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7Abstract: 

Introduction/purpose: This paper presents coincidence and common fixed 
points of Suzuki type ሺߙ∗ െ ߰ሻ െ multivalued operators on b-metric 
spaces. 

Methods: The limit shadowing property was discussed as well as the well- 
posedness and the Ulam-Hyers stability of the solution for the fixed point 
problem of such operators. 

Results: The upper bound of the Hausdorff distance between the fixed 
point sets is obtained. Some examples are presented to support the 
obtained results. 

Conclusion: The application of the obtained results establishes the 
existence of differential inclusion. 

Keywords: b-metric space, multi-valued mapping, fixed point problems, 
Ulam-Hyers stability, initial value problem. 

Introduction and preliminaries 
Euclidean distance is an important measure of ”nearness” between 

two real or complex numbers. Fréchet (1905) introduced the concept of a 
metric to obtain the distance between two arbitrary objects. Since then, 
this notion has been generalized further in one to many directions, see 
(An et al, 2015a), among which one of the most important generalizations 
is the concept of a b-metric initiated by (Czerwik, 1993). For more details 
of b-metric spaces see (Aleksić et al, 2018), (Hussain et al, 2012), (Kirk & 
Shahzad, 2014) and the references therein. 

 
Definition 1.1 Let ܺ be a nonempty set. A mapping ݀: ܺ ൈ ܺ →

ሾ0,∞ሻ is said to be a b-metric on ܺ if there exists some real constant 
ܾ ⩾ 1 such that for any ݔ, ,ݕ ݖ ∈ ܺ, the following condition holds:  

a1): ݀ሺݔ, ሻݕ ൌ 0 if and only if ݔ ൌ  ;ݕ
a2): ݀ሺݔ, ሻݕ ൌ ݀ሺݕ,  ;ሻݔ
a3): ݀ሺݔ, ሻݕ ⩽ ܾ݀ሺݔ, ሻݖ  ܾ݀ሺݖ,  ሻݕ

 
The pair ሺܺ, ݀ሻ is termed a b-metric space with b-metric constant ܾ. 

Every metric is b-metric for ܾ ൌ 1 but the converse does not hold in 
general (Ćirić et al, 2012), (Czerwik, 1993), (Singh & Prasad, 2008). 

In the sequel, the letters, Թା, Թ, Գ and Ժା will denote the set of all 
nonnegative real numbers, the set of all real numbers, the set of all 
natural numbers and the set of all nonnegative integer numbers, 
respectively. 
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3 Let ሺܺ, ݀ሻ be a b-metric space and ܲሺܺሻ a collection of all subsets of 
ܺ. Denote ݈ܥሺܺሻ,  ሺܺሻ by the collection of closed, closed andܭ ሺܺሻ, andܤܥ
bounded and compact subsets of ܺ, respectively. 

Let ܷ, ܸ ∈ ܲሺܺሻ. The gap functional ܦ, the excess generalized 
function ߩ,	the Pompeiu-Hausdorff generalized functional ܪ,	and the 
functional ߜ induced by a b-metric ݀ on ܺ are defined as: 

 

,ሺܷܦ  (1)     ܸሻ ൌ ൝
inf௨∈,௩∈݀ሺݑ, ,ሻݒ if	ܷ ് ܸ ് ∅ ് ܷ,
0, if	ܷ ൌ ܸ ൌ ∅,
∞, otherwise.

 

 

,ሺܷߩ  (2)     ܸሻ ൌ ൝
sup௨∈ܦሺݑ, ܸሻ, if	ܷ ് ܸ ് ∅ ് ܷ,
0, if	ܷ ൌ ∅,
∞, if	ܸ ൌ ∅, ܷ ് ∅.

 

  

,ሺܷܪ  (3)     ܸሻ ൌ ൝
maxሼߩሺܷ, ܸሻ, ,ሺܸߩ ܷሻሽ, if	ܷ ് ܸ ് ∅ ് ܷ,
0, if	ܷ ൌ ܸ ൌ ∅,
∞, otherwise.

