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3 Introduction and Preliminaries 
The applications of fixed point theorems are very important in diverse 

disciplines of mathematics, engineering and economics. The origin of the 
fixed theory is dated to the last quarter of the nineteenth century. The work 
of S. Banach in 1922 known as the Banach contraction principle is the 
starting point of the metric fixed point theory. 

More on fixed point results and contractive conditions, the reader 
can find in (Ćirić, 2003), (Agarwal et al, 2015), (Kirk & Shahzad, 2014). 

Theorem 1.1 (Banach contraction principle) Let  dX ,  be a 

complete metric space. Let T be a contractive mapping on X, that is, one 
for which there is a  1,0  satisfying  

   yxdTyTxd ,,   

for all Xyx , . Then, there exists a unique fixed point Xx  of T.  
 This theorem is a forceful tool in the nonlinear analysis. It has many 

applications and has been extended by a great number of authors. 
Although the famous Banach contraction principle was proved in the 
metric space, after 1990 many new modifications of the definition of the 
metric space appeared.  

 From now on, R and N will denote the set of real numbers and 
natural numbers, respectively. Let us recall the definitions of the b-metric 
spaces, the rectangular b-metric spaces, the 2-metric spaces, and the 
b2-metric spaces. 

 In the papers of Bakhtin (Bakhtin, 1989, pp.26-37) and Czerwik 
(Czerwik, 1993, pp.5-11), the notion of the b-metric space was 
introduced and some fixed point theorems for single-valued and multi-
valued mappings in the b-metric spaces were proved.  

Definition 1.2 Let X be a nonempty set and 1s  a given real 
number. The function   ,0: XXd  is said to be a b-metric if for all 

Xzyx ,,  the following conditions are satisfied:   

    •   0, yxd  if and only if yx  ;  

    •    xydyxd ,,  ;  

    •       zydyxdszxd ,,,  .  

 A triplet  sdX ,,  is called a b-metric space with the coefficient s.  
In the paper (George et al, 2015, pp.1005-1013), the authors 

introduced the concept of a rectangular b-metric space, which is not 
necessarily Hausdorff and which generalizes the concept of the metric 
space, the rectangular metric space (RMS) and the  b-metric space.  
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nonempty set and 1s  a given real number. The function 
  ,0: XXd  is said to be a rectangular b-metric if the following 

conditions are satisfied:  
(RbM1)   0, yxd  if and only if yx  ; 

(RbM2)    xydyxd ,,   for all Xyx , ; 

(RbM3)         yvdvuduxdsyxd ,,,,   for all Xyx ,  and all 

distinct points Xvu , \ yx, .   

A triplet  sdX ,,  is called a rectangular b-metric space with the 

coefficient s (in short RbMS).  
 Also in (George et al, 2015, pp.1005-1013), the concept of 

convergence in such spaces is similar to that of standard metric spaces. 
 In the paper (Gähler, 1963, pp.115-118), Gähler introduced the 

concept of the 2-metric space.  
Definition 1.4 (Gähler, 1963, pp.115-118) Let X  be a nonempty set 

and the mapping  XXXd : R satisfies:  
(1) For every pair of distinct points Xyx , , there exists a point 

Xz  such that   0,, zyxd .  

(2) If at least two of three points x, y, z are the same, then 
  0,, zyxd   

(3) The symmetry: 
           xyzdyxzdxzydzxydyzxdzyxd ,,,,,,,,,,,,    

for all Xzyx ,, . 
(4) The rectangle inequality: 
       txzdtzydtyxdzyxd ,,,,,,,,   for all Xtzyx ,,, . 

Then d is called a 2-metric on X and  dX ,  is called a 2-metric 
space.  

