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Summary:

The paper presents mathematical modeling and computer simulation
(MM&CS) in the area of numerical solving of the basic problem of external
ballistics for tubed atrtillery. Five-stage MM&CS scheme for conducting a
ballistic simulation is developed. It is shown that a formal mathematical
procedure allowing to solve the basic problem of external ballistics is a
numerical solution of the Cauchy problem for a system of ballistic
differential equations. The trajectory of a projectile flight for the 57-mm
ZIS-2 anti-tank cannon is estimated. A solving algorithm and the Mathcad
program code are given.The numerical solution for a system of four first
order ballistic differential equations is a five-dimensional space.The
possibility of visual presentation for a numerical solution was proposed in
the form of a square matrix. The boundaries of each subspace are
determined. A procedure based on spline functions is developed for
checking the correctness of the numerical solution. As a result of such
verification, the effects of a light increase in the error at the edges of the
integration interval are observed. A comparison of the numerical solution
of the basic ballistics problem is conducted by means of “soft“ and “stiff*
solver-functions.The trajectory parameters estimated by “soft“ and “stiff
methods are the same up to the fifth decimal place.

Key words: external ballistics, projectile trajectory, mathematical
modeling, computer simulation, Cauchy task, numerical solution,
Mathcad.

Introduction

As a physical phenomenon, a tubed artillery shot belongs to the
class of fast processes. One of the ways of studying them is based on
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the method of mathematical modeling and computer simulation which
replaces the real physical process by its formalized mathematical
description. A problem is thus dealt with a significant amount of
calculation, but it can be partially solved by using computer technology
and automating calculations due to a program environment. As such, the
Mathcad software was selected.

In view of the insignificant number of printed publications related to
the technology of conducting external ballistic calculations in Mathcad’,
as well as their non-systemic nature, the author wanted to contribute to
filling this gap. To this goal, basic program modules have been
developed for making it possible to carry out the MM&CS process for an
external-ballistic trajectories assessment and to realize the calculations
of flight path parameters.

In this part, the paper is a continuation of (Khaikov, 2018), where a
method for estimating a projectile initial velocity as a two-point boundary
value problem was proposed.

The aim of this paper is to solve the following subtasks:

- the development of a program module for the Cauchy problem
solution due to various numerical methods for “soft* systems of ordinary
differential equations (ODESs);

- the proposal of a method for the correctness verification of the
obtained numerical solution;

- the application of numerical methods for the solution of the
classical basic problem of external ballistics as probably “stiff* ODEs.

All the subtasks must be determined in the Mathcad software.

MMA&CS in the area of external ballistics

MM&CS (mathematical modeling and computational experiment?) in
the ballistics of tubed weapons is regarded here as a research
methodology and technology, based on applied mathematics,
mechanics, programming and computer technologies for:

- a deeper understanding of a shot as a physical phenomenon;

- developing new and improving existing designs of small firearms
and artillery tubed weapons;

- developing new and improving existing ammunition;

- developing measuring instruments for experimental ballistics goals.

' Publications from Eastern Europe were checked. The wide capabilities of the Mathcad
software are used in many engineering activities. A preliminary study carried out by the
author showed that there is no manual for a Mathcad application in analyzing internal and
external ballistics of tubed weapons.

2 Here the term “computational experiment” is used as a synonym for “computer simulation”.
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With regard to ballistics problems, the process of MM&CS can be
conditionally divided into five stages (Figure 1). Their names and

essence are listed in Table 1.

results

Analysis of

Calculation

Mathematical
model

Initial
data
21

1

Algorithm of
calculation

Programm
code

3

Figure 1 — A generalized presentation of the MM&CS process
Puc. 1 — O60obuieHHoe npedcmaesneHue npouecca MammodesnuposaHusi
Cnuka 1 — YonwmeHa npedcmasa nipoueca MM&KS

Table 1 — Name of the stage and the essence of the performed actions
Tabnuua 1 — Xapakmepucmuka amarnog MmamemMamu4ecko20 MoOesiuposaHusi
Tabena 1 — Hasusu ¢hasa u kpamku onucu npedy3emux akmusHocmu

Ne Name of the stage The essence of the performed actions

1 2 3

1 Development of a The construction of a mathematical model as a formal
mathematical ballistic | mathematical description of a physical phenomenon
model or object.

2 Development of a Selection of numerical methods for the calculation and
calculation algorithm development of a computational algorithm.

3 Choice of the Implementation of the developed algorithm in the

programming
environment and the
development of a
program code

selected software for engineering calculation.

An important element in the development of program
code is a definition of the existence area for the initial
database (DB) and the development of management
tools.
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Ne Name of the stage The essence of the performed actions
1 2 3
4 Calculation Carrying out the calculations and the postprocessing
performance of the resulting computing data.
5 Analysis of the results | Analysis of the calculation results, comparison (if
possible) with the data of physical experiments or with
conclusions of other computational simulations.

