e. t>0and t€ R.

Let us construct a line n through the point C to be perpendicular to the
diameter AB, and denote its (one) intersection with the periphery of the
circle by D. Then we draw the lengths AD and BD. AD represents the side
of the square whose area is equal to the area of the given circle. Then we
construct the square ADGH (Fig. 3).

Discussion: The problem of squaring the circle always has two

solutions, because the line n with the circle k(O,r), apart from the point D,
has one more intersection point D1 and thus the lengths AD and AD1 are
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equal. We can construct one more square of the same area as the given
circle. Thus the problem of squaring the circle has been proven solvable.

Proof of squaring the circle by calculation

By calculation, we shall now prove that the area of the given circle
k(O, r) equals the area of the square ADGH (Fig. 3).

Radius r(t) = (11t + 3.005681¢) : 2 (6)
r(t) = 7.0028405 - t
r(f) is a linear function whose graph (the part of line) belongs to the first

quadrant and is defined for every t > 0.2
By using the formula to calculate the area of circle

P="rr,r=7.0028405 ‘t,

we obtain the equation:

P(t) =(7.0028405t°7 =P(t) =49.039775¢ «

=P(t) = 154.062f (7)
=Py=154.06 ¥

P(t) is a square function whose graph (part of the parabola) belongs
to the first quadrant, and is defined for every t > 0.2

Now we shall calculate the area of the square ADGH.

The area of the square ADGH equals AD? (Fig. 3).

If we apply the Pythagorean Theorem on the right-angled triangle
ACD in Fig. 3, we obtain the relation:

AD?*= AC?+ CD? (8)
AC =11t = AC? = 121£ (9)

Based on the similarity of the triangles ACD and DCB in Fig. 3, the
proportion is true:

AC:CD=CD:CB
= AC?=AC - CB (10)
if AC = 11t = AC = 121F
By replacing AC = 11t and CB = 3.005681t in (9), we obtain
CD?= 11t - 3.005681t
CD?=33.062f

2 Drawing the function graph r(t) is left to the reader.
3 Drawing the function graph P(?) is left to the reader.
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If we replace relation (10) and (11) with relation (8), we get
AD?= 121 + 33,062f°
= Po = 154.06f

By comparing relations (7) and (12), one may notice that the area of
the circle is equal to the area of the square, i.e.

Po = Po.

Thus the Greek problem of squaring the circle has been proven
solvable by calculation.

(12)

Constuction of doubling the cube (hexahedron)

The problem of doubling the cube relates to the construction of the
edge of a second cube whose volume is double that of the first, using only
a compass and a straightedge.

Doubling of the cube using only a straightedge and a compass
is possible
Description of the construction to determine the edges of the cube:

On the arbitrary line p, we determine the points A and B so that the
length AB is equal to the edge of the given cube, i.e. AB = a in Fig. 4.

xll
A a 1B IC

/
A3
> M

? 7
4

Figure 4 — Proportion of the lengths AB and AC in the ratio 10000000 : 12599211
Puc. 4 — lNpornopuyuoHarsHocms druHbl ompeska AC u CB e om+oweHuu 10000000 : 12599211
Cnuka 4 — lNponopyuoHanHocm Oyxu AB u AC y odHocy 10000000 : 12599211
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We will construct an arbitrary ray Aq and determine the points M and
N on the ray so that the length AM = 107 arbitrary unit lengths, and the
length AN=12599211 arbitrary unit lengths, i.e.

AM : AN = 10": 12599211,

Let us construct the length BM. Then we construct a line s through the
point N parallel to the length BM. The intersection of the line s and the line
p is denoted by C. We will prove that the length AC is the edge of the
cube, whose volume is double that of the given cube.

Let AC equals x. The triangles ABM and ACN are similar because the
angle at the vertex A is common, and the angles at the vertices B and C
are as equal as angles with parallel arms in the same direction.

