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Introduction  
With the advent of S. Banach paper (Banach, 1922), the 

development of the theory of fixed point is moved upwards. A huge 
number of scientists, for more than 90 years, have managed to 
generalize Banach contraction principle (Abbas & Jungck, 2008, pp.416-
420), (Altun et al, 2010, pp.2238-2242), (Boyd & Wong, 1969, pp.458-
464),  (Đorić, 2009,  1896-1990),   (Geraghty, 1973, pp.604-608),   
(Amini-Harandi  &  Emami,  2010, pp.2238-2242),  (Hussain et al,  2013),    
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2 (Harjani & Sadarangani, 2009, 3403-3410), (Jachymski, 2011, pp.768-
774), (Jungck, 1976, pp.261-263), (Karapinar & Salimi, 2012),  (Khan et 
al, 1984, pp.1-9), (Liu et al, 2015), (Rhoades, 1977, pp.257-290), 
(Rhoades, 2001, pp.2683-2693), (Radenović & Kadelburg, 2010, 
pp.1776-1783), (Radenović et al, 2012, pp.625-645), (Salimi et al, 2013), 
(Samet et al, 2012, pp.2154-2165). In 2014 A. H. Ansari (Ansari, 2014a, 
pp.373-376), (Ansari, 2014b, pp.377-380) introduced the concept of C -
class functions which cover a large class of contractive conditions, see 
also  (Ansari, 2014a, pp.373-376), (Ansari, 2014b, pp.377-380), (Ansari 
et al, 2017, pp.2657-2673), (Ansari & Chandok, 2016, pp.65-71). 

 
Definition 1 (Ansari et al, 2017, pp.2657-2673) A C -class  function 

is a continuous function     RF  ,0,0:  such that for any 

),[0,, yx  the following conditions hold: 
( 1C ) xyxF ),( ; 

( 2C ) xyxF =),(  implies that either 0=x  or 0=y .  

An extra condition on F  that   00,0 F  could be imposed in some 

cases if required. By C  we will denote the class of all C - functions. 
 

Example 1  (Ansari et al, 2017, pp.2657-2673) The following 
functions belong to the class C : 

  
    1.  .=),( yxyxF   

    2.  ,=),( mxyxF  for some (0,1).m  

    3.  
ry

x
yxF

)(1
=),(


 for some ).(0,r  

    4.  
y

ay
yxF

x




1

)(log
=),( , for some 1.>a  

    5.  llxyxF
ry   ))(1/(1)(=),( , 1,>l  for )(0,r . 

    6.  .=),(
yk

y
xyxF


  

    7.  ),(=),( xxyxF   where )[0,)[0,:   is a continuous 

function such that 0=)(t  if and only if  0.=t  

    8.  .)(1ln=),( n nxyxF    

We start this section with the following definitions and notions: 
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Definition 2 (Ansari, 2014b, pp.377-380) A mapping 

RF  2)[0,:  has a property ,FC  if there exists an 0FC  such that 

( 1FC )   FCyxF >,  implies ;> yx  

( 2FC )   ,, FCyyF   for all ).[0,y   

For more examples of C class functions that have the property FC  
see (Ansari, 2014b, pp.377-380) Here we announce the following three 
examples 

a)   );[0,,=,=,  rrCyxyxF F  

b)    
0;=,

1

2
=, FC

y

yy
xyxF




  

c)   2.,
1

=1,,
1

=, 





r
k

r
Ck

ky

x
yxF F  

Let   denote the class of all functions ),[0,)[0,:     

denote the class of all functions )[0,)[0,:   and F  elements of C  
satisfying the following conditions: 

 
(i)   is non-decreasing and continuous; 

(ii)   is non-decreasing and continuous; 

(iii)   0>)(),()( ssFt    for all 0>t  and ts    or 0.=s   
 
The condition (iii) generalizes (2.3) from (Karapinar & Salimi, 2012, 

p.9). 
 