In the fifth stage, researchers can go back to the previous stages
and make the necessary changes (for example, they can change the
program-code or refine the initial data). The ways to perform feedback
are shown by a dashed line in Figure 1.

Further on, the paper will describe a sequence of stages for
assessing unguided projectile external-ballistic trajectories.

Ballistic trajectories and their elements as a result of
numerical integrating of a system of ODEs throughthe
Mathcad solver-functions

The following will be demonstrated: 1) how to calculate a trajectory
and evaluate its parameters on the basis of a numerical solution, 2) how
to verify the correctness of the obtained numerical solution, and 3) how to
solve the basic ballistics (sometimes the word “main® is used) problem of
external ballistics by various numerical methods.

The realization of all five stages of the MM&CS process will be
shown below by solving problem (1).

Numerical calculation of an external-ballistic flight path
and its parameters

MM&CS Stage 1. Mathematical model of a projectile external-ballistic
flight path.

The longitudinal motion of an artillery projectile in the Earth's
atmosphere can be described by the system of ODEs with an
independent argument time (f) (Burlov et al, 2006, p.249). This type of
mathematical expressions belongs to the type of the Point-Mass
Trajectory Model:
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% = vcos(6)

@ _ vsin()

dt

40 (1)
7 _ _&cos(9)

dt v

(7 +g-5in(6))

dt

here® x — the abscissa of the trajectory (m); y — the ordinate of the
trajectory (m); 6 — the angle of a velocity vector relative to the base of the
trajectory (degrees or radians); v — the instantaneous projectile velocity
(m/s); t — the time of flight (s); g — the acceleration of gravity (m/s);
J — the acceleration of the air resistance force (m/s?).

In order to assess an external-ballistic trajectory, we will perform an
example for the flight of the 57-mm Armor Piercing Tracer Solid Projectile
53-BR-271SP (weight 3.14 kg) of the anti-tank gun, ZIS-2 1943 model*.
The ZIS-2 gun is a so-called direct fire weapon and provides shooting
with a flat trajectory.

MM&CS Stage 2. Projectile flight path calculation algorithm.

A calculation algorithm is a simple chain of performing computational
operations. It is presented in Figure 2. The chain consists of eight
elements. In boxes 1, 2, and 6, the values of the constants are
determined. Boxes 3 and 4 define individual functions, and box 7 sets a
functional matrix-column. The value of a ballistic coefficient is calculated
in box 5.

The numerical solution of the Cauchy problem is done in box 8. The
difference between box 8 and boxes 1-7 is that box 8 is called the built-in
Mathcad solver-function. Data from boxes 1-8 is necessary for the solver-
function for its correct functioning. In the block diagram, Figure 2, it is

% A more complete description of a system of ODEs and its elements is given in (Khaikov,
2018).

4 Despite the almost identical initial data, the difference between (Khaikov, 2018) and this
paper is in the following: the direct external-ballistical task is solved here, and the inverse
task fullfiled in the previous work. The direct task (basic ballistic problem) requires the
solution of the Cauchy task, and the inverse task deals with the solution of the boundary
value problem.
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implied that after box 8 the results (errors) are output in a tabular or
graphical form.

START

Determination of the boundaries Determination of the number of
of the integration interval | —¥ points in the integration interval
theg tend N
L4 2
h 4
-
Determination of the air drag law |,/ Determination of the law of
F(v) resistance H{y)
L3 L— 4 +
-
Calculations of the value of N The determination of the initial
the ballistic coefficient conditions for a system of ODEs
L5 6 +
2
The definition of the right-hand N The solution of the Cauchy
sides of the system of ODEs problem
—7 —38
END

Figure 2 — An algorithm for calculating a projectile flight path
Puc. 2 — Aneopumm pac4yema mpaeKkmopuu riosiema cHapsioa
Cnuka 2 — Anzopumam 3a udpadyHasarbe rnymarbe fiema rnpojekmurna

MM&CS Stage 3. Program-code for a numerical solution.

In accordance with Figure 1, a process for program-code preparing
is divided into two parts: the preparation of a database and the
development of computational Mathcad procedures. The structure of the
initial DB is given in Table 2.
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Table 2 — Characteristics of the initial database
Tabnuua 2 — Xapakmepucmuka UCX00HbIX OaHHbIX
Tabena 2 — Kapakmepucmuke nodyemHe 6ase nodamaka

|. Departure point conditions

1 X coordinate of the departure point (X, m) 0
2 Y coordinate of the departure point (Y, m) 0
3 Angle of departure (B, angle minute) 10
4 Projectile initial velocity (Vo, m/s) 990
I Integration interval
5 Time interval (¢, s) theg.. tend
5.1 | Beginning of the time-interval (fyeg, S) 0
5.2 | End of the time-interval (fenq, S) 1.1
6 Number of points (dimensionless) 1000
7 Integration step (At, milliseconds) 1.1
Ill. Functions, variables (constants) of the right parts
of a system of ODEs
8 Air drag law (see (Khaikov, 2018)) quadratic
9 The law of density variation with altitude (H(y)) Eberling5
10 Coefficient that depends on a shape of a projectile, i 0.483
(dimensionless)
11 Caliber of a projectile (main diameter) (d, m) 0.057
12 Projectile weight (g,kg) 3.14
13 Air density at the departure point (0w, kg/m®) 1.206
14 Acceleration of gravity at the departure point 9.81
(9, m/sz)

When using system (1), 12 constants (variables) and 2 functions are

necessary for a numerical solution of the Cauchy problem.