Based on the similarity of the triangles, the following proportion is true:

AB: AM =AC : AN (13)

by replacing AB = a and AC = x, AM = 10" and AN = 1.2599211 - 10’

in (13) we obtain:

a:10"=x:1.2599211 - 10", (14)
After having it shortened with 107 in relation (14), we get

a:1=x:1.2599211

it follows that
x =1.1599211 - a. (15)
The cubed equation (15)

x>=(1.2599211- a)°

x*=1.2599211° - a° (16)
x*=2-a°
If a®>=V1and x*= V2 (17)
V2=2- V1

Q.E.D. (Quod erat demonstrandum)

Constructions of doubling the cube in oblique projection using
a straightedge and a compass

Description of the construction:
Let us construct the right-angled trihedral Oxyz. (Fig. 5)
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Figure 5 — Oblique projection of a cube
Puc. 5 — HaknoHHasi npoekyusi Kyba
Cnuka 5 — Koca nipojekyuja kouyke

For the oblique picture to be more transparent (clearer), we will take
theangle a=30°% andg=1:2 (a=30° angle —yOx).

The ratio g = 1 : 2 represents the ratio of the length on the Ox-axis
and O-z-axes, i.e. if an arbitrary length on the Ox-axis equals 1, then the
length on the Oz-axis is twice longer (a is called a reduction angle, g is a
reduction ratio).

On the negative part of the z-axis we determine a point L so that the
length OL is equal to the edge of the cube in its true size (the length
AB = a in Fig. 4). Through the point L we construct the line n1
perpendicular to Ox and we denote their intersection by B (Fig. 5).

The point D is determined on the ray Oy so that the length OD is
equal to the edge of the given cube in Fig. 4 in its true size. The point A
coincides with the vertex of the trihedral. Then, we determine the point C
by constructing a parallelogram ABCD (it is the oblique picture of the lower
base of the given cube).

Through the points B, C and D we construct lines parallel to the
z-axis. On the z-axis and the parallel lines we determine the points
A1B1C1D1 so that AA1 = BB1 = CC1 = DD1 = a. Let us construct other
lengths where ABCDA1B1C1D1 presents an oblique picture of the given
cube.

In a similar way, we construct a cube so that its volume is double that
of the given cube, i.e. whose edge is x (it is the length AC in Fig. 4). On the
negative part of the z-axis in Fig. 5 we determine the point R so that the
length OR equals the edge of the cube x = AC in Fig. 4. Through the point
R we construct the line n2 perpendicular to the axis Ox and denote the
intersection with the Ox-axis by N. The point M coincides with the trihedral
vertex. The point Q is determined on the Oy axis so that MQ = x (in its true
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size). Let us construct a parallelogram MNPQ (it is the oblique picture of
the lower base of the new cube). Through the points N, P, Q in Fig. 5 we
construct lines parallel to the z-axis.

On the z-axis and all the parallel lines we construct the length x in its
true size by a compass and we determine the points M1, N1, P1 and Q1 so
that MM1=NN1=PP1=QQ1=x. (Fig. 4). The parallelogram M1N1P1Q1
represents the oblique picture of the upper base of the new cube, whereas
MNPQM1N1P1Q1 is the oblique picture of the new cube.

In this way, we have constructed the cube MNPQM1N1P1Q1 whose
volume is double that of the given cube ABCDA1B1C1D1.

Discussion: The above method has proven the solvability of doubling
the cube using only a straightedge and a compass. The problem always
has a solution, i.e. every cube can be doubled.

The construction of angle trisection

Angle trisection is related to dividing an arbitrary angle into three equal
parts in a constructive way using only a straightedge and a compass.

Dividing an angle into 3 equal parts does not seem to be a particular
problem. For instance, it is easy to construct one-third of the angles of 45°,
67° 30’, 90°, 135°, 180°, 202° 30’, 270°, 360°, etc. using a straightedge and
a compass. However, the general problem arises when an arbitrary angle
should be divided into three equal parts.

In order to solve this problem, we present some wellknown geometry
properties (axioms, theorems, definitions) which will be used here.

(1) Axiom on the measurement of angles: The degree measure of an
angle equals the sum of degree measures of the angle divided by an
arbitrary ray which passes through its arms.

(2) By convention, the rotation of an angle arm counter-clockwise is
called positive rotation, whereas negative rotation goes clockwise. Positive
rotation is denoted by R(O, a), negative by R(O, -a), where the point O is
the centre of rotation and the oriented angle a is the angle of rotation.