Definition 3  (Ansari et al, 2017, pp.2657-2673) A subclass of type 

I  is a function RRH  )[0,:  if it is continuous and 

1s  implies    tsHtH ,1,   for all ).[0,t  
 

Example 2 (Ansari et al, 2017, pp.2657-2673) We have the 
following functions of the subclass of the type :I   

 

      ,=, slttsH   1,>l  

      ,=, tlstsH   1,>l  

    ,=, nsttsH  ,Nn  
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2     ,=, sttsH  

    ,=, ttsH  

    ,
2

1
=, t

s
tsH


 

    ,
3

12
=, t

s
tsH


 

    ,
1

=, 0= t
n

s
tsH

in
n

i






















 

    ,
1

=, 0=

t

in
n

i l
n

s
tsH























 1.>l  

 
Definition 4 (Ansari et al, 2017, pp.2657-2673) We say that the pair 

 HF ,  is an upclass of the type I  if RF  )[0,)[0,:  is 

continuous, H  is a function of the subclass of the type I  and satisfies: 
(1) 10  x  implies    yFyxF 1,,   

(2)    21 ,1, yxFyH   implies ,21 xyy   

for all ).[0,,,, 21 yyyx   
 

Example 3 (Ansari et al, 2017, pp.2657-2673) Below are listed the 
functions of the upclass of the type ,I  for all ,Rs  ),[0,, yt  

 :0,1x   
 

      ,=, slttsH     ,=,1,> lxyyxFl   

      ,=, slttsH       ,1=,1,> xylyxFl   

      ,=,,=, nnn yxyxFsttsH  

      .=,,=, xyyxFsttsH  
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Definition 5 (Ansari et al, 2017, pp.2657-2673) We say that the pair 
 HF ,  is a special upclass of the type I  if RF  )[0,)[0,:  is 

continuous, H  is a function of the subclass of the type I  and satisfies:  
 
(1) 10  x  implies    yFyxF 1,,   

(2)    yFtH 1,1,   implies ,yt   

for all ).[0,, ty  
 

Example 4 (Ansari et al, 2017, pp.2657-2673) The following 
functions are a special upclass of the type ,I  for all :)[0,,,,  yxtRs   

 

        ,,,1,, lyxyxFllttsH kmsk
n

  

          ,1,,1,,
kmk

yxtn lyxFllstsH   

      ,,,, kpkn yxyxFtstsH   

      .,,, xyyxFsttsH   

 
Remark 1 (Ansari et al, 2017, pp.2657-2673) Every pair  HF ,  of 

the upclass of the type I  also belongs to the class of a special upclass 
of the type I , but converse is not true.  

Assertions similar to the following lemma were used (and proved) in 
the course of proofs of several fixed point results in various papers 
(Radenović et al, 2012, pp.625-645). 

 
Lemma 1 (Radenović et al, 2012, pp.625-645) Let  dX ,  be a 

metric space and let  nx  be a sequence in X  such that  

  0.=,lim 1


nn
n

xxd
 

 If  nx  is not a Cauchy sequence, then there exist 0>  and two 

sequences  km  and  kn  of positive integers such that kmn kk >>  and 

the following sequences tend to   when :k  

       .,,,,,, 111,1  knkmknkmknkmknkm xxdxxdxxdxxd
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2 Definition 6  (Abbas & Jungck, 2008, pp.416-420) Let f  and g  be 

self maps of a set .X  If gxfx ==  for some ,Xx  then x  is called a 

coincidence point of f  and ,g  and   is called a point of coincidence of 

f  and .g  The pair gf ,  of self maps is weakly compatible if they 
commute at their coincidence points.  

 
Proposition 1 (Abbas & Jungck, 2008, pp.416-420) Let f  and g  

be weakly compatible self maps of a set .X  If f  and g  have a unique 

point of coincidence ,== gxfx  then   is the unique common fixed 

point of f  and .g   

Main results 
Previously described functions attracted the attention of authors and 

now there are various generalizations of the results from the fixed point 
theory, not only in a metric space, but also in the partial metric spaces, 
metric like-spaces, G-metric spaces,...(Ansari, 2014a, pp.373-376),  
(Ansari, 2014b, pp.377-380), (Ansari et al, 2017, pp.2657-2673), (Isik et 
al, 2015, pp.703-708), (Ansari & Chandok, 2016, pp.65-71). In this paper, 
we will present some of these results. Also, we shall prove some new 
results, which generalize already known ones, by using the C class 
functions introduced recently by A.H. Ansari (Ansari, 2014a, pp.373-376), 
(Ansari, 2014b, pp.377-380). In this review paper, we will use only C-
class functions. 