The Mathcad-code program is commented below. Using formula 1
and Table 1, one starts programming the elements of the Cauchy

problem.

Let us determine the caliber for an artillery projectile (57 mm = 0.057 m),
the weight (3.14 kg) and the value of the i coefficient (according to the

quadratic drag law):

d:=0.057 q:=3.14 i:=4.83

S By Eberling law, H(y) is determined as: H(y)=100%%46)
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An angle of departure (in radians) is calculated as a set of angular
degrees, minutes and seconds according to the formula:

Gradus:=0 Min:=10 Sec:=0
: 3
0, = | Gradus + M . 5¢¢ ) _5909.10° )
180 60 3600

At a point of departure, the value of the acceleration coefficient of
gravity is determined as 9.18 m/s? Further on, it is necessary to
determine the time interval of integration, its boundaries and the total
number of points:

tbeg::O tena-=1.1 Npoints: =1000 (4)

As a law of air resistance, we will use the quadratic dependence of
the type:

Fsiap (v): Bsivz’ (5)

where B; = 0.00002694. This simplification is made in order to avoid the
complicated mathematical formulas that describe the law of air
resistance.

The value of the ballistic coefficient is estimated from formula (3)
(Germershausen, 1982, p.159). It is equal to 0.5 m?/kg. The acceleration
of the air resistance force J will be characterized by form®

J =05 (107°%0)). (00000269417 ) (6)

The initial conditions (for (1)) are determined as a matrix-column vy,
which will contain their known numerical values:

Yo = x(O)

_| 7 =20
Yy, = 600)
V3= V(O)

® Here it should be noted that the formula for calculating the ballistic coefficient and the
method of its introduction into the J-equation for different countries (their national
standards) may be not the same. In order to avoid ambiguous understanding, it must be
agreed in advance.
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In view of the fact that the initial velocity of the 57 mm armor-piercing
solid tracer projectile 53-BR-271SP is 990 m/s (Burlov et al, 2006,
p.425), the matrix-column y will look like:

0
0
2.909-107 |
990

The matrix-column D is the right-hand part of the system of ODEs
(1). It includes variables with the following notation: the abscissa of the
trajectory x—yy; the ordinate of the trajectory y—y;; the angle of the
inclination of the tangent 8 —y,, and the instantaneous projectile velocity

V—=ys3.

Y= (7)

¥s-c0s(y,)
V3 'Sin(yz)

D(t1 y) = -£. COS(yZ) . (8)

Y3
46
)Y (2694 .
_|0.5.[ 10 00000 |L[__209% a1 gy
( [ J(lOOOOOOOy 3) gsin(y Z)J

Calling the solver-function rkfixed for numerical solution, (1) is
performed by the command:

Resultl:= kaixed(y, Theg Lends Mpoint D)

For solving differential equations, the solver-function rkfixed
implement the fourth order Runge-Kutta methods with a fixed step.

The variable Resultl is the matrix containing the results of the
numerical solution of the system of ODEs (1). In this case, the matrix has
a size of 5 by 1001 elements and contains 5005 numbers. Five rows of
the Resultl matrix are the independent argument time (f) and the
elements of the matrix y (or D). The first column (argument time) counts
1001 numbers. This number includes the initial conditions plus the
numbers of the points in the integration interval.
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A special feature of the basic problem of external ballistics is that the
system of differential equations (1) contains the quantity J, which does
not have an exact analytic expression. The fact is that J is a empirical
function which can be described as

J =CH(y)F(v), ©)
where C — a ballistic coefficient estimated by the Siacci mathematical
expression (Germershausen, 1982, p.159), m%/kg;

H(y) — a function characterizing the dependence of air density vs
altitude;

F(v) — a function characterizing the dependence of the air resistance
vs the instantaneous projectile velocity.

The functions H(y) and F(v) can be described by means of:
- an approximate analytical function;
- a piecewise function;

- a spline function.

For example, the 1943 air drag law’ can be described by a
piecewise function (Konovalov, 1979, p.84):

0.157 0.1<M <0.73

0.033M +0.133 0.73< M <0.82

3.9M°-6.419M +2.8025831 0.82< M <0.91

¢ ()= 1.5M —1.176 0.91< M <1.00
—~1.6M?% +3.7632M —1.828716 1.00< M <1.18 |

0.384sin(1.85M *) 1.18 < M <1.62

0.29M ™ +0.172 1.62 < M < 3.06

—0.011M +0.301 3.06 <M <3.53

which will lead to the complication of the program-code. The drag
coefficient C,;is a function of the Mach number (M).