(3) The base angles of an isosceles triangle are always equal.

(4) The exterior angle of a triangle equals the sum of two interior
opposite non-adjacent angles.

(5) Vertically opposite angles are equal.

(6) Corresponding angles are equal in measure if and only if two
parallel lines are cut by a transversal.

(7) Alternate angles are equal in measure if and only if two parallel
lines are cut by a transversal.

(8) A circle is a centrally symmetric figure.

(9) A circle is an axially symmetric figure.
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(10) The central angle (in a circle) is twice the size of the periphery
angle which lies over the same arc of the circle.

(11) Given the circle with the centre at the origin of Cartesian
coordinate system. Each chord constructed to be parallel to the coordinate
axis cuts equal circular arcs on the given circle.

(12) In mathematics, a unit circle is a circle with a radius of one.

(13) An angle bisector is a ray that divides an angle into two equal
angles.

(14) Each length can be divided into any (arbitrary) number of equal
parts.

Angle trisection using a straightedge and a compass is possible

Proof:
Given an acute angle with the vertex at point O and the arms p and g
(Fig. 6).

™\

o P

Figure 6 — Model of the angle pOq
Puc. 6 — Modenb yena pOq
Cnuka 6 — Moden yana pOq

Let us construct the Cartesian coordinate system xOy so that the
positive part of the x-axis corresponds to the arm p of the given angle
(marked as x = p). (Fig. 7)

y

Cc

Xwp

ah

-y

Figure 7 — Unit circle with with the centre at the origin of coordinate system
Puc. 7 — EQuHUYHasi OKpy>XHOCMb C UeHmMpPOM 8 Hadare cucmembl KOopOUHam
Cnuka 7 — JeOuHUYHa KpyxKHUUa ca UeHmpoM y KOOpOUHamMHOM roYemky
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Then we construct the circle k with the centre O and a radius that
equals one (in Figure 7 marked as k(O, 1)).

On the basis of property (12), this will hereinafter be referred to as the
unit circle.

The intersections of the unit circle k(O,1) with the x-axis and the y-axis
are denoted by A and B, and C and D, respectively.

The intersection of the unit circle k(O,1) and the arm q is denoted by
E (Fig. 7).

The problem arises when we want to divide the angle BOE into three
equal parts in a constructive way using only a straightedge and a
compass.

The first step is to divide the angle 8 = 22° 30’ into three equal parts.
On the unit circle, we construct the angle B by a 45-degree bisector (Fig. 8).

y
C
n
Q q
v g A\
A T 1B, §
_xR [04 N}\jl\fgp

D

Y
Figure 8 — Angle trisection B = 22° 30’
Puc. 8 — Tpucekyus yena 8 = 22° 30’
Cniuka 8 — Tpucekuyuja yana 8 = 22° 30’

Description of the construction:

Through the point E (Fig. 8) we draw a perpendicular n to the x-axis
and its intersection with the x-axis is denoted by F. Then, we divide the
length FE into three equal parts and denote the points by G and H (Fig. 9)*

* The division of the length FE has been constructed separately for the sake of clarity in
Figure 8.
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FGHE

3‘ it

Figure 9 — Division of the length FE for angle trisection of B = 22° 30’
Puc. 9 — [inuHa deneHusi ompe3ska FE no mpucekyuu yena 3 = 22° 30’
Cnuka 9 — lNodjena dyxu FE 3a mpucekuyujy yana 3= 22° 30’

From the x-axis, the set of points on the length FE is F-G-H-E
(Ostoji¢, 1980, p.164). Let us construct a line s passing through the point
G parallel to the x-axis and denote its intersections with the unit circle k in
the first quadrant by the point L and in the second quadrant by the point M.
(Fig.8) According to (11), the circular arcs AM and BL are equal on the unit
circle k(O, 1). Given ABOE = 3, and BOL = a, we will prove that

BOL=% <BOE, ie.

o= ? .

Based on (9), the point L is the symmetric point of M with respect to the
y-axis. Let the point M be the symmetric point of N with respect to the origin
of the Coordinate system based on (8) and the point L is the symmetric point
of N with respect to the x-axis based on property (9). Further, if the point L is
the symmetric point of R with respect to the origin, then the point M is the
symmetric point of R with respect to the x-axis (Fig. 8).