 Many generalizations of the concept of metric spaces are established, 
and several papers are published on the topic of the b-metric spaces (see 
(Aleksić et al, 2018), (Aydi, 2016, pp.2417-2433), (Czerwik, 1993, pp.5-11), 
(Czerwik, 1998, pp.263-276), (Dung & Le Hang, 2016, pp.267-284), 
(Miculescu & Mihail, 2017, pp.2153-2163) and others), of the rectangular b-
metric spaces, see (George et al, 2015, pp.1005-1013), (Mitrović & 
Radenović, 2017, pp.3087-3095), (Mitrović & Radenović, 2017, pp.401-407) 
and others) and of the 2-metric spaces, see (Ahmed, 2009, pp.2914-2920), 
(Aliouche & Simpson, 2012, pp.668-690), (Deshpande & Chouhan, 2011, 
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3 pp.37-55), (Dung & Le Hang, 2013), (Fadail et al, 2015, pp.533-548), 
(Freese et al, 1992, pp.391-400), (Gähler, 1963, pp.115-118), (Iseki, 
1975, 133-136), (Iseki, 1976, pp.127-135), (Lahiri et al, 2011, pp.337-
352), (Lal & Singh, 1978, pp.137-143), (Naidu & Prasad, 1986, pp.974-
993), (Popa et al, 2010, pp.105-120) and others). 

 In the paper (Mustafa et al, 2014), the notion of the b2-metric space 
was introduced and some fixed point theorems in the b2-metric spaces 
proved.  

Definition 1.5 (Mustafa et al, 2014) Let  X  be a nonempty set,  
1s  be a real number and let  XXXd : R satisfies:  
(1) For every pair of distinct points Xyx , , there exists a point 

Xz  such that   0,, zyxd . 
(2) If at least two of three points zyx ,,  are the same, then 

  0,, zyxd . 
(3) The symmetry: 
           xyzdyxzdxzydzxydyzxdzyxd ,,,,,,,,,,,,   

for all Xzyx ,, . 
(4) The rectangle inequality: 
        txzdtzydtyxdszyxd ,,,,,,,,   

 for all Xtzyx ,,, .  

Then d is called a b2-metric on X and  sdX ,,  is called a b2-metric 
space.  

  
Remark 1.6 Note that,   0,, zyxd  for all Xzyx ,, . Applying the 

rectangle inequality, we get 
        zyxdyzxdyyzdsyyxd ,,,,,,,,  .  

 By (2) and the symmetry of d, we obtain   0,, zyxd .   
 Note that a 2-metric space is included in the class of the b2-metric 

spaces with the coefficient s = 1. 
Example 1 (Mustafa et al, 2014)  

1. Let   ,0X  and    pzxyzxyzyxd ,,  if xzyx  , 

and otherwise   0,, zyxd , where 1p  is a real number.  

From convexity of the function   pxxf   for 0x , then by Jensen 
inequality we have 

   ppppp cbacba  13 . 
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2. Let a mapping :d R3   ,0  be defined by 

   xzzyyxzyxd  ,,min,, . 

Then d is a b2-metric on R, i.e., the following inequality holds: 
       txzdtzydtyxdzyxd ,,,,,,,,  ,  

for all tzyx ,,, R. From the convexity of the function   pxxf   on 

 ,0  for 1p , we obtain that 

   pp xzzyyxzyxd  ,,min,,  

 is a b2-metric on R with 13  ps . 

Definition 1.7 (Mustafa et al, 2014) Let  nx  be a sequence in a   

b2-metric space  sdX ,, . 

1.   nx  is said to be  b2-convergent to Xx , written as 

xxnn lim , if for all   0,,lim,   axxdXa nn . 

2.   nx  is said to be a b2-Cauchy sequence in X if for all 

  0,,lim, ,   axxdXa mnmn . 

3.  dX ,  is said to be b2-complete if every b2-Cauchy sequence is a 
b2-convergent sequence.  

Definition 1.8 (Mustafa et al, 2014) Let  sdX ,,  be a b2-metric 

spaces and let XXf :  be a mapping. Then f is said to be              

b2-continuous at a point Xz  if for a given 0 , there exists 0  
such that Xx  and   axzd ,,  for all Xa  imply that 

  afxfzd ,, . The mapping f  is b2-continuous on X if it is                  
b2-continuous at all Xz .   

 Remark 1.9 Let  dX ,  be b2-metric spaces. Then a mapping 

XXf :  is b2-continuous at a point Xx  if and only if it is             

b2-sequentially continuous at x, that is, whenever  nx  is b2-convergent 

to x,  nfx  is b2-convergent to f(x). 