" It means the law of air resistance that was developed in the USSR during World War II. It
has a short name: the 1943 law.
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By using the drag functions C,(M) the quantity J will be calculated as
J =4.732-10*CH(y)aiM*C (M), (10)
where q, - the speed of sound constant (about 340 m/s).

MM&CS Stage 4. Calculation.

An example of the numerical solution of ODEs (1) as a Resuilt1
matrix is shown in Figure 4. Note that the Mathcad software
independently enumerates the columns and rows. The vertical column
and the horizontal row with numbers and gray background should not be
confused with numerical data.

The first row contains the initial conditions for (1). The leftmost
column is the independent argument (in this case, the time of flight). The
values of the first column are limited by the boundaries of the integration
interval.

] 1 2 3 4
] 0 0 ] 2.909-10-3 990
1 1.1-10-3 1.089 3.162-10-3 2.808-10-3 959.855
2 2.2-10-3 2.178 6.311-10°3 2.887-10°3 039.709
Resultl =
3 3.3-10°3 3.266 0,448-10-3 2.876-10°3 959.564
4 4.4-10-3 4,355 0.013 2.865-10-3 089.418
5 5.5°10°3 5.443 0.016 2.854-10°3 989.272

Figure 3 — An example of data for a numerical solution of ODEs (1)
Puc. 3 — lNpumep mampuusl YucrneHHozo peweHus cucmembl O4Y (1)
Cnuka 3 — lNpumep nodamaka 3a Hymepuyko pewere OJ

The time step of the Table is constant and it is determined as (in
milliseconds)

tend - tbegin _ 1 1 - 0
n +1 1001

points

In order to use the found values independently from the matrix
Result] will create 6 variables; their purpose are explained in Table 3. If
necessary, the variables can be combined into a new matrix.

=1.09ms.

Step =

T: = Result]™” X: = Resultl™” Y: = Result]®
Ora: = Result]” Ogr: = 1807 Ora V: = Result]™
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Usually, the output of tabular data is accompanied by graphs. Their
coordinates type and scale must be convenient for further analyses.

Table 3 — Characteristics of variables of a numerical solution
of the system of ODEs (1)
Tabnuua 3 — Xapakmepucmuka rnepeMeHHbIX YucneHHo20 peweHue cucmembl OY (1)
Tabena 3 — Kapakmepucmuke npoMeH/bU8UX Hymepuydkoe pewera cucmema OLJ(1)

Ne/Ne Designation Specification

1 T A time of flight (¢, s)

2 X A horizontal range (X, m)

3 Y A height of a trajectory (Y, m)

4 Ora An angle of the velocity vector relative to the base of a
trajectory in radians

5 O, An angle of the velocity vector relative to the base of a
trajectory in degrees

6 |14 An instantaneous projectile velocity (m/s)

MM&CS Stage 5. Analysis of results.

It is known that the analysis of any two quantities can be expressed
analytically, in a tabular form and graphically. The numerical solution of
the system of ODEs (1) enables ananalysis of tabular and graphic data.
The graphs of functions performed in the Cartesian coordinates for the
system of ODEs (1) are shown in Figure 4.

Figure 4 shows the complete set of dependencies for the five
quantities which characterize the system of ODEs (1). This image is
constructed in the form of a square matrix. The quantities indicated in the
upper horizontal line (X, Y,0c, V, T) of Figure 4 are plotted respectively
on the ordinate axis of each graph. The quantities showed in the left
vertical column of this figure are plotted respectively on the abscissa
axis. The total number of dependencies is 25. Five graphs along the
matrix diagonal are functions of the magnitude itself. Thus, there are 20
dependencies. From this number, 10 are direct dependencies and 10 are
reverse ones. The functions Y-X, V-X, and V-T are the most widespread
ones in practice.

Sometimes for the value of Y as a height of the trajectory and as an
argument of function, there are 2 points (ordinates) on the graphs (for
one Y-value). Such ambiguity characterizes the ascending and
descending parts of the trajectory.
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A starting point in the form of a square is added to each graph. This
is done to explain the dynamics of the projectile flight and it displays the
initial state from the point of view of the physical process.
The domain of the numerical solution for the system of ODEs (1) is
the five-dimensional space (5D) of X, Y, Og,, V and T quantities. The
boundaries of each of the quantities are shown in Table 4.
If the quantities X, Y, 65, and V' are the parametric equations from
the argument 7, then, in the three-dimensional space, they can be
expressed by two types of 3D-graphs: X, Y, 05, X, Y and V. A parametric
equation and the three-dimensional coordinate space give an opportunity
to create a better graphic image.

