ASSESSMENT OF THE SINGLE SHOT
HIT PROBABILITY AS A FUNCTION OF
THE HORIZONTAL RANGE TAKING
INTO ACCOUNT DIFFERENT TARGET
TYPES AND POINTS OF AIM

Vadim L. Khaikov

independent researcher, Krasnodar, Russian Federation,
e-mail: wadimhaikow@inbox.ru,
ORCID iD: @http://orcid.org/0000-0003-1433-3562

DOI: 10.5937/vojtehg67-18522; https://doi.org/10.5937/vojtehg67-18522

FIELD: Applied Mathematics, Operations Research
ARTICLE TYPE: Original Scientific Paper
ARTICLE LANGUAGE: English

Abstract:

This article presents a method for assessing the hit probability for
stationary shooting targets as a function of the projectile horizontal range
(PHR), the target type and the point of aim (POA) location. The proposed
procedure consists of three blocks. Block | is devoted to the double
integral formula taking into account changes in the point of impact (POI)
location as a function of the PHR. The characteristics of bullet accuracy
and precision versus the PHR are determined in block Il. The basis of
blocks | and Il is the bi-variate uncorrelated Laplace-Gauss probability
distribution. The functions of the POI location (ordinate/abscissa) versus
the PHR and the functions of the characteristics of the bullet dispersion
versus the PHR are represented in the form of polynomials. The
description of the target silhouette contour is given in block Il
Mathematically, the target contour is a piecewise function which defines
the upper and lower edges of the shooting target and it also represents
the limit for the double integral formula of block I. The proposed method is
built on a modular basis and allows a user to change types of weapons
and shooting targets. For demo calculations, the accuracy and precision
characteristics of the 5.45x39 Kalashnikov assault rifle model MPi AK-74N
were selected. Five types of Swiss military targets imitating an OPFOR
combatant's silhouette were used as shooting targets. For illustrating the
operability of the proposed method, the hit probabilities for the K, H, G, F,
and E shooting targets were evaluated for the PHR from 50 to 400 m. All
computations are implemented in the PTC Mathcad v.15.

Key words: hit probability, numerical solution, shooting target, double
integrals, bullet dispersion, horizontal range, Mathcad.
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Introduction

Estimation of the hit probability is an important part of the shooting
effectiveness assessment (Rodney, 2012), (Svateev, 2013), (Svateev,
2014), (Peelen, 2017), (Wollschlager, 2017). In (Khaikov, 2018), we
show how to estimate the single shot hit probability by shooting to a fixed
target with an arbitrary contour form owing to a numerical solution of the
double integral. During the calculation process, the following parameters
are set: the position of the mean point of impact (POI) and the
characteristics of the bullet dispersion ellipse. However, during firing,
there is uncertainty about the horizontal range to the selected target; it is
also necessary to have a priori information about the change in the hit
probability for the interval from the minimum to the maximum distances.

Since the position of the dispersion center and the dispersion
characteristics are the functions of the projectile horizontal range (PHR),
the hit probability can be expressed as a function of the «target-shooter»
distance®.

The aim of this contribution is to show how to calculate the hit
probability (Pnit) as a function of the PHR with respect to different target
types and the location of the POA. As a result, we get not only one (or a
point) estimation of the Py for a single (selected) value of the horizontal
range, but also a change of this parameter within a certain distance
interval. As in (Khaikov, 2018), all calculations will be implemented in the
computer algebra system (CAS) Mathcad v.15.

In order to make the estimations original and more diverse, we will
use here Swiss military targets and the external ballistics of the 5.45%x39
Kalashnikov assault rifle model MPi AK-74N2. The information about this
firearm can be found in (NVA der DDR, 1985), (TRADOC, 1975, 2015),
(http://weaponland.ru, nd).

Creating a mathematical model

Let us assume that the attacking opposing force (OPFOR) is
represented by running or lying combatants whose silhouettes can be
replaced by plane (or 2D) shooting targets with a certain equivalent area®

1 In this article, the expressions “the target-shooter distance* and “the projectile
horizontal range* are synonymous.

2 MPi AK-74N - (in German) Mashinenpistole-Automat Kalaschnikow AK-74 fir
Nachtsichtgerat. Assault rifles MPi AK-74N were manufactured on “VEB Fahrzeug und
Waffenfabrik Ernst Thalmann®, Suhl (Thuringia).

3 As a rule, shooting targets are a set of geometric primitives: rectangles, trapezoids,

triangles, and squares.
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(Fig. 1a). Human silhouette targets of different types are used for military
and police firearms training. More schematized targets are applied for
firearm sports competitions.

Let it be necessary to estimate the hit probability for several targets
at the distances x;, xi, and xy (Fig. 1b). All shooting targets at different
distances are the same and in Fig. 1b they are rotated for 90 degrees
counter-clockwise. The targets are rotated only for the simplicity of
visualization.
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Figure 1 — Replacement of combatant silhouettes with shooting targets (a) and
the change in the POI location and the characteristics of the dispersion ellipse as a
function of the PHR (b)

Puc. 1 — 3ameHa cunyamos kombamaHmos 8 sude cmpesikosbix MuleHel (a) u
usmeHeHue mecmoronoxeHusi CTI u xapakmepucmuk annurca pacceugaHusi 8
3asucuMocCmu om 20pU30HMarbHoU GanbHOCMU «CMPenokK - MuweHsb» (b)

Cnuka 1 — BameHa cunyema gojHuKa y obnuky mema 3a eaharse (a) u npomeHa Jiokauyuja
mayaka noeodaka (TT1) u kapakmepucmuka enurice ducrnep3auje y 3agucHocmu 00
XOpu3oHmMarnHoz pacmojarba uamehy cmpenua u meme (XPM) (6)

When firing at a shooting target, depending on the PHR, the mean
bullet (ballistic) trajectory* will pass through the target or above (below) it
(Fig. 1). The difference in the PHR between the shooter and the shooting
target (x;, Xy, xm) determines the difference in the POI location and the
constantly increasing parameters of the dispersion ellipse for each target.
The location of the POA in Fig. 1 is not indicated.