This paper is to derive theorems of Banach, Reich and Jungck in 
the b2-metric spaces. Also, we obtain some results in partially ordered 
b2-metric spaces.   
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3    One sequence convergence test in the b2-metric space 
The inequality given in the next Lemma 2.1 is key to proving our 

main results.  
Lemma 2.1  Let  sdX ,,  be a b2-metric space and  nx  a 

sequence in X. Suppose that  1,0  and let c be a real nonnegative 
number such that  

     nm
nmnm caxxdaxxd    ,,,, 11    (2.1) 

 for all nm, N and Xa . Then  nx  is a b2-Cauchy sequence in X.  

Proof. Let nm, N, Xa  and p N fixed such that sp log2 . 

From (2.1) we have that  
     nmk

nm
k

knkm ckaxxdaxxd   ,,,,   (2.2) 

 for all knm ,, N and Xa . We have 

   ),,(),,(),,(,, pmnmpmmnpmnm xxxdaxxdaxxdsaxxd    

 ),,(),,( 0 axxdaxxds p
m

npm    

)1(),,()1( 0
pm

pn
mpm cmxxxdcm    

 ),,(),,(),,( 00 pn
m

p
m

npm xxxdaxxdaxxds     

 .4 mscm  

Next, as it is 

   ),,(),,(),,(,, 000 pnnppnpnpnpn xxxdxxxdxxxdsxxxd    

   ),,(1),,( 000 xxxdcnxxxds n
ppn

pp
n     

)1(),,()1( 00
pn

p
nnp cnxxxdcp     

 pncs n  22 , 

and  

   ),,(),,(),,(,, pnnpmpnpmnpnnpm xxxdaxxdaxxdsaxxd  

           axxdcnaxxds nm
ppn

p
n ,,1),,( 0    

)(),,()( nmp
nnm

pnmp cpxxxdcp    

 ),,(),,( 0 axxdaxxds nm
p

p
n    

 nnm npcs   )(2 ,  
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   ),,(),,(),,(,, 00

2 axxdsaxxdaxxdsaxxd p
m

nm
p

p
n

nm  

    pncsnpcs nmnnm   22)(2 22 .  
 
So,  
 

       axxdsaxxdsaxxds p
m

p
n

nm
p ,,,,,,1 00

22     (2.3) 

 nmnm nnppcs   2)(22 2 ,    (2.4) 

 how is it sp log2  we have 01 2  ps  , therefore, we obtain 

that  nx  is a b2-Cauchy.  

  
Lemma 2.2  Let  sdX ,,  be a b2-metric space and  nx  a 

sequence in X. Suppose that  1,0  such that  

   axxdaxxd nmnm ,,,, 11    for all nm, N, Xa . 

 
Then  
 

     axxd
ps

s
axxd p

nm

nm ,,
1

,, 02

2







,      (2.5) 

for all pnm ,, N, sp log2  and Xa . 

 
Proof. It follows directly from Lemma 2.1, if we put c = 0, see (2.4).  
  
Remark 2.3 Note that both Lemma 2.1 and Lemma 2.2 improve the 

result of Lemma 1.6. in (Fadail et al, 2015, pp.533-548).  
 

A Theorem of Jungck in the b2-metric space 
The following Theorem is the version of the Theorem of Jungck 

(Jungck, 1976, pp.261-263) in b2-metric spaces.  
 
Theorem 3.1  Let T and I be commuting mappings of a b2-complete 

b2-metric space  sdX ,,  into itself satisfying the inequality 

   aIyIxdaTyTxd ,,,,       (3.1) 
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3  for all Xayx ,, , where 10   . If the range of I contains the 

range of T and if I is b2-continuous, then T and I have a unique common 
fixed point.  

 Proof. Let Xx 0  be arbitrary. Then 0Tx  and 0Ix  are well defined. 

Since  XITx 0 , there is any Xx 1  such that 01 TxIx  . In general, if  

nx  is chosen, then we choose a point 1nx  in X such that nn TxIx 1 . 

We show that  nIx  is a b2-Cauchy sequence. From (3.1) we have 

     aIxIxdaTxTxdaIxIxd nmnmnm ,,,,,, 1111    . 