F ® B ¥ B BG" - v Fl
1x10? 1107 1x10° . 1x10° T 1x16°
3001 8001 s00F 4 soof 4 soor B
s00f s00f so0f 4 soof 4 oor E
X X
100¢ 1000 1000 4 amp 4 awr E
200- 2000 2000 4 200f 4 200 B
0 . . L . L - 0 .
g Y% “o: —o2 5 " )
0 100 300 06 —04 —02 02 o 200 R 03 15
1 1 1 — 1 .
0 oF oF - o - ol -
¥ - B = 4 -1 4 - -y
-2 B - 4 - 4 - E
_ L L _ _ L 3 . _ L
0 100 500 23 Z06 —04 —02 [ 000 T 03 15
02 T T 02 02, — 02 F 0 T
of or oF 4 o 4 o E
gy 02 -0z —o02- 4 —o2r 4 -oaf T g
—o4- —o4- —04- 4 —0ar 4 o4t -
- 0.6 L L -06 ~0.6 L L -0.6 : -0 !
& b5 o2 = . 7 5 5
0 400 500 06 —04 -0 02 ang 90 1x10° 02 13
1107 1x10° 1=10° T T —g 1x10° T 1107
9501 930~ 950 4 esor 4 s E
Vo soor 200 200 4 eoor 4 so0r 4V
8501 850~ 850~ 4 ssor 4 s E
801 L L 300 300 L L 300 L 80 . -
0 100 500 -3 ~06 —04 —02 02 " gpg o00 g 0 03 15
13 T T L5 T L5 — L5 15 T
it i i 41 4 e
T T
053 05k 0sk 4 ost 4 ost e
0 L L 0 L 0 L 0 . - L
A 9% —oa -0z . . 5 s
0 400 500 e 06 —04 -02 02 gy 900 b 0 02 13
X ¥ v

far

Figure 4 — Complete set of 2D dependencies between the values of the system of ODEs

Cnuka 4 — Komnnem 2D 3asucHocmu uamehy epedHocmu cucmema OL4J (1)

(1)

Puc. 4 — lNonHoe mHoxecmeo 2D 3agucumocmeti Mex0y
genuyuHamu cucmembi OLY (1)
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Table 4 — Characterization of the boundaries of the
quantities (X, Y, Bg,, V, T)
Tabnuya 4 — Xapakmepucmuka epaHuy, eenuduH (X, Y, 8g,V, T)
Tabena 4 — Kapakmepusauyuja epaHuya eenuyuHa X, Y, Bg, V, T

Ne Physical quantities Min Max
The horizontal range (X, m) 0 1000
2 The height of the trajectory (Y, m) 0 1.1
P | e ot veoct seaor e e | o
4 The instantaneous projectile velocity (m/s) 820 990
5 The time of flight (¢, s) 0 1.1

Verification of the correctness for external-ballistics
trajectory parameters obtained as result of a numerical
solution

In view of the fact that the existing solver-functions are nothing more
than "black boxes", and the information about their implementation
algorithm is characterized by incompleteness, it may be necessary to
verify the correctness of the obtained solution by the substitution method.

At the first level of this process, we create a matrixline of discrete
time values:

tio = thag s thea + —tend ~ theg t
in -~ “beg’ ‘beg 1001 ~*end

At the second level, we perform the spline interpolation of the four
obtained quantities (X, Y, 05, V) that are the result of the numerical
solution of the system of ODEs, and express them as a spline function
with the argument ¢;,,. Thus, we define the four new functions: X, (%),

Yin(tin); Qin(tin) and Vin(tin)-

Xin(tin) := interp (Ispline (T,X),T,X,tin)
Yin(tin (Ispline (T. V). T. Y. ;)
ein(tin interp (Ispline (T.0),T,0,t,

Vin( (

ti) := interp (Ispline (T,V),T,V,tin)

= interp

In

S— S —
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In this case, a linear spline function is used, but M allows the use of
quadratic and cubic spline functions.
For the first differential equation (1), namely

d’fT(;) = v(t)cos(6/(t))

express the left part and right one in the form of the spline functions. For
the left-hand side, we perform numerical differentiation and obtain the
function Lx(t,)

Lx(tin) = m(xin(tin))
The right-hand side of Rx(%;,) is obtained by multiplying

RX(tin) = Vin(tin)‘COS (ein(tin)) .

One visualizes the results (both the right and the left part) in the form
of a graph in the Cartesian coordinates

o600 T T

L.X“.i.n.:' 830r .

Rt |
Rxltinl goof .

- L
750 | | Bii §

0 0.3 1 1.3
Figure 5 — Comparison of the right and left part of the first differential equation of (1)
Puc. 5 — CpasHeHue ripaeol u negoli Yacmeli nepe8o2o ypasHeHUs
cucmembi OY (1)
Cnuka 5 — lNopefere nesoe u decHoz Oena npse dughepeHyujanHe jedHaquHe (1)

The graph of the right and left part of the first differential equation of
system (1) is presented as a decreasing function of time. Figure 5 shows
its form for the integration interval 0-1.1 s. In order to find a magnitude of
the relative error of their difference, one will look for (in percent):

100 | Ly(tin) = R(tin)|
Deltay(tjp) :=
I-X(tin)
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To improve the image, the value of Deltax(t;) is summed with the
constant a = 1-107°.