Our first (probably new) result is the following: 
 

Theorem 1  Let  dX ,  be a complete metric space. Suppose that 

the mappings XXgf :,  satisfy the following condition   

         gygxdgygxdFfyfxd ,,,,    (1) 

for all Xyx ,  where   ,  and .CF  If the range of g  

contains the range of f  and  Xf  or  Xg  is a closed subset of ,X  

then f  and g  have a unique point of coincidence in .X  Moreover, if f  

and g  are weakly compatible, then f  and g  have a unique common 
fixed point.  
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Remark 2 Putting in (1):        0,1,1=,=  ktkttt   and 

  tstsF =,  for all )[0,, ts  we get a well-known Jungck’s result from 
(Jungck, 1976, pp.261-263). Hence, Theorem 1 is a genuine 
generalization of the old and important Jungck’s result in several 
directions (see all assumptions in (Jungck, 1976, pp.261-263).  

Further, putting in (1):       sstsFtt  =,,=  for all )[0,, ts  

where [0,1))[0,:   such that  0nt  whether   Xn Igt =,1  

(identity mapping on X ), we get a well-known Geraghty type result 
(Geraghty, 1973, pp.604-608). Hence, Theorem 1 is a new generalization 
of this old and important result in the fixed point theory in the framework 
of complete metric spaces. 

Proof. Let us prove that the point of coincidence of f  and g  is 

unique in the case that it exists. Suppose that   and   are two distinct 
points of coincidence of f  and .g  From this follows that there exist two 

points u  and u  such that .====   gufugufu   Now, (1) 

implies  

      fufudd ,=,
 

        gugudgugudF ,,,
 

         ,,,,,=  dddF   

that is  

         .,=,,,  dddF  (2) 

From (2) according to the property of the function F  follows that 
either    0=, d  or    0.=, d  In both cases, we get a 
contradiction. 

Further, let 0x  be an arbitrary point in .X  Let us choose a point 

Xx 1  such that .== 100 gxfxy  This can be done, since the range of g  

contains the range of f . Continuing this process, having chosen nx  in 

,X  we obtain 1nx  in X  such that .== 1nnn gxfxy  Now consider the 

following two possible cases: 

1 0  1= kk yy  for some .Nk  Hence, 11 =  kk fxgx  is a (unique) 

point of coincidence and then the proof of Theorem 1 is finished. 
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2 

2 0  Thus, suppose that 1 nn yy  for all  .0Nn  In this case, we 

have  

     2121 ,=,  nnnn fxfxdyyd   
      2121 ,,,  nnnn gxgxdgxgxdF   

      11 ,,,=  nnnn yydyydF   
  ., 1 nn yyd  

 Since   we get that    ,,, 121   nnnn yydyyd  i.e., 

  0.,, 1  ryyd nn  We prove now that 0.=r  Indeed, if 0,>r  then 

passing to the limit in the previous relation when ,n  we obtain that  

        ,, rrrFr    
that is       .=, rrrF   This implies that either   0=r  or   0.=r  

In both cases we get a contradiction. Hence,   0.=,lim 1 nnn yyd  

We next prove that  ny  is a Cauchy sequence in a complete metric 

space  .,dX  If that is not case, then by using Lemma 1 we get that 

there exist 0>  and two sequences  km  and  kn  of positive integers 

and sequences  

       ,,,, 1111  knkmknkmknkmknkm yydyydyydyyd
 

all tend to   when .k  By applying condition (1) to the elements 

kmxx =  and 1= knxy  and since 1== nnn gxfxy  for each 0,n  we get 

that 

         ., 111 knkmknkmknkm yydyydFyyd   
 

(3) 

Letting k  in (3), we obtain  

      ,,  F  
which is a contradiction because 0.>  This shows that 
     1== nnn gxfxy  is a Cauchy sequence in a complete metric space 

 .,dX  

Since  Xg  is closed in a complete metric space  dX , , then it is a 

complete metric space. Therefore, there exists Xvu ,  such that guv =  
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and .==lim vgugxnn   We shall show that also .== guvfu  Indeed, 

putting uyxx n =,=  in (1) we get 

         .,,,, gugxdgugxdFfufxd nnn    (4) 

Letting n  in (4) and applying the properties of all three 
functions ,F  and ,  we get  

               0,=0=,,,,,  gugudgugudgugudFfugud   
i.e., gufu =  is a (unique) point of coincidence of the functions f  and .g   

By the Proposition 1 f  and g  have the unique common fixed point. 