 

,ሺܷߜ ܸሻ ൌ ൝
sup௨∈,௩∈݀ሺݑ, ,ሻݒ if	ܷ ് ܸ ് ∅ ് ܷ,
0, if	ܷ ൌ ܸ ൌ ∅,
∞, otherwise.

 

 
An et al (2015b) studied the topological properties of b-metric 

spaces and stated that a b-metric is not necessarily continuous in each 
variable. If a b-metric is continuous in one variable, then it is continuous 
in other variable. A ball ܤሺݑ, ߳ሻ ൌ ሼݒ ∈ ܺ: ݀ሺݑ, ሻݒ ൏ ߳ሽ in a b-metric 
space ሺܺ, ݀ሻ is not necessarily an open set. A ball is an open set if ݀ is 
continuous in one variable. 

 
Let ሺܺ, ݀ሻ be a b-metric space. We call ሺ݂, ܶሻ a hybrid pair of 

mappings if ݂: ܺ → ܺ and ܶ: ܺ →  .ሺܺሻܤܥ
 
A mapping ݂ is called a contraction if there is some real constant 

ݎ ∈ ሾ0,1ሻ such that for any ݑ, ݒ ∈ ܺ, we have ݀ሺ݂ݑ, ሻݒ݂ ⩽ ,ݑሺ݀ݎ  .ሻݒ
 
A point ݑ in ܺ is a fixed point of ݂, if ݑ ൌ  a fixed point of ܶ, if ,ݑ݂

ݑ ∈ ,a coincidence point of ሺ݂ ,ݑܶ ܶሻ if ݂ݑ ∈ ܶ, and a common fixed point 
of ሺ݂, ܶሻ if ݑ ൌ ݑ݂ ∈ ,ሺ݂ሻܨ Denote .ݑܶ  ,ܶ ሺܶሻ by the fixed points of ݂ andܨ
respectively, and ܥሺ݂, ܶሻ and ܨሺ݂, ܶሻ by coincidence and common fixed 
point of ሺ݂, ܶሻ, respectively. 
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7Definition 1.2,compare with (Abbas et al, 2012). A pair ሺ݂, ܶሻ is w-

compatible if ݂ሺܶݑሻ ⊆ ܶሺ݂ݑሻ for all ݑ ∈ ,ሺ݂ܥ ܶሻ. The mapping ݂ is ܶ-
weakly commuting at some point ݑ ∈ ܺ if ݂ଶሺݑሻ ∈ ܶሺ݂ݑሻ. 

 
Using an axiom of choice, Haghi et al (2011) proved the following 

lemma. 
 
Lemma 1.3 (Haghi et al, 2011) Let ݂: ܺ → ܺ be a self-mapping of a 

nonempty set ܺ, then there exists a subset ܧ ⊆ ܺ such that ݂ሺܧሻ ൌ ݂ሺܺሻ 
and ݂ is one-to-one on ܧ.  

 
Lemma 1.4, compare (Rus et al, 2003). Let ሺܺ, ݀ሻ be a b-metric 

space, ܷ, ܸ ∈ ܲሺܺሻ. If there exists a ߣ  0 such that for each ݑ ∈ ܷ, there 
exists a ݒ ∈ ܸ such that ݀ሺݑ, ሻݒ ⩽ ݒ and for each ,ߣ ∈ ܸ, there exists a 
ݑ ∈ ܷ such that ݀ሺݑ, ሻݒ ⩽ ,ሺܷܪ then ,ߣ ܸሻ ⩽  .ߣ

 
We need following lemmas given in (Czerwik, 1993), (Singh & 

Prasad, 2008). 
 