4 This trajectory is a projectile path obtained by theoretical calculation and agreed upon
with experimental shooting tests. In this way, the mean ballistic trajectory (MBT) is the
space curve near which the remaining trajectories are grouped taking into account the

regularity of bullet dispersion.
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Let us define that the shooting mode (single shots) and the aiming
parameters are not changed by shooting. The ABCD curve (Fig. 1b) is
the mean ballistic trajectory (MBT) with respect to the specified angle of
departure (or number/clicks of sight) and the previously specified zero
range. Uncertainty in the PHR magnitude is transformed into a vertical
projectile dispersion at a chosen shooting target. Naturally, the hit
probability value (Phit1, Pnit i, Pric i) Will change with the variations of the
POI location and with the change in the dispersion ellipse
characteristics®.

The mathematical model of the hit-probability vs the PHR will
consist of three blocks. Block | will be devoted to the double integral
formula taking into account the changes in the POI location and bullet
dispersion. Block Il will include the bullet dispersion characteristics vs the
horizontal range. Finally, block 11l will describe the functions of a target
silhouette contour.

Block 1. This block of the mathematical model is based on the
results of (Khaikov, 2018). If the T region (letter “T“ means a target) is a
plane figure, and the hit probability of random variables Z and Y is

determined by the 2D uncorrelated Laplace-Gauss distribution f(z,y),

then the target hit probability is defined by formula (1) (Venttsel', 2006,
p.196)

Plz.Y)=T]= [[ f(z, y)zdy (1)

£
where: T — the region of integration in the zy-plane; z, y — the Cartesian
coordinates; o,, o, — the standard deviation of the continuous random
variables Z, Y; m,, m, — the coordinates of the center of dispersion

(the mean of Z and Y) or the POlI, since it is the same one; f(z, y) — the
integrand and the uncorrelated bi-variate Laplace-Gauss distribution (2):

5 The first important factor is the type of weapon and the type of cartridge used. In the
second place, the POI location depends on the target type. For the pre-selected weapon,
the cartridge and the shooting target, the POI location and the characteristics of the
dispersion ellipse are the functions of the PHR. In the case under consideration, skills of
the shooter and combat stress as psychophysical conditions are not taken into account.

i
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In (Khaikov, 2018, pp.739-756), it is shown that if the target

silhouette is described by two functions (the function of the bottom

contour line of the target ¢i(z) and the function of the upper line of the

target's contour) @2(z) and two constants a and b (a<b), then the hit
probability can be expressed as

P[(Z,Y)]:j).(pzf) 1 exp[—{(z_mz)z+(y_mzy)2dedy- 3)

0 270,0, 207 20,

If in formula (3) the constants m,, m,, o,, o, are transformed

into functions that depend on the distance x “shooter — target* (m, (x),
my(x), o, (x) ay(x)), we get a formula that realizes the transition from

P[(z,Y)] to P[(z,Y,X)]

Pz, X)]= T%(Z;;GXPH(Z —m, () | (y=m, (3)f ﬂdzdy_

270, (x)o, (%)

ol
(4)
The method of determining the functions mz(x), m, (x) o, (x) and
o, (x) for the assault rifle MPi AK-74N will be described in block II.

Block II. Characteristics of m,(x), my(x), a,(x), o, (X) functions.

The trajectories of the steel core bullet of the 5.45x39 Kalashnikov
cartridge (bullet weight - 3.4 g; muzzle velocity - 960 m/s) under the line
of departure and over/under the line of sight for mechanical sight from 1
to 10 are described in (NVA der DDR, 1985, pp.90-93) as tabulated data.
Let us visualize this table and obtain the approximation formula (Fig. 2).

The data corresponding to sight number 3 (NVA der DDR, 1985,
pp.90-93) can be approximated using a polynomial. As a result, we
obtain the function

m, = —0.029+1.969-10°x - 2.645-10°x* -1.192-10°x°, (5)

€D

Khaikov, V. Assessment of the single shot hit probability as a function of the horizontal range taking into account different target types and points of aim, pp.13-35



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2019, Vol. 67, Issue 1

where x is the PHR («shooter-target» distance) in meters (50 < x < 400
m) and my is the ballistic trajectory profile in meters for the sight setting 3
(position 3 for standard mechanical sight of the Kalashnikov assault rifle).
The red curve in Fig. 2 shows the change of the POI height. At 50 m,
shots will be about 6 centimeters=0.06 m high. The vertex of the flight
path is 27.66 cm = 0.267 m, observed for the PHR 168.3 m (Fig. 2a). The
zero distance is 300 m. Beyond 300 m (PHR>300 m), the bullet trajectory
will drop rapidly to about 43 centimeters = 0.427 m low at 400 m.

thy[m], mz[m] Ty [tn], T [11]
0.2 03 T T T
Ty
G-Y -
0 -
02F oy -
-02F s
0.1r .
—04f
06 1 1 L H[rn] 0 S 1 1 L]
0 100 200 300 400 0 100 200 300 400
a) b)