The graph in Figure 6 shows that at the ends of the integration
interval there are "edge" effects and the error of numerical solving
increases.

12107 % .
1107} s

a+DEltaX|. [1-_“.:- 110~ 17 4

11071

1107 12 ' '

Figure 6 — Visual presentation of the relative error of the right and left parts of the first
differential equation expressed in percent
(integration interval 0-1.1 s.)

Puc. 6 — BusyansHoe uzobpaxeHue omHocumesibHoUl noepewHocmu ripaeol u neesou
yacmeli Nep8o2o ypasHEHUs, 8bipaxxeHHOU 8 npoyeHmax (UHmepasas UHmeapuposaHusi
0-1.1c.)

Cnuka 6 — BusyernHu npuka3 penamusHe egpelwke 0ecHoe u fiegoz dena npee
ougbepeHyujariHe jeOHa4YUHe UspaxkeHe y npoueHmuma
(uHmeepayuoHu uHmepean 0 — 1,1s)

In a similar way, the left and right parts for the second, third and
fourth differential equations of system (1) are compared (Figure 7).

There is a coincidence of the function graphs. The right-hand sides
of the second and third equations of the system of ODEs (1) are
monotonically decreasing time functions. Their shape is close to linear
dependence. In contrast, the right-hand side of the fourth equation is an
increasing function. By the adopted initial conditions, their domain is
negative.

A visual presentation of the errors of the right-hand and left-hand
sides of equations 2-4 of the system of ODEs (1) is shown in Figure 7.

A visual presentation of the relative error of the right and left parts
for the second, third and fourth differential equation expressed in percent
(integration interval 0-1.1 s.) is shown in Figure 8.
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Figure 7 — A proof of the numerical solution for the second, third and fourth differential
equation
Puc. 7 — lNposepka YucrneHHO20 peweHuUs 8Mmopozo, mpemse2o U 4emeepmozo
OucbgbepeHyuarnbHbIX ypagHeHuUl
Cnuka 7 — [Jokas Hymepu4koz pewera Opyee, mehe u yemepme ughepeHyujanHe

JjeOHa4yuHe
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Figure 8 — A visual representation of the relative error of the right and left parts of
differential equations
Puc. 8 — BusyanbHoe npedcmasneHue omHocumersibHoU rnozpewHocmu rnpasou u neeou
yacmeli OughgpepeHyuasibHbIX ypagHeHUl
Cniuka 8 — BusyernHu npuka3s penamusHe 2pewike decHoz u riegoe oena
ducbepeHyujanHux jeOHa4yuHa

The conclusion for paragraph 2.2 is that the verification of the
numerical solution can be carried out using spline functions with the help
of which the approximation of the numerical solution is performed and the
right parts of the systems of differential equations are calculated. The left-
hand parts of the system of ODEs are calculated by numerical
differentiation. At the final stage, we compared the right and left parts of
the chosen interval of integration. For system (1), the error in the numerical
solution does not exceed 1-107%.
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Numerical solving of the basic external-ballistics problem
by numerical methods for “soft“ and “stiff* systems of ODEs

From a practical point of view, it is interesting to consider the
following problems:

I. Comparison of the calculation results obtained through various
numerical methods.

II. Determination of the “stiff properties of the system of ODEs
characterizing the external ballistician problems.

Regarding the first problem: doing research for comparing the
usefulness of various numerical methods by solving a system of ballistic
differential equations will possibly allow an increase in a number of
methods that can be conducted for numerical solving procedures. During
the research, the level of errors, computational costs and the average
solution time will be established.

The Mathcad solver-functions for solving the ODEs for “soft“ and
“stiff systems are collected in Table 5. There are 7 solver-functions.

Table 5 — Functions-solvers of ODEs for “soft“ and “stiff* systems
Tabnuua 5 — @yHkyuu-pewamenu OLY Onsa «Msiakux» U «KeCMKUX» cucmem
Tabena 5 — ®yHkyuje 3a pewasar-e OLJ 3a ,mexke” u ,kpyme” cucmeme

Functions-solvers of “soft” systems of Functions-solvers of “stiff* systems of
ODEs ODEs

Adams

rkfixed Radau

Rkadapt Stiffr

Bulstoer Stiffb

The commands for calling a solver-function and the required
variables are shown below:

Result1:= Adams(y, tveg, tend, Mpoint, D, 10°°)
Result2:= rkfixed(y, tveg, tend, Npoint, D)
Result3:= Rkadapt(y, tseg, tond Mpoints D)
Result4:= Bulstoer(y, tyeg, tend, Npoint, D)

The computational experiments conducted by the author showed
that the calculations of system (1) performed by “soft* ODEs such as
rkfixed, Rkadapt and Bulstoer give identical results up to the 5th digit
after the decimal point (there were no experiments with the solver-
function Adams).
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Regarding the second problem: a parallel solution of the same
ballistic problem by several numerical methods will make it possible to
detect the appearance of probable “stiff properties of the system of
ODEs.