In the case when  Xf  is a closed subset in  ,,dX  the proof is 
similar.  

Putting       XIg
st

ts
tsFttt =,

1
=,,==

2


  the identity mapping of 

X  in Theorem 1, we get the following result: 
 
Corollary 1  Let  dX ,  be a complete metric space. Suppose 

mappings XXf :  satisfies  

   
 yxd

yxd
fyfxd

,1

,
,

2

3




 
(5) 

for all Xyx , . Then f  has a unique fixed point in X . 

Putting        ,=,,== stsFttt   where )[0,)[0,:   is 

upper semicontinuous from the right, satisfying   tt <  for 0>t  as well 

as   XIg =0,=0  the identity mapping of X  in Theorem 1 we get the 
following well-known Boyd and Wong result (Boyd & Wong, 1969, 
pp.458-464). 

 
Corollary 2  Let  dX ,  be a complete metric space. Suppose that a 

mapping XXf :  satisfies the following condition 

    yxdfyfxd ,,   (6) 

for all ., Xyx   Then f  has a unique fixed point, say Xu  and 

uxf n   as n  for each .Xx   
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2 Putting        ,=,,== sstsFttt    where )[0,)[0,:   is a 

continuous function such that 0=)(t  if and only if 0,=t  XIg =  the 

identity mapping of X  in Theorem 1 we get the following well-known 
B.E. Rhoades result (Rhoades, 2001, pp.2683-2693). 

 
Corollary 3  Let  dX ,  be a complete metric space. Suppose that 

the mappings XXf :  satisfies the following condition 

      yxdyxdfyfxd ,,,   (7) 

for all ., Xyx   Then f  has a unique fixed point, say Xu  and 

uxf n   as n  for each .Xx   
In the sequel of this section we shall consider two results which 

provide the existence of a coincidence point and a common fixed point 
for three mappings satisfying the generalized   ,,F contractive 
condition. These results are addressed in the following theorems. 

 
Theorem 2  Let  dX ,  be a metric space, and let XXSgf :,,  

be three mappings such that for all Xyx ,  

         ,,,,, 1 yxmyxmFgyfxd    (8) 

for some   ,  and F C, where   

            






  fxSydgySxdgySydfxSxdSySxdyxm ,,

2

1
,,,,,,max=,

 
 and   

        .,,,,,max=,1 SygydSxfxdSySxdyxm  
 If SXgXfX   and )(XS  is a complete subspace of  dX , , 

then gf ,  and S  have a unique point of coincidence. Moreover, if  Sf ,  

and  Sg,  are weakly compatible, then gf ,  and S  have a unique 
common fixed point.  

The proof of the following theorem is similar to that of Theorem 1. 
 
Theorem 3  Let  dX ,  be a complete metric space, and let 

XXSgf :,,  be three mappings such that for all Xyx ,  
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         ,,,,, 1 yxmyxmFgyfxd    (9) 

for some   ,  and F C, where   

             






  fxSydgySxdgySydfxSxdSySxdyxm ,,

2

1
,,,

2

1
,,max=,

and   

        .,,,,,max=,1 SygydSxfxdSySxdyxm  
 If SXgXfX   and )(XS  is a complete subspace of  dX , , 

then gf ,  and S  have a unique point of coincidence. Moreover, if  Sf ,  

and  Sg,  are weakly compatible, then gf ,  and S  have a unique 
common fixed point.  

The following results represent one other version of Altun Theorem 
(Altun et al, 2010, pp.310-316) in the terms of   ,,F contractive 
mappings. 

 
Theorem 4  Let  dX ,  be a complete metric space, and let 

XXgf :,  be two mappings such that for some   ,  and 

CF  and for all Xyx ,  there exists   

            






  fxydgyxdgyydfxxdyxdyxu ,,

2

1
,,,,,,,

 
 such that  

         ,,,,, yxuyxuFgyfxd    (10) 

then f  and g  have a unique fixed point.  