Figure 2 — Characteristics of the location of the center of dispersion (a) and the
characteristics of the dispersion ellipse (b) as a function of the PHR
Puc. 2 — XapakmepucmuKu rofioxXeHUs1 UeHmpa pacceusaHus (a) u annurca
pacceusarus (b) kak ¢pyHkyuss ducmaxyuu 0o yenu
Cnuka 2 — Kapakmepucmuke rornoxaja yeHmpa oucriep3uje (a) u kapakmepucmuke
enurice ducriep3uje (6) y ¢pyHkUyuju pacmojarba 0o meme

The right-hand bullet drift or the bias of the POI to the right side
due to the bullet gyroscopic stabilization can be expressed by the
polynomial model

m, =-1.667-10°x+1.667-107 x?, (6)

where x is the PHR in meters (50 < x < 400 m) and m, is the right-hand
bullet drift in meters (the blue dotted curve in Fig. 2a).
The bullets dispersion in the vertical (o-y) and the lateral directions

(o,) in the form of standard deviation are expressed as two polynomial
functions PHR-argument (Fig. 2b)

o,=5935-10"x, )

>



o, =2.967-10x, (8)

where x is the PHR in meters (50 < x < 400 m), and o, and o,

represent the standard deviation in meters.
Thus, two functions (o, (X) and o,(x)) determine the shape of the

dispersion ellipse and two more, i.e.my(x), m,(x), determine the

locations of the dispersion center versus the PHR from 50 to 400 m.

In order to use formula (4), we need to determine the functions
@1(2), @2(z) and the constants a and b.

Block Ill. Functions of the target silhouette contour @1(z) and @2(z).

Depending on an OPFOR combatant silhouette seen by a shooter,
there are «head», «head-shoulders», «head-burst», «head-hip», and
«man sized» military targets (Fig. 3)°.
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Figure 3 — Military shooting targets (cibles de campagne): K, H, G, F, and E
Puc. 3 — Apmelickue muwenru K, H, G, F, E dnsa cmpensb
Cnuka 3 — BojHe meme 3a eahare K, H, G, FuU E

Among the five shooting targets, the K and H targets have the
minimum height of 33 centimeters (0.33 m); conversely, the E target has
the maximum height of 1.65 m. The target area is increased in the

6 in comparison with Fig. 1, the number of types of targets in Fig. 3 was increased from 3
to 5. In different countries, shooting targets of the same type (for example, the K target
«head in a protective helmet» or the E target «man sized target») may have different
shapes and different geometric areas. These characteristics are determined in individual
countries by their armed forces regulations.

o
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direction from K to E. The K, H, G, F, and E human silhouette targets’ are
used in the armed forces of the Swiss Confederation for shooting training
(http://www.wikiwand.com, nd).

The target contour can be designated in two ways (Khaikov, 2018,
pp.739-756): in option |, the upper (lower) contour should be identified as
the y(z) functions or, in option Il, the right (left) contour should be
identified as the z(y) curves. For all five targets in Fig. 3, the upper
contour lines (UCL) are red, and the bottom counter lines (BCL) are
yellow. If we consider the UCL of the target K, then we use the notation
UCLk. This procedure for the BCL of the target E is similar: BCLE.

The geometry analysis and the contour lines identification for the G
target are shown in Fig. 4. It is a flat shooting target which can be
described as the ABCDEFGHIJ polygon. The G target has an axis of
symmetry that passes through the EJ (Fig. 4a). The left side of the G
target is the ABCDEJ polygon, and the right-hand side is the EFGHIJ
polygon. The areas of these polygons are the same. The presence of the
right-hand bullet drift causes the POI to be located on the right side (the
red ellipse in Fig. 4b).

Axial symmetry

J
The left The right
side side m,

o) z O z
a) b)

Figure 4 — Analysis of the geometry of the G shooting target (a). A location of the
dispersion ellipse (b)
Puc. 4 — Ananus ezeomempuu cmpernkosol muweHu G (a). lNonoxeHue annurca
pacceusaHus (b)
Cnuka 4 — AHanu3sa eeomempuje meme 3a eahjare G (a). Jlokayuja enurce ducnep3uje
(6)

” The following names are used for target designation (in German): Feldscheiben,
Ordonanzscheiben, K-Sheibe, G-Sheibe, H-Sheibe, and so on.

<>



Not taking into account the symmetry of the G target, its UCL can be
described as the BCDEFGH line. When symmetry is taken into account,
the geometric formula of the left-hand side is BCDE. Similar reasoning
applies to the description of the BCL: AJl (without symmetry) and AJ (the
left side of the figure with symmetry taken into account).

It is necessary to determine the coordinates of the vertices of the
ABCDEFGHIJ polygon and to obtain an analytical expression of the
sides of the G target. The coordinates of the points for the G target
contour and its analytic functions are collected in Table 1.

Table 1 — Coordinates of the points for the G target contour line
Tabnuua 1 — KoopduHamsl mo4yek KoHmypa muweHu muna G
Tabena 1 — KoopduHame madaka koHmype meme muna G

Points Z, m Y, m B_oundar_y Analytic function
points of line
A -0.225 0.0 A-B z(y)=-0.225
B -0.225 0.302 B-C y(z)= 0.384*z + 0.388
C -0.1 0.35 C-D z(y)=-0.1
D -0.1 0.55 D-E y(z)=0.55
E 0.0 0.55 E-F y(z)=0.55
F 0.1 0.55 F-G z(y)=0.1
G 0.1 0.35 G-H y(z)=-0.384*z + 0.388
H 0.225 0.302 H-I z(y)=0.225
| 0.225 0.0 I-J y(2)=0
J 0.0 0.0 J-A y(2)=0
Notes: The coordinates of the points are given according to Fig. 3.
The symmetry of points is shown with the orange and blue background.
The locations of the vertices for the G target can be used in the analysis of the
H target and the F target.