Based on the properties of the circle as an axially symmetric and
centrally symmetric figure, it follows that the circular arcs are equal, i.e.
BL = BN = AM = AR. Therefore, on the unit circle, the central angles which
lie over the equal circular arcs are equal. Based on (5), it follows that
<IBON = <“AOM = a and <sBOL = <4AOR = a.

Applying property (10), the central angle NOL is twice the size of the
periphery angle NML which lies over the arc of the circle NL, i.,e. ~ <4NML
= (2a) : 2 = a. Since the triangle OLM is an isosceles triangle (the base is
the chord ML), then according to (3) <<OLM = 4€OML = a.
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Let the symmetric point E with respect to the y-axis be Q (Fig. 8). The
circular arcs AQ and BE are equal in accordance with property (11). It was
pointed out that circular arcs AM and BL are equal. Accordingly, the
chords EQ and LM are parallel (marked as EQ || LM). Based on (7) <MEQ
= 4LME as alternate angles are equal and the line determined by M and E
is called transversal and it follows that <MEQ = <ILME = a.

Let us construct the length LQ. The chords ME and QL intersect at
the point S. OMSL quadrilateral is a rhombus. The diagonal ML of the
rhombus divides the angle OME into two equal parts. It follows that<dOME
= 2a. OME is an isosceles triangle and the angle OEM = 2aq.

The angle NOE is central, and <kNME peripheral over the same arc
NE. Based on (10) it follows that:

0+pB=2-20a = a+pB=4a

= B=3a
=a=2
3
Alternative proof:

The intersection of the arm q and the line s is determined by the point
T. According to (3), the triangle OEM is an isosceles triangle (the chord
ME is the base of the triangle), so thatdOME = 2a and <OEM = LTEM =
2a. The angle LME = 4TME =a (because the points L and T belong to the
line s).

The angle BOE = 4LTE = 3, as they are corresponding angles in
accordance with property (6). Further, based on (4), the external angle of
the triangle TME is equal to the sum of the two internal non-adjacent
angles, i.e.

<LTE = «4TEM + <TME

If we replace the angles with Greek letters (& LTE = 8, ATEM = 2q,
<4TME = a), we obtain

B=2a+aq,
B = 3aq,
a= P

3
Q.E.D

The angle trisection of 22° 30’ is a = 7° 30’, and thus the angle
trisection has been proven.

Angle trisection of 3 < 22° 30’
Proof: Given the acute angle S less than 22° 30’ in Fig.10.
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Description of the construction:

The procedure, denoting (marking) and proof of the angle trisection
less than 22° 30’ are completely the same as the procedure, denoting
(marking) and proof we explained when we constructed the angle
trisection of B = 22° 30’ (shown in Figs. 8 and 9). The construction of
B < 22° 30’ is shown in Figs. 10 and 11.

Ay
c
n
Q g
R ZE AL
Al To——_ a 1B,
% 04 S [[ .=
R jN
J
_yw

Figure 10 — Angle trisection 3 < 22° 30’
Puc. 10 — Tpucekyus yena 3 < 22° 30’
Cnuka 10 —Tpucekyuja yena 3 < 22° 30’

FG HE

1

Figure 11 — Division of the length FE for the angle trisection of B < 22° 30’
Puc. 11 - [nuHa deneHusi ompeska FE no mpucekyuu yana 3 < 22° 30°
Cnuka 11 — lNodjena dyxu FE 3a mpucekyujy yena 3 < 22° 30’

Accordingly, if the acute angle pOq is given and if it belongs to the
first quadrant, then we compare it to the angle of 22° 30’. Every acute
angle may be: less than 22° 30, less than 45°, less than 67° 30’ and less
than 90°.
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We shall explain the angle trisection for all the abovementioned

cases:
a)

b)

d)

The trisection of an angle less than 22° 30’ has been described in
Figs. 10 and 11.

If the acute angle is less than 45°, then two angle trisections are
performed — of 22° 30’ and of less than 22° 30’, because the given
angle was divided into two parts by the ray. The angle of 22° 30’ is
constructed using the angle bisector of 45°. In accordance with
property 1, thirds of the circular arcs (which have been described in
Figs. 8, 9, 10 and 11) are summed up and as a whole they
represent the third of the angle.