So,  

   aIxIxdaIxIxd nmnm ,,,, 11   , for all nm, N, Xa . (3.2) 

 From Lemma 2.2 we obtain  

     aIxIxd
ps

s
aIxIxd p

nm

nm ,,
1

,, 02

2







,   (3.3) 

 for all nm, N, Xa  and for some p N such that it is 

sp log2 . Thus, we obtain that  nIx  is a b2-Cauchy sequence in X. 

By the  b2-completeness of X, there exists Xu  such that  

uTxIx n
n

n
n

  1limlim . 

 
Now, since I is b2-continuous, (3.1) implies that both I and T are   

b2-continuous. Since T and I commute, we obtain  

    TuIxTTIxITxTxIIu n
n

n
n

n
n

n
n




limlimlimlim . 

Let TuIuv  . We get IvITuTIuTv  . If TvTu  , from (3.1) 
we obtain  

 
       aTvTudaTvTudaIvIudaTvTud ,,,,,,,,   , 

a contradiction. So we have TvTu  , and finally we obtain 
vIvTv   i.e. v is a common fixed point for T and I. Condition (3.1) 

implies that v is the unique common fixed point.  
 
Theorem 3.2  Let T and I be commuting mappings of a complete   

2-metric space  sdX ,,  into itself satisfying the inequality  
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   aIyIxdaTyTxd ,,,,        (3.4) 

 for all Xayx ,, , where 10   . If the range of I contains the 

range of T and I is continuous, then T and I have a unique common fixed 
point.  

From Theorem 3.1, we obtain the following variant of the Banach 
theorem in b2-metric spaces.  

Theorem 3.3  Let  sdX ,,  be a b2-complete  b2-metric space and 
XXT :  a mapping satisfying: 

   ayxdaTyTxd ,,,,        (3.5) 

 for all Xayx ,, , where  1,0 . Then T has a unique fixed 
point.  

  
Proof. Put   XxxxI  ,  in Theorem 3.1.  
 
We obtain the following result as a consequence of Theorem 3.1 if 

we put 

1

K  and T  to be the identity map, i.e.   XxxxT  , .  

Theorem 3.4  Let I be a continuous onto mapping of a b2-complete 
b2-metric space  sdX ,, . If there exists 1K  such that  

   ayxKdaIyIxd ,,,,   

for all Xayx ,, , then I has a unique fixed point.  

The Reich theorem in b2-metric spaces 
The following theorem is the analogue of the Reich contraction 

principle (Reich, 1971, pp.121-124) in the b2-metric space.  

Theorem 4.1 Let  sdX ,,  be a b2-complete b2-metric space and 
XXT :  be a mapping satisfying:  

       aTyydaTxxdayxdaTyTxd ,,,,,,,,     (4.1) 

 for all Xayx ,, , where  ,,  are nonnegative constants with 

1   and min 
s

1
,   . Then T has a unique fixed point.  
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3 Proof. Let Xx 0  be arbitrary. Define the sequence  nx  by 

nn Txx 1  for all 0n . From condition (4.1) we have that  

       axxdaxxdaxxdaxxd nnnnnnnn ,,,,,,,, 1111    . 

 
Therefore, 

   axxdaxxd nnnn ,,
1

,, 11  






.    (4.2) 

  

Put 







1

r . We have that   1,0r . It follows from (4.2) that  

   axxdraxxd n
nn ,,,, 011   for all 1n .   (4.3) 

  
From conditions (4.1) and (4.3), we obtain  
 
       

     
     axxdrraxxd

axxdraxxdraxxd

axxdaxxdaxxdaxxd

nm
nm

nm
nm

nnmmnmnm

,,,,

,,,,,,

,,,,,,,,

1,0
11

11

1,0
1

1,0
1

11

1111





















 

 
From this, together with Lemma 2.1 (we can put  
 

   axxdc ,,,max, 10   

 
for all nm, N, note that if 0r  then the proof is trivial) we 

conclude that  nx  is Cauchy. By the b2-completeness of  sdX ,,  there 

exists Xx   such that  




 xxn

n
lim .       (4.4) 

  