The contour line (CL) CLg(z) of the G shooting target (the UCL
(BCDEFGH) UCLg(2) and the BCL (AJl) BCLg(z) ) can be described by a
piecewise function:

0.384z +0.388 ~0.225<7<-0.1
CL. (2)= UCL,(z)= 0.55 ~-01<z<0.1
eV —0.384z +0.388 0.1<2<0225

BCLs(z)=(0 —0.225<7<0.225)

Since the geometry of the G target has an axis of symmetry (EJ
axis) and if the POI lies on the EJ axis, then the hit probabilities for the

€

Khaikov, V. Assessment of the single shot hit probability as a function of the horizontal range taking into account different target types and points of aim, pp.13-35



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2019, Vol. 67, Issue 1

right and left parts are the same. If the POI location is not on the EJ axis,
then the hit probabilities for the right and left parts of the G target are
different. The side of the target where the POl is located has a higher hit
probability. In view of the fact that the bullet gyroscopic stabilization
causes a shift of the POI to the right, the right-hand side of the G target
has a larger hit probability than the left one.

The coordinates of the points for the H target contour line are
collected in Table 2.

Table 2 — Coordinates of the points for the H target contour line
Tabnuya 2 — KoopduHamsl moyek KoHmypa muweHu murna H
Tabena 2 — KoopduHame maydaka KoHmype meme murna H

Points Z, m Y, m Bpundary Analytic function
points of line
A -0.225 0.0 A-B z(y)=-0.225
B -0.225 0.082 B-C y(z)= 0.384*z + 0.1684
C -0.1 0.13 C-D z(y)=-0.1
D -0.1 0.33 D-E y(2)=0.33
E 0.0 0.33 E-F y(2)=0.33
F 0.1 0.33 F-G z(y)=0.1
G 0.1 0.13 G-H y(z)=-0.384*z + 0.168
H 0.225 0.082 H-I z(y)=0.225
| 0.225 0.0 I-J y(z2)=0
J 0.0 0.0 J-A y(2)=0
Notes: The coordinates of the points are given according to Fig. 3.
The symmetry of the points is shown with the orange and blue background.

The analysis of Table 2 allows us to describe the contour needed for
integrating the double integral (4) and determining the hit probability. The
contour of the H shooting target (the UCL (BCDEFGH) and the BCL
(AJD) can be described by a piecewise function:

0.384z +0.1684 -0.225<2<-0.1
cL.(2)= ucL,(z)= 0.33 ~-0.1<2z<01
S —0.384z +0.1684 0.1<2<0.225

BCL,(z)=(0 -0.225<7<0.225)

The coordinates of the points for the F target contour line are

presented in Table 3.
225



Table 3 — Coordinates of the points for the F target contour line
Tabnuya 3 — KoopOuHambl moyek KoHmypa muweHu muna F
Tabena 3 — KoopduHame mavaka koHmype meme muna F

Points Z, m Y, m B.oundar.y Analytic function
points of line
A -0.225 0.0 A-B z(y)=-0.225
B -0.225 0.752 B-C y(z)= 0.384*z + 0.838
C -0.1 0.8 C-D z(y)=-0.1
D -0.1 1.0 D-E y(z2)=1.0
E 0.0 1.0 E-F y(2)=1.0
F 0.1 1.0 F-G z(y)=0.1
G 0.1 0.8 G-H y(z)= -0.384*z + 0.838
H 0.225 0.752 H-1 z(y)= 0.225
| 0.225 0.0 I-J y(2)=0
J 0.0 0.0 J-A y(2)=0
Notes: The coordinates of the points are given according to Fig. 3.
The symmetry of the points is shown with the orange and blue background.

The contour of the F shooting target (the UCL (BCDEFGH) and the
BCL line (AJI)) can be described by a piecewise function:

0.384z +0.838 ~0.225<7<-0.1
CL(2)- UCL.(z)= 1.0 -0.1<2z<0.1
A —0.384z+0.838 0.1<7<0.225

BCL.(z)=(0 -0.225<7<0.225)

The coordinates of the points for the E target contour line are listed
in Table 4.

Table 4 — E shooting target: coordinates of the points
Tabnuya 4 — KoopduHamsl moyek KOHmypa muweHu murna E
Tabena 4 — KoopduHame mayvaka kKoHmype meme muna E

Points Z,m Y, m B_oundar_y Analytic function
points of line

A -0.15 0.0 A-B z(y)=-0.15

B -0.15 0.4973 B-C y(2)= -5.817*z - 0.375
C -0.17625 0.65 C-D y(2)=0.65

D -0.225 0.65 D-E z(y)=-0.225

E -0.225 1.402 E-F y(z)= 0.384*z + 1.488
F -0.1 1.45 F-G z(y)=-0.1

G -0.1 1.65 G-H y(2)=1.65
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Boundary

Points Z, m Y, m . ) Analytic function
points of line
H 0.0 1.65 H-l y(z)=1.65
[ 0.1 1.65 I-J z(y)=0.1
J 0.1 1.45 J-K y(z)= -0.384*z + 1.488
K 0.225 1.402 K-L z(y)=0.225
L 0.225 0.65 L-M y(2)=0.65
M 0.17625 0.65 M-N y(2)=5.817*z — 0.375
N 0.15 0.4973 N-O z(y)=0.15
(@) 0.15 0.0 O-P y(z)=0
P 0.0 0.0 P-A y(2)=0

Notes: The coordinates of the points are given according to Fig. 3.