If the acute angle is less than 67° 30’, then the angle is divided into
two angles: one angle of 45° and the other of less than 22° 30’ by
the ray. The angle trisection of 45° is performed first. The angle of
15° is obtained by constructing the angle bisector of 30°. The angle
of less than 22°30’ is divided (as described in Figs. 10 and 11). The
third of the circular arc of the angle of 45° and the third of the
circular arc less than 22° 30’ are added up and as a whole
represent the third of the given angle.

If the acute angle is less than 90°, then the angle is divided into one
angle of 67° 30’ and the other angle less than 22° 30’ by the ray.
Trisections of both angles are performed separately. The angle
trisection of 67° 30’ is simple as it is the angle of 22° 30’ and it is
obtained by the angle bisector of 45°. The third of the angle of less
than 22° 30’has been described in Figs. 10 and 11. The sum of
thirds of circular arcs, as a whole, is transferred to the circular arc of
the given angle (three times) and thus the division of the unit circle
into three equal parts has been performed, i.e. the trisection of an
arbitrary acute angle.

Arbitrary angle trisection

1. The acute angle trisection has been described.
2. Given the obtuse angle $'= 90° + B (the arm p coincides with the
positive part of the x-axis, and the arm q belongs to the second quadrant),

Fig. 12. Then,
ﬁ =30° + ﬁ
3 3

633

Rmus, V., Constructions of squaring the circle, doubling the cube and angle trisection, pp.617-640



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2017, Vol. 65, Issue 3

ol

Figure 12 — Arm q of B’ angle belongs to the second quadrant
Puc. 12 — Jlyy q yena B’ npuHadnexum emopomy keadpaHmy
Cnuka 12 — Kpak q yena B’ npunada Opyzom keaOpaHmy

Applying property (2) we perform a rotation of 8’ for the angle (-90°),
or R(O, -90°). Then the arm p = coincides with the negative part of the
y-axis and the arm g belongs to the first quadrant. A rotation of the points
A, B, C and D has also been performed. (Fig. 13)

-

Figure 13 — Potation of 8’ for the angle (-90°)
Puc. 13 — lNosopom yana 3’ Ha (-90°)
Cnuka 13 — Pomauyuja yana 3’ 3a (-90°)




After the rotation of B, the angle 8 becomes acute and its trisection
explained in the abovementioned cases for the acute angle can be applied
(see a, b, ¢, d in 3.2.). The third of circular arc 8 is added to the circular arc
of 30° on the unit circle (Fig.14).

,}!

Figure 14 — Angle trisection of B’ when the arm q belongs to the second quadrant
Puc. 14— Tpucekuyusi yena 3’ 8 criydae, ko20a nyd q yena 8’ npuHadnexum emopoMy keadpaHmy
Cnuka 14 — Tpucekyuja yena 3’ kala kpak q yana 3’ npunada dpyzom keadpaHmy

The angle BOE is divided into three equal parts by the dashed lines a
and b, and it follows <<BON = 4NOQ = 4QOE = "% The angle BOT
equals 30°. (Fig. 14)

The circular arc TN in Fig. 14 equals the circular arc CL in Fig. 13.
The sum of the circular arcs BT and TN is equal to the circular arc BN.

1
It follows that <k<BON = 34 BOE. (The construction has been

performed on the unit circle in Fig. 14).

3. If the angle pOq is less than 270°, i.e. if the arm q belongs to the
third quadrant, then we write down 8" =180° + 8 (Fig. 15). The rotation of
the angle B’ for the angle (-180°) is performed, i.e. R(O,-180°). Then the p
is congruent to the negative part of the x-axis, while the g belongs to the
first quadrant. The angle 8 as the acute angle belongs to the first quadrant.
(Fig. 16) The angle ¢ is straight. (Fig. 15)

Then,
ﬁ =60° + E
3 3

635

Rmus, V., Constructions of squaring the circle, doubling the cube and angle trisection, pp.617-640



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2017, Vol. 65, Issue 3

It follows that the circular arc of 60° is added to the third of circular arc
of the acute angle .

