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Abstract:

Introduction/purpose: The Laplacian energy (LE) is the sum of absolute
values of the terms u-2m/n, where ; , i=1,2,...,n, are the eigenvalues of
the Laplacian matrix of the graph G with n vertices and m edges. The
basic results of the theory of LE are outlined, and some new obtained.
Methods: Spectral theory of Laplacian matrices is applied.

Results: A new class of lower bounds for LE is derived.

Conclusion: The paper contributes to the Laplacian spectral theory and tp
the theory of graph energies.

Keywords: spectral graph theory, Laplacian spectrum (of graph),
Laplacian energy.

Introduction

Throughout this paper, we are concerned with simple graphs, i.e.
graphs without directed, multiple, or weighted edges, and without loops.
Let G be such a graph, possessing n vertices and m edges. For details of
the graph theory see (Harary, 1969), (Cvetkovi¢, 1981).

Let the vertices of the graph G be labeled by vy, v, ..., v, . Let
deg(v;) be the degree (= number of first neighbors) of the vertex v.. Then
the Laplacian matrix of G, denoted by L(G), is the square matrix of the
order n, whose (ij)-element is equal to -1 if the vertices v and v; are
adjacent, it is 0 when the vertices v; and v; are not adjacent, and deg(v)) if
i=j. The eigenvalues of L(G), denoted bu u; , i=1,2,...,n, form the
Laplacian spectrum of the graph G. For details of the theory of Laplacian
matrices and their spectra see (Grone et al, 1990), (Merris, 1994).
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The (ordinary) energy of a graph is defined as the sum of absolute
values of the eigenvalues of the adjacency matrix (Li et al, 2012),
(Gutman & Furtula, 2019). Extending this concept to Laplacian
eigenvalues, the Laplacian energy was defined as (Gutman & Zhou,

2006):
LE=Y
i=1

For details on the mathematical properties of the Laplacian energy
see (Andriantiana, 2016), (Gutman & Furtula, 2019).

om 1
Hi nl (1)

Preparations and the main results

The Laplacian eigenvalues y; , i=1,2,...,n, are non-negative real
numbers. If the underlying graph G is connected, then exactly one of
these eigenvalues is equal to zero (and the other n-1 eigenvalues are
positive-valued). The following relations

D H=2m ?)
i=1
and

S =2m+ Y deg(y,)’
i=1

E 3)

are well known (Grone et al, 1990). At this point, we note that the sum of

squares of vertex degrees is the much studied first Zagreb index; for

details see (Borovi¢anin et al, 2017) and the references cited therein.
Combining Egs. (2) and (3), we directly obtain

2

Z K -2m =2M
=l 4)
where
2 n
M=m —ZiJrEZdeg(vi)2
n 23

Numerous upper and lower bounds for the Laplacian energy are
known (Gutman & Zhou, 2006), (Andriantiana, 2016), of which we
mention here
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2NM < LE <2M
and the McClelland-type upper bound

LE <+2Mn . )

In this paper, we offer four new lower bounds for LE, namely

abn+2M
L= ®)
2m ?
ab(n—-1)+2M —| —
LE>2M, n @
n a+b

LE > 2\/%\/2Mn (8)
a-+

2
LE >2—m+2\/£ 2M _(Z_mj (n-1) (9)
n

n a+b
For connected graphs with at least four vertices, all bounds (6)-(9)
are strict.
The meaning of the parameters a and b is explained in the
subsequent section. Observe that the multiplier in (8) and (9) is the ratio
between the geometric and arithmetic means of a and b.

Proofs of bounds (6)-(9)

In order to avoid trivialities, we assume that the graphs considered
are connected and have more than three vertices. Let

2m
M=
n
and label the Laplacian eigenvalues of the considered graph so that
X, 2 X, =2 X,

In addition, let X, =a and X, =D. Then

= X.
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(a—X,)(b—X,)=ab-(a+b)X,+ X? <0 (10)

holds for all i=1,2,...,n, and is strictly negative for at least one value of /.
Summing (10) over all i, and bearing in mind Eqgs. (1) and (4), we get

abn—(a+b)LE +2M <0

from which inequality (6) directly follows.
For connected graphs, exactly one Laplacian eigenvalue is equal to
zero. Therefore, one X-value is equal to 2m/n. Let this be X.

If we sum (10) over all i, except I =#, then we arrive at

ab(n—l)—(a+b)(LE—sz)+ 2M —(Zij <0

which implies inequality (7).
Applying the relation P +Q >2,/PQ , which holds for any positive real

numbers P,Q, with equality if and only if P=Q, we can transfer inequality
(6) into inequality (8). In the very same manner, bound (9) is obtained
from (7).