The symmetry of the points is shown with the orange and blue background.

Figure 5 — Geometric analysis of the E target (turn 90° counterclockwise)

Puc. 5 — N'eomempuyeckuli aHanus guaypsl E (noeépHyma Ha yzon 90° npomue yacogou

cmpersku)

Cnuka 5 — l'eomempujcka aHanusa meme E (okpeHyme cynpomHo 00 npasya Kasarbke

Ha camy 3a 90°)

The contour of the E shooting target (the UCL (EFGHIJK) and the
BCL (DCBAPONML) (Fig. 5)) can be described by a piecewise function:

0.384z +1.488
UCL,.(z)= 1.65
~0.384z +1.488
CLe(2)- 065
~5.8172-0.375
BCL.(z)= 0
5.817z -0.375
0.65

The K target has the smallest area. The silhouette and the

geometry of the target are shown in Fig. 6.

=

-0.225<7<-01

-0.1<z<0.1

0.1<72<0.225

-0.225<7<-0.176
-0.176<z<-0.15

-0.15<2<0.15
0.15<z<0.176

0.176<2<0.225




Figure 6 — Geometric constituent parts of the K target (see Fig. 3)
Que. 6 — leomempuyeckue cocmasnsouwue muweHu K (cm. puc. 3)
Cnuka 6 — l'eomempujcku enemenmu meme K (sudemu crnuky 3)

The hit probability of this target can be found as an algebraic
subtraction of the hit probabilities of its three domains

Phitk= Phit(ABEFGHILM) — Prit(BEDC) — Prir(KJIL) .

The coordinates of the vertices of the K target as a geometric figure
and the analytical functions of its sides are collected in Table 5.

Table 5 — K shooting target: coordinates of the points
Tabnuya 5 — KoopduHamsl moyek KoHmypa muweHu muna K
Tabena 5 — KoopduHame mayvaka koHmype meme mura K

Points Z,m Y, m B_oundar_y Analytic function
points of line

A -0.11 0.0 A-B z(y)=-0.11
B -0.11 0.0652 B-C y(z)= 0.795*z + 0.153
C -0.0714 0.0959 C-D z(y)=-0.0714
D -0.0714 0.1458 D-E y(z)= -0.795*z + 0.089
E -0.11 0.1765 E-F y(z)= 2.883*z + 0.494
F -0.0714 0.2878 F-G y(2)= S1(2)
G 0.0 0.33 G-H y(2)= S2(2)
H 0.0714 0.2878 H-1 y(z)= -2.883*z + 0.494
| 0.11 0.1765 I-J y(z)= 0.795*z + 0.089
J 0.0714 0.1458 J-K z(y)=0.0714
K 0.0714 0.0959 K-L y(z)= -0.795*z + 0.153
L 0.11 0.0652 L-M z(y)=0.11
M 0.11 0.0 M-N y(z2)=0
N 0.0 0.0 N-A y(z2)=0

S1(z) =-57.9679*z"\3 - 12.4167*z"2 + 0.33 z[-0.0714; O ]

S2(z) = 57.9679*z"3 - 12.4167*z"2 + 0.33 z] 0; 0.0714]

The piecewise functions CL for the K target are determined below.

<>
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2.8832+0.494 -0.11<z<-0.0714
~57.96792° -12.41672° +0.33 -0.0714<2<0

57.9679z° -12.4167z° +0.33 0<z<0.0714
—2.883z+0.494 0.0714<z<0.11

BCL,,(z)=(0 -0.225<7<0.225)

CL,, (Z) = UCL,, (Z) =

CLoo (2)- UCLgepc(z)=(~0.795-2+0.089 —0.11<z<-0.0714)
BEoC T | BCLggpc(2)=(0.795-2+0.153 —0.11< 7 <-0.0714)

UCL,,, (z)=(0.795-2+0.089 0.0714<z<0.11)

BCL,, (z)=(-0.795.2+0.153 0.0714<7<0.11)

CLKJ.L(z)={

The sequence steps — the development of the calculation program
in the CAS Mathcad will be described in the next section.

Calculation in the CAS Mathcad

The projectile horizontal range (in meters) is defined in the Mathcad
as a range of variable x with the initial value of 50, the end value of 400
and the increment of 51 (the step size is 1 meter)

x:=50, 51 .. 400

The text below shows the usage of the variable range to define the
values of the vectors oy and oz (egs. 7 and 8) which characterize the
bullet dispersion in the vertical and lateral directions

oyx=5.935-10%x,
0zyx:=2.967-10%x ,

and the values of the vectors my and mz (eqgs. 5 and 6) (which assign the
POI location according to the MBT with the zero range at 300 meters)

myx.=a -0.029 +1.969-103-x -2.645-10%-x2-1.192-108-x3 ;
a:=0: mzy.= -1.667-10%-x + 1.667-107-x2 .

a0



Using the constant a, the my vector can be displaced vertically in
the up-down direction. If a>0, then the zero range increases (>300 m).
Usually, a is equal to 0 (zero range = 300 m). Thus, the parameter a
makes it possible to simulate the position of the POA along the height of
the shooting target.