Let ( X ,≼) be a partially ordered set. A pair  gf ,  of self-maps of 

X  is said to be weakly increasing if fx ≼ gfx and gx ≼ fgx for all .Xx  
There are examples (see Altun et al, 2010, pp.310-316) when neither of 
such mappings gf ,  is nondecreasing w.r.t	 ≼ In particular the pair 

 ,, Xif  Xi(  is the identity mapping on X ) is weakly increasing if and 

only if  x ≼ fx for each .Xx  
 
Theorem 5  Let (X,	≼) be a partially ordered set and let there exist a 

metric d  on X  such that  dX ,  is a complete metric space. Let  gf ,  
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2 be a weakly increasing pair of self-maps on .X  Suppose that there exists 
  ,  and CF  such that for every two comparable elements 

,, Xyx   
         ,,,,, yxMyxMFgyfxd    (11) 

where   

             .,,
2

1
,,,,,,max=,







  fxydgyxdgyydfxxdyxdyxM

 
 Then in each of the following two cases the mappings f  and g  

have at least one common fixed point:  
 
(i) f  or g  is continuous, or 

(ii) if a nondecreasing sequence  nx  converges to ,Xx  then xn≼x 

for all .n  

Proof. Using that the pair of functions  gf ,  is weakly increasing, 

we can construct inductively, starting with an arbitrary ,0 Xx   a 

sequence  nx  such that xn ≼	 .1nx  Namely, denote: 

x1 = fx0 ≼ gfx0 = gx1, 

x2 = gx1 ≼ fgx1 = fx2, 

x3 = fx2 ≼ gfx2 = gx3, 
.... 

and in general, nn fxx 212    and 1222   nn gxx . 

Suppose first that 1 kk xx  for some .k  Then, the sequence  nx  is 

constant for .kn   Indeed, let .2= mk  Then 122  mm xx  and we obtain 

from (11) that  

     
      ,,,,

,=,

122122

1222212








mmmm

mmmm

xxMxxMF

gxfxdxxd




 (12) 

where  

 122 , mm xxM       ,,,,,,max= 121222122  mmmmmm gxxdfxxdxxd  

    mmmm fxxdgxxd 212122 ,,
2

1
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1-
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0

    






  0,

2

1
,,0,0,max= 2222212 mmmm xxdxxd  

    






  0,

2

1
,,max= 2222212 mmmm xxdxxd  

 .,= 2212  mm xxd  
Now further from (12) we get that  

            ,,,,,, 2212221222122212   mmmmmmmm xxdxxdxxdFxxd 
that is,  

         ,,,,=, 221222122212  mmmmmm xxdxxdFxxd   
or equivalently either    0=, 2212  mm xxd  or    0,=, 2212  mm xxd  

i.e.,   0.=, 2212  mm xxd  Hence, if mkxx kk 2=,= 1  we obtain that 

.= 21  kk xx  Similarly, if 1,2= mk  one easily obtains that ,= 21  kk xx  

and so the sequence  nx  is constant (starting from some k ) and kx  is a 

common fixed point of f  and .g  

Suppose now that 1 nn xx  for each .n  We shall prove that 

  0, 1 nn xxd  as .n  Using condition (11) (which is possible since 

nx  and 1nx  are comparable for all ),n  we obtain  

     nnnn fxgxdxxd 2121222 ,=,    
         ,,,,,= 122122122   nnnnnn xxMxxMFgxfxd   

where  

 122 , nn xxM       ,,,,,,max= 121222122  nnnnnn gxxdfxxdxxd  

    nnnn fxxdgxxd 212122 ,,
2

1
   

       








 2222212122122 ,
2

1
,,,,,,max= nnnnnnnn xxdxxdxxdxxd  

        






   22121222212122 ,,

2

1
,,,,max nnnnnnnn xxdxxdxxdxxd  

    .,,,max= 2212122  nnnn xxdxxd  
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2 If     0,>,, 1222212   nnnn xxdxxd  then it follows  

            ,,,,,, 2212221222121222   nnnnnnnn xxdxxdxxdFxxd 
or equivalently, either    0=, 2212  mm xxd  or    0.=, 2212  mm xxd   