It is worth noting that the lower bound (8) has a similar algebraic
form as the upper bound (5). Thus (5) and (8) estimate the Laplacian
energy from both sides in an analogous, McClelland-type manner.

It can be shown that among the lower bounds (6)-(9), bound (7) is
the best. In addition, (6) is better than (8), whereas (7) is better than (9).
Numerical testing shows that bound (6) is sharper than {9), However, to
verify this by exact mathematical methods seems to be a tough task and
remains an open problem.

A special case: regular graphs

A graph is said to be regular if all its vertices have equal degrees.
Let, thus, the considered graph G be regular, and let deg(v;)=r for all
i=1,2,...,n. Then
2m

> deg(v,)=nr, > deg(v,)’ =nr?, =T M=m.
i=1 i=1

Bearing this in mind, for regular graphs, inequalities (6)-(9) reduce

to:
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(@b +r)n
LE > —F 2~
g a+b (6a)
LE>ra ab(n=1)+r(n-r) 7o)
a+b
LE > 2YA0 (8a)
a+b
2+/ab
LE>r+ r(n—r)(n-1
a+b\/( )(n-1) (9a)

For regular graphs, the Laplacian and ordinary energies coincide.
Therefore, bounds (6a)-(9a) hold also for the ordinary energy of regular
graphs. Bounds of this kind (for ordinary graph energy) were recently
communicated (Oboudi, 2019), (Gutman, 2019).
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HOBbLIE OrPAHUYEHUSA NAMNNACOBOW SHEPT W

UeaH lN'yTmaH

YHuBepcuTteT B 1. Kparyesau, EcTecTBeHHO-MaTeMaTnyeckun akynoTeT,
r. Kparyesau, Pecny6nuka Cepbus

PYBPUKA T'PHTW: 27.00.00 MATEMATUNKA
BWO CTATbW: opurmHanbHasa HayyYHas ctaTbsl
A3bIK CTATbW: aHrnuinckmn

Pe3some:

Beederue/yens: Jlannacosa aHepausi (/13) epacha siensgemcsa cymmou
abcormomHbIX 8enuYuH mepmuHa L -2m/n, npu yem u, i=1,2,...,n,
npedcmaernsom cobcmeeHHble 3Ha4YeHuss Mampuusi flannaca epagha G
C n y3namu u m esemesiMu. Kpome OCHOBHbLIX pe3ysibmarmnog meopuu
Jlannaca, 8 pabome rpusedeHb! U HEKOMOPbIE HOBOBbISIBIIEHHbIE.
Memodbi: B pabome npumeHsinachb criekmparbHas meopusi Mampuy,
Jlannaca.

Pesynbmamel; BbisierieH HO8bIU Knacc rpederibHbIX 3HaYeHuUll aHepeuu
Jlannaca.

Bbigodbi: [aHHasi paboma Oeriaem eknad 6 passumue CriekmparbHoOU
meopuu flannaca u meopuu sHepauu gpagos.

Knovesble criosa: criekmparnbHas meopusi epaghos, Jjianiacosckull
criekmp (2pacghba), saHepaus Jlannaca.

HOBA OIr'PAHNYEHA 3A NNIAMNIACOBY EHEPTUJY

UeaH N'yTMaH

YHusepautet y Kparyjesuy, MNpupoaHo-matemaTtuyku akynTer,
KparyjeBau, Penybnuka Cpbuja

OBJNACT: maTtemaTtuka
BPCTA UJIAHKA: opyruHanHu Hay4Hu pag
JESUK YJTAHKA: eHrnecku
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Caxemak:

Yeod/cepxa: [lannacosea eHepeuja (LE) epacha je cyma arncorymHux
gpedHocmu u3pasa pr2m/n, 20e u, i=1,2,...,n, npedcmassrbajy
coricmeexe spedHocmu Jlannacose mampuue epagha G ca n 4eoposa u
m epaHa. Noped ocHosHux pe3ynmama meopuje flannacose eHepauje

damu cy U HeKU HO80O0bUjeHU.
Memode: KopuwheHa je cnekmparnHa meopuja Jlannacosux Mampuuya.

Pesynmamu: MN3800u ce Hosa Kriaca O0H-UX OgpaHuyver-a 3a flannacosy

eHepaujy.

Sakrbyyak: Pad Oaje donpuHoc Jlannacosoj criekmparnHoj meopuju Kao u

meopuju eHepauja epaga.

KmbyuHe peyu: cnekmparnHa meopuja 2pagposa, flannacoe criekmap

(epagha), Jlannacoea eHepauja.
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