For each value of x, set the x" element of the vector variables oy
and oz, and my and mz with a corresponding value of x. The tables of
numbers for the vector variables oy, 0z and my, mz are of the same size.
Each of them consists of 351 numbers. Using the variables sYi and sZi,
we determine the center of the shooting target. For the K target, its
center will be defined as (sYK, sZK). For the H target, as (sYH, sZH), and
so on. The data on the position of the centers of the K, H, G, F, and E
targets are shown in Table 6 (in meters).

Table 6 — Coordinates of the shooting target centers
Tabnuua 6 — KoopOuHambl yeHmpa cmpesikosbix MuwieHel
Tabena 6 — KoopduHame yeHmapa mema 3a 2afjar-e

Number Type (kind) Center height Center coordinates in
of targets coordinates, m width, m
1 K sYK=0.165 sZK=0
2 H sYH=0.165 sZH=0
3 G syG= 0.275 sZG=0
4 F syF=0.5 sZF=0
5 E syE= 0.825 sZE=0

For the K target, the following expression can be proposed:

PhitK = Phit(ABEFGH|LM) - Phit(BEDC) - Phit(KJ|L) = PhitA - PhitL - PhitR,

here Phi(ABEFGHILM), PriA — probability of hitting the ABEFGHILM
domain as a function of the PHR; Pmni(BEDC), PniAL — probability of
hitting the BEDC domain as a function of the PHR; Pnii(KJIL), PnitR —
probability of hitting the KJIL domain as a function of the PHR.

Due to the conditional operator if, the UCL and the BCL of the
constituent elements for the K shooting target are defined as:

2.883z+0.494 if (-0.11< 7 <-0.0714)
~57.9679z° —12.41672* +0.33 if(-0.0714<7<0)
57.9679z° —12.4167z2 +0.33  if(0<2<0.0714)
—2.883z +0.494 if (0.0714<z<0.11)

UCLan(Z): -

D
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BCL,,(z)=(0 if(-0.225<2<0.225)),

UCLgepe(2)=(~0.795-2+0.089 if(-0.11<2<-0.0714)),
BClgene(2)=(0.795-2+0.153 if(—0.11<2<-0.0714)),

UCL,,, (z)=(0.795-2+0.089 if(0.0714<z<0.11)),
BCL,, (z)=(~0.795-z+0.153 if(0.0714<2<0.11)).

The assessment of the hit probabilities of the elements of the K
target is realized by the following formulas

0225 UCLy(2) 2 2
: ._ 1 [Z_mzx] [y_myx]
-0225 BCLy(2) xOYx X OYy

(-0.0714) (~0.795-2++0.089) 2 27
Phit_L, = I ;-exp _[[z—mzxz] | [y—myxz] dydz
(-011) (0.795.2+0.153) 2o, 0y, 2(sz) Z(ny) ]

(0.0714) (~0.795-2+0.089) 2 > 1711
Ph|t_RX = J- ;.exp _|:[Z_mzx2] I [y_myxz] :| dydz
(011) (0.795-2+0.153) 2rror, 0y, 2(O'ZX ) Z(ny ) |

For the UCL of the H, G and F target silhouettes, there are the
expressions

(0.384z + 0.1684) if (-0.225< 7 <-0.1)
UCL,(2):=| (0.33) if(-0.1<z<0.1) :
(—0.384z + 0.1684) if (0.1<2<0.225)
(0.384z +0.388) if (-0.225< 7 <—0.1)
UCL,(z)=| (0.55) if (-0.1<z<0.1) :
(—0.384z +0.388) if (0.1< 2 <0.225)

<>



(0.384z +0.839) if (—0.225< 7 <-0.1)
UCL.(z):=| (1.0) if(-0.1<z<0.1)
(—0.384z + 0.838) if (0.1< z <0.225)

Finally, the UCL (UCL.(z)) and the BCL (BCL.(z)) of the E target
silhouettes are designed by the formula:

(0.384z +1.488) if (-0.225< 7 <—0.1)
UCL.(z):=| (1.65) if(-0.1<2<0.1)
(—0.384z +1.488) if (0.1< 2 <0.225)

(0.65) if (-0.225< 7z <-0.176)

(-5.817z —0.375) if (-0.176< z <—0.15)
BCL.(z):=| (0) if(-0.15<2<0.15) )
(5.817z —0.375) if (0.15<2<0.176)

(0.65) if (0.176<z<0.225)

The hit probability assessment for the H target is

0.225 UCLy(2) B 2
Phit_Hx:z .[ .[ [;.exp —{M—F

o225 0 | 2FOLOYy i Z(O_Zx )2
-
+ ly—my, [ myxz] } dydz .
2(y,) |

The formulas for the G and F targets are given in the appendix of
this paper. The hit probability assessment for the E target is

0225 UCLg(z) B )
Phit — Ex = J- J- # . exp|:_ {M +
0225 BCLg(z) 2mat, oy, Z(GZX)
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=
Z(ny)z ﬂ dydz .

Results of the calculation

The curves characterizing the hit probabilities functions of five
different types of targets (K, H, G, F, and E) that were determined using
the MBT (5) are shown in Fig. 7. The space under the curve in the
interval 50-400 m is highlighted in yellow. For all five targets, the POA
(red square) was the same location — the middle of the BCL. The
shooting conditions were considered to be ideal.