s

Figure 15— Arm q of the 8’ angle belongs to the third quadrant
Puc. 15— Jlyy q yena B’ npuHadnexum mpembemMy kgadpaHmy
Cnuka 15 — Kpak q yena B’ npunada mpehem keadpaHmy

y
D =

gH q
L

X

-X=p

[

Figure 16 — Potation of B’ for the angle (-180°)
Puc. 16 — lNosopom yana 3’ Ha (-180°)
Cnuka 16 — Pomauuja yena 3’ 3a (-180°)
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-X b 0 x=p

D

Figure 17 — Angle trisection of B’ when the arm q belongs to the third quadrant
Puc. 17 — Tpucekyusi yara 3’8 criydae, Koela riyd q yena 3’ npuHaoiexum mpembsemMy KeadpaHmy
Cnuka 17 — Tpucekuyuja yena 3’ kala kpak q yana B’ npunada mpehem keadpaHmy

The angle BOE is divided into three equal parts by the dashed lines a
and b (in Fig. 17). The circular arc TN in Fig. 17 equals the circular arc AL
in Fig.16.

The sum of the circular arc BT and the circular arc TN equals the

circular arc BN (on the unit circle), or <« BON = %4 BOE in Fig. 17 where

the angle BOT equals 60°.

4. Finally, if the angle pOgq is less than 360°, i.e. if the arm g belongs
to the fourth quadrant, 8= 270° + 8 (Fig. 18), then we perform a rotation of
the angle B’ for the angle of -270°, marked as R(O,-270°). The arm p
coincides with the positive part of the y-axis and the arm g belongs to the
first quadrant (in Fig. 19).

.\I
//’ - C__---_"‘“ N
S BT O\
/S NN
-"fr ./I
/ / ~T hY
[/ “ 3 \
! f{ = A
A | [ 9=p70" \ B8
x | \ '\\ ol xmp
\ !
"'.‘ \\ \_1‘ . \'\ /
N\ ‘\ 18 ; /
=\ /
N /
. T \E /
~__ b \=
- 1.' \\I

/ q\

Figure 18 — Arm q of the 8’ angle belongs to the fourth quadrant

Puc. 18 — Jlyuy q yena B’ npuHadnexum 4emeepmomy keadpaHmy
Cnuka 18 — Kpak q yana 3’ npunada 4yemepmom kgadpaHmy
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,)}
Figure 19 — Potation of B’ for the angle (-270°)
Puc. 19 — MNosopom yana B’Ha (-270°)
Cniuka 19 — Pomauuja yana 8’ 3a (-270°)

Since in this case ’% =00° + g the trisection of the acute angle 3
(which is situated in the first quadrant after the rotation of the angle 8’) is
constructed in the same way as that described of the trisection of acute
angles, then the third of the circular arc B8 is added to the circular arc
corresponding to the angle of 90° which belongs to the unit circle (Fig. 20).

Figure 17 — Angle trisection of 3’ when the arm q belongs to the fourth quadrant
Puc. 17— Tpucekyusi yena 3’8 criydae, ko20a sy q yena 3’ rpuHadrexum 4emesepimomy keadpaHmy
Cnuka 17 — Tpucekyuja yena B’ kala kpak q yana 3’ npunada yemepmom keadpaHmy

The angle BOE is divided into three equal parts by the dashed lines a
and b. (Fig. 20) The angle BOC equals 90°. The circular arc CN in Fig. 20
equals the circular arc DL in Fig. 19.

It follows that <t BON = % <4 BOE.
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Discussion: Applying the described method, the angle trisection can
be performed for every angle. The diameter of the unit circle has been
taken arbitrarily and cannot be changed while constructing without
changing the lengths of circle arcs. Depending on the size of the angle,
thirds of a circle arc less than 22° 30’ on the unit circle can be added to a
circle arc of 7° 30’, 15°, 22° 30’, 30°, 60° and 90°.
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KOHCTPYKUNN KBAOPATYPA KPYTA,
YOBOEHWE KYBA N TPUCEKLWA YTTIA

BecenuH M. Pmyw
CpepnHsia npodeccnoHanbHas wkona, r. bepaxe, YepHoropus

OBJIACTb: matemaTuka
BWO CTATbW: opurmHanbHas Hay4Has ctaTbs
A3bIK CTATbW: aHrnuinckmn