System (1) was solved with numerical methods for solving “stiff*
ODEs: for instance, the Stiffb solver-function which implements the
Bulirsch-Stoer method and the Stiffr solver-function — the Rosenbrock
method.

To evaluate a trajectory using “stiff* methods, it is necessary to know
the matrix J; that has a size n*(n+1): n rows and n+1/ columns. The first
column J; contains the partial derivatives dF/dt, while the remaining
columns and rows represent the Jacobi matrix dF/dy.

The structure of the matrix J; applied to (1) has the following form

[OF, OF, oF, OF, OF,
ot Oy 0 oy 1 oy 2 oy 3
oF, OF, OF, OF, OF,
_| 0t 0Oy, Oy, 0Oy, Oy,
JtY)= ok oF. oF oF oF
ot 0y, Oy 0Oy, Oy
oF, OF, oF, OF, OoF,
ot 6)’0 oy 1 oy 2 6)’3

For D(ty) (8), the matrix Ji(t,y) of size 4*5 (4 rows and 5 columns)
has the kind

0 0 0 —y,sin(y,)  cos(y,)
0 0 0 —ygcos(y,)  sin(y,)

sin COS
J.(t,y)=10 0 0 £ (y2 g—z(yz) (11)
Y3 Y,
0.0000538C
000 gcos(y,) Wmahh

The element of the matrix a has the form

OF, 1.237-107In(10)Cy2 (12)
= oy = 10000046y, :
1

299

Khaikov, V., Mathemathical modeling and computer simulation of a basic problem of tube artillery extemal ballistics by means of the Mathcad software, pp.281-303



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2018, Vol. 66, Issue 2

The result of testing solutions (1) by the methods of solving a “stiff*
system of ODEs Stiffb, Stiffr gives a similar result as “soft methods. For
such solutions, there are 5 digits after the decimal point.

Conclusion

In this article, it is proposed to consider that a numerical solution of
the basic problem of external ballistics can be considered as a five-stage
process of MM&CS.

It is shown that a formal mathematical procedure allowing to solve
the basic problem of external ballistics is a numerical solution of the
Cauchy problem for a system of ballistic differential equations.

The flight trajectory of a projectile for the 57-mm ZIS-2 anti-tank
cannon is estimated and visualized. A solving algorithm and the Matcad
program-code are given.

The numerical solution for a system of four first order ballistic
differential equations is a five-dimensional space. The possibility of a 2D
visual representation for a numerical solution was proposed in a form of a
square matrix. The boundaries of each subspace are determined.

A procedure based on spline functions is developed for checking the
correctness of the numerical solution. For verification purposes, spline
functions of three kinds can be used: a linear spline, a quadratic spline
and a cubic spline. As a result of such verification, the effects of a light
increase in the error at the edges of the integration interval are observed.

A comparison of the numerical solution of the basic ballistics
problem is conducted by means of “soft” and “stiff* solver-functions. The
article considers a possibility of solving a ballistic problem using five
types of the Mathcad solver-functions. The trajectory parameters
estimated by “soft® and “stiff* methods are the same up to the fifth
decimal place.
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MATEMATWYECKOE MOAENMPOBAHWE W BbIYUCITUTENBHbLIN
OKCMEPWMEHT NMPW OLIEHKE BHELUHEN BAJITIMCTUKA
CTBOJTbHOW APTUNNEPU CPEACTBAMU MPOrPAMMBI
MATHCAD

Badum J1. Xaiikos
He3aBMCUMbIN nccnenosarenb, r. KpacHogap, Poccuiickas Pegepaums

OBNACTb: BbluMcnUTENBHAA GannMcTUKa
BWO CTATbW: opurmHanbHasa Hay4YHas ctaTbs
A3bIK CTATbW: aHrnuickui

Pe3swome:

B cmambse nipedcmasrieHbl NPUMEHEHHLIU Memod Mamemamu4ecKoeo
MOOenUpPO8aHUsT U KOMITbIOMEPHbIU KCEpUMEHM Mpu peweHuU 3adad
OUeHKU 6HewHel 6amucmuku cmeoribHbIX cucmeM. Paspabomara
obwasi cxema rnpoeedeHuss  bannucmMu4eckoeao  MoOesIupO8aHUs,
cocmosiwas u3 namu  yposHel. ®opmarnbHOU Mamemamuyeckol
npouedypodi, noseosnsirouieli pewums OCHOBHyH0 3adadyy 6HewHeu
bannucmuku  siensgemcs  peweHue  3adaqyu  Kowu — cucmembi
OugbpepeHyuanbHbIx ypasHeHud. [ns 57-mm opydusi 3UC-2 oueHeHa
mpaekmopusi ronnéma eé cHapsda. PaspabomaH aneopumm pewieHus
3adayu u npoepammHbIli Mathcad ko0.