Now we obtain that x  is the unique fixed point of T. Namely, we 
have 
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 1

1

1

1

111

,,

,,,,,,

,,,,,,

,,,,,,

,,,,,,,,






































nn

nn

nnn

nnn

nnn

xxxd

Txxxdxxxdaxxd

aTxxdaxxdaxxds

TxTxxdaxxdaTxTxds

xTxxdaxxdaTxxdsaTxxd





  

and 

        
      
     
     
 .,,

,,,,,,

,,,,,,

,,,,,,

,,,,,,,,

1

1

1

1

111
































nn

nnn

nn

nnn

nnn

xxxd

Txxxdxxxdaxxd

aTxxdaxxdaxxds

TxxTxdaTxTxdaxxds

xxTxdaxTxdaxxdsaxTxd





  

 

Since   0,,lim 


axxd n

n
,   0,,lim 1 

axxd nn
n

, 

  0,,lim 1 


xxxd nn
n

 and  
s

1
,min  , we have   0,,  aTxxd  for 

all Xa  i. e.,   xTx  (Axiom (1) in Definition 1.5). 

 For uniqueness, let y  be another fixed point of T. Then it follows 
from (4.1) that  

         
   ayxdayxd

aTyydaTxxdayxdaTyTxdayxd

,,,,

,,,,,,,,,,











 

is a contradiction. Therefore, we must have   0,,  ayxd , i.e., 
  yx . 

 From Theorem 4.1, we obtain the following variant of the Kannan 
theorem (Kannan, 1968, pp.71-76) in b2-metric spaces.  

 
Theorem 4.2  Let  sdX ,,  be a b2-complete b2-metric space and 

XXT :  be a mapping satisfying: 
 
     aTyydaTxxdaTyTxd ,,,,,,       (4.5) 
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3  for all Xayx ,, , where y,  nonnegative constants with 

1   and  
s

1
,min  . Then T has a unique fixed point.  

A result in partial order b2-metric space 

Let Fs denote the class of all functions   






s

1
,0,0:  satisfying 

the following condition:  

 
s

tn

1
  as n  implies 0nt  as n . 

In the paper (Mustafa et al, 2014), Mustafa et al. obtain the following 
result in partially ordered b2-metric spaces.  

Theorem 5.1 (Mustafa et al, 2014, Theorem 1) Let  ,X be a 

partially ordered set and suppose that there exists a b2-metric d on X 
such that  sdX ,,  is a b2-complete b2-metric space. Let XXf :  be 

an increasing mapping with respect to   such that there exists an 

element Xx 0  with 00 fxx  . Suppose that  

 afyfxsd ,,      ayxMayxd ,,,,     (5.1) 
 for all Xa  and for all comparable elements Xyx , , where 

       
  











afyfxd

afyydafxxd
ayxdayxM

,,1

,,,,
,,,max,, . 

 If f is b2-continuous, then f has a fixed point. Moreover, the set of 
fixed points of f is well ordered if and only if f has one and only one fixed 
point.  

 In the further, we consider that  ayxM ,,  is given as in Theorem 
5.1. 

 In the paper (Fadail et al, 2015, pp.533-548), Fadail et al. 
generalize, complement and improve Theorem 5.1 in several directions.  

Theorem 5.2 (Fadail et al, 2015, pp.533-548, Theorem 2.1) Let 
 ,X  be a partially ordered set and suppose that there exists a          

b2-metric d on X such that  sdX ,,  is a b2-complete b2-metric space with 

1s . Let XXf :  be an increasing mapping with respect to     

such that there exists an element Xx 0  with 00 fxx  . Suppose that 
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24 afyfxds ,,      ayxMayxd ,,,,     (5.2) 

 
for all Xa  and for all comparable elements Xyx , , where 

 1,0 . If f is b2-contuniuous then f has a fixed point. Moreover, the set 

of fixed points of f is well ordered if and only if f has one and only one 
fixed point.  

Using Lemma 2.1, we get the following result.  

Theorem 5.3  Let  ,X be a partially ordered set and suppose that 

there exists a b2-metric d on X such that  sdX ,,  is a b2-complete       

b2-metric space with 1s . Let XXf :  be an increasing mapping 

with respect to   such that there exists an element Xx 0  with 00 fxx  . 