Phity, -Prit Prit s Pty -Phite
1 f———
038 ost
06 a 06
0.4 0.4 a
02 B 02f
0 T #rm] $ 0 I #[m]
0 100 200 300 400 0 100 200 300 400
Pritye = Phityy Pritg — Prite — Phitg
a) b)

Figure 7 — Hit probability vs the PHR for the K and H targets (a) and the G, F, and E
targets (b) for the range of 50-400 m
Puc. 7 — ®yHkyuu sepossimHocmu nonadaxusi 8 muweru K, H u muweru
G, F, E ons oucmanyut 50-400 m
Cnuka 7 — @yHkyuje seposamHohe nozodaka mema K, H u mema G, F, E Ha pacmojary
00 50 0o 400 m

The hit probability change vs the PHR for all five targets is a
classical decreasing curve (Shereshevskiy et al, 1979). The dashed lines
in Fig. 7a show the ranges that correspond to the hit probabilities of 0.9,
0.8, and 0.7 for the K target.

Changing the shape for the hit probability vs the PHR with respect
to the F target and the location of the POA (red square) is shown in Fig.
8.
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I 1 wm] g i 1 ® [m]
200 300 400 o 100 200 300 400

b) c)

Figure 8 — Hit probability vs the location of the POA for the F target for the range of 50-
400 m
Puc. 8 — BepossimHocmu ronadaHusi 8 muweHu F 05 ducmaruyuti 50-400 M u nosoxeHust
MOYKU rpuyenueaHusi
Cnuka 8 — BeposamHohe nozo0aka meme F Ha pacmojary 00 50 0o 400 m u rnonoxaja
mayke HUlWareHa

Fig. 8 shows that if the range to the shooting target is 200 meters
and if the POA is positioned on the BCL (see the red square as the
graphical symbol), then the hit probability is 0.92 (Fig 8a). If the POA is
0.5 m higher, then the hit probability for the PHR=200 m is increased to
be 0.98 (Fig. 8b). If the POA is increased to 1.0 meters, then the hit
probability decreases to 0.08. Thus, if the distance to the shooting (real)
target is known as well as the target geometric dimensions and the
ballistic characteristics of the bullet flight path (MBT and bullet
dispersion), the POA determining algorithm for a remote weapon station
of a ground combat vehicle can be proposed.

Conclusions and Implications

This paper represents a method for assessing the single shot hit
probability for a stationary (fixed) shooting target as a function of the
PHR, the selected target type and the location of the POA. The proposed
procedure has three blocks. The proposed method is built on a modular
basis and allows a user to change types of weapons and types of
shooting targets.

The single shot hit probability depends on five variables: height of
the POI; lateral displacement of the POI relative to the target; bullet
dispersion in the height (vertical direction); lateral bullet dispersion
(horizontal direction); and the forms of the shooting target contour. To
order these variables, three auxiliary quantities can be introduced. These
are the projectile horizontal range (PHR), the altitude of the point of aim

G
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and the lateral displacement of the point of aim. The last two variables
can be combined into the «POA location».

For demo calculations, the external ballistics and the bullet
dispersion characteristics of the 5.45%39 Kalashnikov assault rifle model
MPi AK-74N were selected. Five types of Swiss military targets imitating
OPFOR combatant silhouettes were used as shooting targets. For
illustrating the operability of the proposed method, the hit probability for
the K, H, G, F, and E shooting targets was evaluated as well as for the
PHR from 50 to 400 m. The calculations have shown that the PHR and

the form of the target cause a complex dependence between the P, and

the shooter-target distance.

The developed mathematical model can be used in tactical
computer interactive simulators that emulate combat situations of a
tactical strike. Likewise, the proposed mathematical models of shooting
targets can be used for improving digital target range simulators or in fire-
control systems of remote weapon stations.

Appendix

Formulas for the hit probability assessment of some shooting
targets

The hit probability P, vs the PHR for the G and F targets can be
expressed as

0.225 UCLg(z2) 2
1 Z—mz
P Gm | ] |ty oM
~0.225 0 2ot oy, Z(O'Zx )

2oy, )
0225 UCLg(z)
Pi _F, = —eXp| | ————+
" o.J;zs o | 27w, 0y, { l: 2z, )’

ol

20y, )’
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Pe3some:

OueHka eepossimHocmu ronadaHusi seiiemcsi 8axHoU  4acmblo
npouedypbl aHanu3da agghekmusHocmu cmpenbbbl. B cmambe
rpednoxeH Memod OUEHKU 8epOsimHOCMU nornadaHusi 8 Cmamu4YecKyto
CIMpPEsIKo8yro MUWEHb KakK (DYHKUUS 20pu3oHmarsibHol OdanbHocmu 00
muweruu (FM), eé muna u nOMOXKEeHUSS MOYKU PUYEU8aHusl.
lNpednazaemas npouyedypa oueHKU cocmoum u3 mpex Yacmed. Yacmeo |
rocssiuieHa A80UHOU UHMezparnbHOU ¢hopMyrie ¢ y4Emom U3MEHEHUU 8
mecmoriornoxeHuu cpedHeli moyku riornadaHusi (CTII) Ha nosepxHocmu
muweHu 8 3asucumocmu om M. Xapakmepucmuku ducriepcuu ryrb 8
3asucumocmu om [[JM onpedeneHbl 8 Yacmu Il. OcHoeoli yacmu | u
yacmu |l sierisemcs 08yMepHOe HeKoppesnuposaHHoe pacripedesieHue
eeposimHocmel [lannaca-Maycca. Kak npasuno, @yHkuuu opduHam
(abcyucc) CTIT om apeymeHma M u ¢yHkyuu opduHam (abcuyucc)
pacceusaHusi nynu kKak ¢yHkyuu M npedcmaeneHbl 8 8ude
Kriaccu4eckux nosiuHomos. B uyacmu Il daémcsa onucaHue KoHmMypa
MuweHU. B Mmamemamu4yecKkoM riiaHe KOHmMyp Uesu sensiemcsi Kyco4Hou
yHKUUel, Komopasi ornucbisaem 8ePXHUU U HUXHUU Kpasi Cmpesikogol
MUWEHU, a 80-8MopbIX, KOHMYpP uesnu 6 ¢ghopmyrie 80UHO20 UHMezpasa
ebicmyriaem Kak rnpedes1 UHMeezpasnbHol ¢opmyrnbl Yacmu I Bce
8blyucneHusi peanusoeaHbi 8 PTC Mathcad. lNpednazaembiti memod
rnocmpoeH Ha MOOy/IbHOU OCHOBe U [10380715em  [10/1b308aMero
U3MeHsIMb muribl opyXusi U 8ulbl muweHed. [ns deMOHCmMpayUOHHbIX
pacyémoe ucrionib3o8aHbl  OaHHble  Xapakmepuayrujue 8HEWHH
bannucmuky U Xxapakmepucmuku pacceusaHusi 5.45x39 aemomama
KanawrHukosea. B kayecmee paccmampueaemoli mMolenu asmomama
bbina ebibpaHa MPi AK-74N. B kayecmee cmpesikosbiX MulleHel
ucriofnib3o8asnuchb Msmb 8udo8 wWeeliuapCcKux apMelcKux MulieHed,
KOomopbie UMUMupyom pas/udHbie Yacmu curlyama kombamaHma. s
unmrocmpauyuu pabomocrnocobHocmu rpedrioXKeHHO20 Memoda OUeHeHa
seposimHocmb ronadaHusi 8 muweHu K, H, G, F, E u 0ns Ouarna3oHa
M om 50 do 400 m.

Knouesble criosa: sepossimHocmb rnornadaHusi, YUCIIEHHOEe peuleHue,
cmpersikogasi MuweHb, 080UHOU uHMmeapars, pacceusaHue nysb,
e2opu3oHmarsbHas danbHocmsb, Mathcad.

OOPEBUNBAHE BEPOBATHORE NMOIrOTKA JEOHUM XULIEM Y
3ABMCHOCTWN O XOPUBOHTAIMHE PA3OAILUHE, PASITMYNTUX
BPCTA META U NMONOXAJA TAYKE HULLAHEHA

Badum J1. Xajkos
He3aBucHW uctpaxwusad, KpacHopap, Pycka ®egepauvja

OBNACT: npumeneHa MmaTemaryka, onepaumoHa NCTpaxuBaha
BPCTA YJTAHKA: opurMHanHm Hay4Hu YnaHak

JE3VK YJTAHKA: eHrnecku
34D



Caxemak:

Y 4naHKy je npedcmasrbeHa memolda 3a odpehusare seposamHohe
flo2omka cmayuoHapHUX Mema y 3asucHocmu 00 XOpU30HMarHo2
pacmojara 0o meme (XPM), epcme mMeme u riokayuje madyke yusba.
lpednoxeHu nocmynak cacmoju ce 00 mpu bsioka. lpsu briok ce basu
¢opmyriom O8ocmpykoe UHmMezpana Koja y3uma y o063up rpomeHe y
JioKkayuju maydke noegomka y sasucHocmu o0 XPM. Kapakmepucmuke
ducriep3uje memka, y 3asucHocmu 00 XPM, odpehyjy ce y Opyaom
6rioky. busapujaHmHa HekopenucaHa [ayc- [lannacosa pacriodena
seposamHohe y3ema je 3a 0cHo8 ripga 08a brioka. yHKUuUje nokayuje
mayke yusrba (opOuHama/anuyuca) y 3asucHocmu 00 XPM u ¢yHkyuje
Kapakmepucmuka oucriep3uje rozol0aka y 3asucHocmu 00 XPM
rpuka3aHe cy y obnuky nosuHoma. Y mpehem 650Ky HasedeH je onuc
KOHmMypa curiyema mema. Y MamemMamu4ykoMm CMUCITy, KOHmypa meme
Jje xubpudHa ¢hyHKUuja Koja OecbuHuLe 2opHe U OOH-E usUUe Meme U,
makohe, npedcmaerba epaHuuy ¢hopmyrne 080CMpPyKOoe UHMmeepana
npeoe 6rioka. Ceu npopavyHu cy ce epwunu y PTC Mathcad.
lNpednoxeHu memod 3acHo8aH je Ha MOOYfapHOM MPUHYUNY U
omoeyhaea KopucHUuKy Oa Mera 8pcme opyxja U Mema. 3a
unycmpauyujy je usabpaH npuka3 uspadyHaearba Kapakmepucmuka
ducriep3uje rozomka Koju je rocmusHym u3 aymomamcke nyuKe
JKanawmukos”, kanubpa 5.45x39, moden MPi AK-74N. 3a meme je
uzabpaHo rnem muroea wWeajuapcKux 60JHUX Mema Koje umumupajy
pasnudume derioge curiyeme 8ojHuka. OnepabunHocm npeodioXeHo:
memoda urnycmpogaHa je odpehusarem eeposamHoha roeaharba
mema K, H, G, F u E nHa yGarbeHocmu 00 50 6o 400 m.

Krby4He peyu: seposamHoha noe2omka, HYMEpPUYKO peliasare, Mema
3a eahamwe, 0socmpyku uHmMeepanu, doucrnep3uja rnozodaka,
Xopu3oHmarnHo pacmojar-e, Mathcad.
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