Pe3some:

lNocmpoeHue mpex Krmaccu4decKux aHmuyHbIX 3adad (keadpamypa Kpyea,
ydsoeHue Kyba u mpuceKyus yana), ¢ MoMOWbH JIUHEUKU U UUpKyris 00 cux
rop cHumaemcsi HepaspewumbiM. B OaHHOU cmamee rpedcmaesrieHbl
opueauHaribHble MemoObl MOCMPOEHUST  8bILUEYTOMSIHYMbIX 3a0ay,  4mo
npedcmaesrnisiem cobol UHHO8AUUOHHbLILU Modxod 6 eeomempuu. st
riocmpoeHusi keadpamypbl Kpyea U y08oeHUs Kyba Obina ucrosib3oeaHa
meopema @arieca 0 NPOrOPUUOHaIbHbIX OMpe3Kax, a MmMpUCeKyusi yana
OCHOBaHHasi Ha rnoeopome eOUHUYHO20 Kpy2a 8 OeKkapmoeoll cucmeme
KoopOuHam u akcuomax U3MepeHust yana.

LaHHble nocmpoeHust He npemeHAyrom Ha  CO30aHue MOYHbIX Yepmexxkel
Ha rpakmuke, makK Kak a/1aeHasi Hawa Uerib 3aKimo4aemcst 8 Haxoxo0eHuu
mMeopemu4yecKo20 PeweHUs, OCHOBaHHOZ0 Ha NOCMPOeHUU OaHHbIX ghuzyp
C [OMOWpBI0 NUHEUKU U UUPKYns, C Yy4emoM ripedrionoXeHus, 4mo
8bILLEYMTOMSIHYMbIe UHCMPYMEHMbI SIBIISIFOMCS COBEPLUEHHO MOYHBIMU.

Krrowesbie crioga: rnocmpoeHue, Keadpamypa Kpyaa, yo0eoeHue Kyba,
mpucekyusi yera, cucmema KoopOuHam, eOUHUYHBbIU Kpye, epalueHue,
MPOropyUsI.
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KOHCTPYKUWNJE KBAOPATYPE KPYT'A, YOBAJAHA KOLIKE
N TPUCEKUWJE YTTIA

BecenuH M. Pmywi
Cpeamsa cTpyyHa wkona, bepaxe, LipHa Nopa

OBNACT: maTematuka
BPCTA YJTAHKA: opurvMHanHm HayyYHu YnaHak
JE3MK YJTAHKA: eHrnecku

Caxemak:

KoHecmpykuyuje mpu knacudyHa epyka rnpobriema (kealpamypa Kpyea,
yOaeajarbe KOUKe U mpucekuuja yana), y3 ynompeby camo nerupa u
wecmapa, 0o OaHac ce cMampajy HepewusuM. Ljurb ogoe unaHka jecme
Oa ce opuzsuHariHUM Memodama objacHe KOHCMpyKuuje MOMEHYmuX
npobrnema, wmo rpedcmasrba HOBUHY y 2eoMempuju. 3a KOHCMPYKUUjy
kealOpamype Kpyaa u yosajar-e Kouyke kopuwheHa je Tanecosa meopema
O [rporiopyuoHanHUM OQyxuma, a 3a mpuceKkyujy yena pomauuja
JeOuHUYHe Kpy»KHUUe y rpasoyaromM KOOpOUHamHOM cucmemy U akcuome
0 Mjepery yena. KoHcmykuuje ce He OOHOCe Ha MPeyusHO Upmare
¢pueypa y npakcu, seh je Hamjepa da ce yrompebom rerupa u wecmapa
Hahe meopujcko pjewerse nod rnpemrocmaskoM 0Oa Cy MOMeHymu
UHCMPYMEeHMU CagpUWEHO NPeyuUsHuU.

Krby4He pujeyu: kKoHcmpykyuja, keadpamypa Kpyeaa, yoeajar-e KOUKe,
mpucekyuja yana, KOOpOUHamMHU cucmemM, jeOUHUYHa KpyXHuua,
pomauuja, nporopyuja.
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