YucneHHoe  peweHue  cucmembl  Yembipex  bannnucmuyYeckux
OughghbepeHyuarnbHbIX ypasHeHUl nepeozo rnopsidka npedcmasnsem
coboli nsmumepHoe npocmpaHcmeo. [lokazaHa  803MOXHOCTIb
8u3yasibHO20 rnpedcmasrieHus1 peweHusi 8 sude KkeadpamHoU Mampuubl
u onpederneHbl epaHuUubl nodnpocmpaHcms. Pa3spabomaH MexaHU3M
MPOBEPKU  YUCIIEHHO20 peweHust cucmembl  OugbghepeHyuanbHbIX
ypasHeHuUli C ucCrnosib3oe8aHUeM crinaiH yHkuul. B pesynbmame
rpoB8ePKU  OBHapyXXeHbl 3hPEKMbI  HE3HAYUMEbLHO20  Y8eslUYEeHUs
roepewHocmMu Ha Kpasix UHmepeana uHmeepuposaHus. [lposedeHo
CpasHeHUe pewieHuss OCHOBHOU 3adadyu 6GannucmuKku rpu  MoMouwu
«MSI2KUX» U «KecmKux» ¢byHKyul-pewamened. [lo pesynbmamam
OUEHOK  «MSI2KUMU» U  «KecmKumMu»  Memodamu  rapamempbl
mpaekmopuu o0uHakosb! 00 rsMo2o 3Haka rocse 3ansimodu.

Kniroueebie crioga: 6HewHsis bannucmuka, eHewHebannucmuyeckas
mpaekmopusi, Mamemamuyeckoe MoOesiuposaHue, 8bI4UCIUMESIbHbIL
akcriepumeHm, 3adada Kowu, 4YucrieHHoe peuweHue, rnpospamMma
Mathcad.
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NMPUMEHA NPOIrPAMA MATHCAD Y MATEMATNYKOM
MOOENOBAHY N PAYHYHAPCKOJ CUMMYNALININ OCHOBHOI
MPOBIEMA CINOJIbHE BAJIMCTUKE LLEBHE APTUILEPUJE

Baduwm J1. Xajkos
He3aBWCHU UcTpaxunaad, KpacHogap, Pycka ®egepauuja

OBNACT: 6anuctuka, payyHapcke Hayke
BPCTA YJTAHKA: opurvMHanHm HayyYHu YnaHak
JESNK YJTAHKA: eHrnecku

Caxemak:

Y pady cy npedcmas/beHU Mamemamuyko Modesiogame U
Komrjymepcka cumynayuja (MM&KS) y obnacmu Hymepuykoe
pewasama OCHOBHO2 ripobrema criosbHe banucmuke UesHe
apmurbepuje. PassujeHa je wema MM&KS y nem ¢pasa 3a useoher-e
banucmuyke cumynauyuje. lNokasaHo je Oa chopmasiHU MamemMamuyku
rnocmynak Koju omoeyhaea peuwere OCHO8HO2 MpobsieMa CrosbHe
banucmuke npedcmas/ba HyMepudyko pewasare Kowujegoz
npobrnema 3a cucmem banucmudkux OugbepeHyujanHux jeOHaqyuHa.
UcnumaHa je nymara nema rnpojekmusia MpomusmeHKO8cKo2 morna
3U1C-2 kanubpa 57mm. [lpedcmasrbeHu cy anzopumam U KoO
npoepama Mathcad koju cy kopuwheHu 3a pewasare. Hymepuyko
pewere cucmema Koju ce cacmoju 00 u4emupu b6anucmuyke
OugpepeHyujanHe jeOHa4yuHe rnpeoe peda jecme MPOOUMEH3UOHAsHU
npocmop. [lpednoxeHa je moayhHocm Qa ce HYyMepu4qyKo peuler-e
npedcmasu su3yesnHo y obnuky keadpamHe mampuuye. O0peheHe cy u
epaHuue cgakoe nomnpocmopa. Pa3eujeH je nocmyrnak 3acHO8aH Ha
»Spline” @yHkyujama padu nposepe ucCrpasHOCMU HyMepu4yKoe
pewera. lpunukom dame npoeepe, rpumeheHu cy eghekmu nakoe
nosehara epewke Ha KpajegumMa UHMe2payUoOHO2 UHMepsana.
Hymepuyko pewer-e ocHogHoz banucmuykoe rnpobrema yriopefjeHo je
nomohy .mekux” u Kpymux” yHKUuja 3a pewasar-e. [lapamempu
fymarba ucnumanu ,Mekum” u ,kpymum” memodama ucmu cy 0o neme
deuyumarie.

KmmyyHe pequ: crnorbHa banucmuka, rymara  fpojekmurna,
Mamemamuyko Modenupare, KoMmrjymepcka cumynayuja, Kowujee
3adamak, HYMEepUYKO peuiere.
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