This is a contradiction, because   0.>, 2212  nn xxd  Hence, 

   .,=, 122122  nnnn xxdxxM  Now, we further easily get that 

   121 ,,   nnnn xxdxxd  for all Nn   .0  This means that 

  0, 1  rxxd nn  as .n  Let 0.>r  Passing to the limit in the last 

inequality, when ,n  we get  

        ,, rrrFr    
i.e.,       ,=, rrrF   or equivalently, either   0=r  or   0.=r  A 

contradiction. Hence,   0, 1 nn xxd  as .n  

In order to prove that  nx  is a Cauchy sequence in  dX ,  we shall 

use the ideas from (Radenović et al, 2012, pp.625-645). 
It is enough to prove that  nx2  is a Cauchy sequence. Suppose the 

contrary. Then, for some 0>  there exist subsequences   kmx2  and 

  knx2  of  nx2  such that  kn  is the smallest index satisfying 

    kkmkn >>  and      ., knkm xxd  In particular,      .<, 2 knkm xxd  

Now, using Lemma 1 and putting in (11)     122 =,= kmkn xyxx  ( x  and 

y are obviously comparable)  we have  

                               12221,2 ,= kmknkmkn gxfxdxxd   

            ,,,, 122122  kmknkmkn xxMxxMF 
 (13) 

where  

    122 , kmkn xxM

               ,,,,,,max= 121222122  kmkmknknkmkn gxxdfxxdxxd
 

          knkmkmkn fxxdgxxd 212122 ,,
2

1
   

               ,,,,,,max= 212122122 kmkmknknkmkn xxdxxdxxd   
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  121222 ,,

2

1
knkmkmkn xxdxxd  

  .=
2

1
,0,0,max 







   

 Passing to the limit in (13) when ,k  we obtain that  

        ,,   F  
that is 0= , which is a contradiction. Hence, the sequence  nx  is a 

Cauchy sequence. Since  dX ,  is a complete metric space it follows 

that uxn   for some element .Xu  

 (i) Suppose that the mapping g  is continuous. Since ,12 ux n   

we obtain that .= 1222 gugxx nn   On the other hand, ux n 22  (as a 

subsequence of  ).nx  It follows that .= ugu  To prove that ,= ufu  using 

u ≼ u we  can put uyx ==  in (11) and obtain that  

                ,,,,=,,,, fuudfuudFuuMuuMFgufud    

because    .,=, fuuduuM  We further have,  

         ,,,,, fuudfuudFufud    
from which follows (as in the previously cases) that .= fuu  

The proof is similar if f  is continuous. 
(ii) Suppose now that the condition (ii) of the theorem holds. The 

sequence  nx  is nondecreasing w.r.t ≼ and it follows that xn ≼ u. Take   

x = x2n, and y = u (which are comparable) in (11) to obtain that 

          ,,,,, 222 uxMuxMFgufxd nnn    
where  

            






  nnnnnn fxudguxdguudfxxduxduxM 222222 ,,

2

1
,,,,,,max=,

     .,=,
2

1
,,0,0,max guudguudguud









 
Hence, we further obtain  

         ,,,,,2 guudguudFgufxd n    
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2 or passing to the limit, we get  

         .,,,, guudguudFguud    
From the last relation we get that .= ugu  

The fact that fuu =  is now derived in the same way as in the case 
(i). The theorem is proved.  

Finally, we address the following definitions as well as maybe a new 
result. 

Consider the following classes of functions from )[0,  into itself: 

 ,continuous-semilower  and ingnondecreas is|:=   

 ,continuous-semiupper  is|:=   

 ,continuous-semilower  is|:=   

Also by using Ansari’s method, one can prove that the following 
Theorem genuinely generalizes recent results from (Karapinar & Salimi, 
2012) in several directions. Its proof is omitted. 

 
Theorem 6  Let (X, ≼) be a partially ordered set and let there exist a 

metric d  on X  such that  dX ,  is a complete metric space and let 

XXf :  be a nondecreasing selfmap. Assume that there exist 

   ,,  and CF  such that  for all 0,, ts  

         0,>),(implies0=or=and0> ssFtstst    
 and   

          yxMyxMFfyfxd ,,,,    
 for all comparable Xyx , ,  where   

             .,,
2

1
,,,,,,max=,







  fxydfyxdfyydfxxdyxdyxM

 
 Suppose that, either  
 
(i) f  is continuous, or 

(ii) if a nondecreasing sequence  nx  converges to ,Xx  then    

xn≼	x for all  .0Nn  

If there exists Xx 0  such that x0≼	fx0,  then f  has a fixed point. 
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