Suppose that exists  1,0  such that  

 afyfxd ,,   ayxM ,, ,     (5.3) 

 for all Xa  and for all comparable elements Xyx , . If f is      

b2-continuous, then f has a fixed point. Moreover, the set of the fixed 
points of f is well ordered if and only if f  has one and only one fixed 
point.  

Proof. Since 00 fxx   and f is an increasing function, we obtain that  

 0
1

00
2

00 xfxfxffxx nn  . 

Since 1nn xx  , where  nfxx nn ,1 N, from (5.3) we obtain  

       
 

 .,,

,,1

,,,,
,,,max,,

1

1

11
11

axxd

axxd

axxdaxxd
axxdaxxd

nn

nn

nnnn
nnnn























 

Using induction, we conclude that  
   axxdaxxd n

nn ,,,, 101  ,     (5.4) 

 for all n N, Xa . Further from conditions (5.3), we have  

       
 

      .,,,,,,,max

,,1

,,,,
,,,max,,

1111

11
11

axxdaxxdaxxd

axxd

axxdaxxd
axxdaxxd

nnmmnm

nm

nnmm
nmnm





















 

 
Now, from inequality (5.4), it follows  
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3         
   
     
   ,,,

,,,,

,,,,

,,,,,,,max,,

11

10
2

11

10
21

11

10
1

10
1

11

nm
nm

nm
nm

nm
nm

nm
nmnm

caxxd

axxdaxxd

axxdaxxd

axxdaxxdaxxdaxxd



























 

where  axxdc ,, 10
2 . Now, because of Lemma 2.1, we get that 

 nx  is a b2-Cauchy sequence in  dX , . The rest of the proof is the 

same as in (Mustafa et al, 2014) (Steps IV and V).  
 Note that condition (5.1) implies (5.2) and condition (5.2) implies 

(5.3).  
Example 2 Let        2,0,0:0,  aaX  and let  zyxd ,,  

denote the square of the area of a triangle with the vertices Xzyx ,, , 
e.g., 

        22,0,0,,0, babad  . 

 Then d is a b2-metric with the parameter 2s . Introduce an order 
in X by 

 0,a    ,0, bab   

with all other pairs of distinct points in X incomparable. 
 Consider the mapping XXf :  given by  

   0,0, aaf   for   ,0a  and    ,2,02,0 f  

and the function 2F  given as  

 
t

t
t

42

1




  for  .,0 t  

Then f is an increasing mapping with  0,a   0,af  for each 0a .  

1. If 
3

1
  then the assumptions of Teoreme 5.1 are satisfied 

(Mustafa et al, 2014, Example 3). 

2. If 
2

1
  then the assumptions of Theorem 5.2 are satisfied 

(Fadail et al, 2015, pp.533-548, Example 2.6), but we cannot apply 
Theorem 5.1. 

3. If 





 1,

2

1  then the assumptions of Theorem 5.3 are satisfied, 

but we cannot apply Theorem 5.2.  
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ЯЗЫК СТАТЬИ: английский 

Резюме:  

Во введении данной статьи мы доказали результат, который 
является достаточным условием для сходимости 
последовательностей в b2-метрическом пространстве. Далее 
представлены некоторые теоремы о неподвижной точке в      
b2-метрическом пространстве. Некоторые из наших 
результатов представляют собой соответствующие 
обобщения известных результатов в b2-метрическом 
пространстве, в качестве доказательства приведены 
примеры. 

Ключевые слова: неподвижные точки, обобщенные неподвижные 
точки, 2-метрическое пространство, b2-метрическое 
пространство. 
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Сажетак:  

У овом раду прво је доказан резултат који даје довољан услов за 
конвергенцију низова у b2-метричком простору. Такође, 
наведене су неке теореме о фиксној тачки у b2-метричком 
простору. Неки резултати представљају одговарајуће 
генерализације познатих резултата у  b2-метричком простору, 
а примери су презентирани да то потврде. 

Кључне речи: фиксне тачке, заједничке фиксне тачке,                 
2-метрички простор, b2-метрички простор. 
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