Lemma 1.5  Let ሺܺ, ݀ሻ be a b-metric space, ,ݑ ݒ ∈ ܺ, ሼݑሽ a sequence 

in ܺ and ܷ, ܸ ∈  :ሺܺሻ. The following statements holdܤܥ
b1-: ሺܤܥሺܺሻ, ,ሺܺሻܤܥሻ is a b-metric space and ሺܪ  ሻ is completeܪ

whenever ሺܺ, ݀ሻ is complete; 
b2-: ܦሺݑ, ܸሻ ⩽ ,ሺܷܪ ܸሻ for all ݑ ∈ ܷ; 
b3-: ܦሺݑ, ܷሻ ⩽ ܾ݀ሺݑ, ሻݒ  ,ݒሺܦܾ ܷሻ; 
b4-: for ݄  1 and ݑ ∈ ܷ, there is a ݒ ∈ ܸ such that ݀ሺݑ, ሻݒ ⩽

,ሺܷܪ݄ ܸሻ; 
b5-: for every ݄  0 and ݑ ∈ ܷ, there is a ݒ ∈ ܸ such that ݀ሺݑ, ሻݒ ⩽

,ሺܷܪ ܸሻ  ݄; 
b6-: ܦሺݑ, ܷሻ ൌ 0 if and only if ݑ ∈ ܷ ൌ ܷ; 
b7-: ݀ሺݑ, ሻݑ ⩽ ܾ݀ሺݑ, .ଵሻݑ . . ܾିଵ݀ሺݑିଶ, ିଵሻݑ  ܾିଵ݀ሺݑିଵ,  ;ሻݑ
b8-: ሼݑሽ is a Cauchy sequence if and only if for ߳  0, there exists 

݊ሺ߳ሻ ∈ ܰ such that for each ݊,݉ ⩾ ݊ሺ߳ሻ we have ݀ሺݑ, ሻݑ ൏ ߳; 
b9-: ሼݑሽ is a convergent sequence if and only if there exists ݑ ∈ ܺ 

such that for all ߳  0 there exists ݊ሺ߳ሻ ∈ ܰ such that for all ݊ ⩾
݊ሺ߳ሻ, ݀ሺݑ, ሻݑ ൏ ߳. 

 
A sequence ሼݑሽ is convergent to ݑ ∈ ܺ if and only if 

lim→ାஶ݀ሺݑ, ሻݑ ൌ 0. 



 

442 

 V
O

JN
O

T
E

H
N

IČ
K

I G
LA

S
N

IK
 / 

M
IL

IT
A

R
Y

 T
E

C
H

N
IC

A
L 

C
O

U
R

IE
R

, 2
02

0,
 V

ol
. 6

8,
 Is

su
e 

3 A subset ܻ ⊂ ܺ is closed if and only if for each sequence ሼݑሽ in ܻ 
that converges to an element ݑ ,ݑ ∈ ܻ. A subset ܻ ⊂ ܺ is bounded if 
diamሺܻሻ is finite, where diamሺܻሻ ൌ supሼ݀ሺݑ, :ሻݒ ,ݑ ݒ ∈ ܻሽ. A b-metric 
space ሺܺ, ݀ሻ is said to be complete if every Cauchy sequence in ܺ is 
convergent in ܺ. 

Following are some known classes of mappings given in (Berinde, 
1993), (Berinde, 1996), (Berinde, 1997), (Bota et al, 2015), (Rus, 2001). 

Let ߰,߮:Թା → Թା, then 

c1-: Ψଵ ൌ ቄ߰:߰	is	increasing, lim
→ାஶ

߰ሺݐሻ ൌ 0, for	any	ݐ ⩾ 0ቅ. 

 
The elements in this class are called comparison functions. If 

߰ ∈ Ψଵ, then the nth iterate of ߰ is a comparison function, ߰ is continuous 
at ݐ ൌ 0, and ߰ሺݐሻ ൏ ݐ for any ,ݐ  0. 

 
c2-: Ψଶ ൌ ሼ߰:∑  ∞

ୀଵ ߰ሺݐሻ ൏ ∞	for	all	ݐ  0	and߰	is	nondecreasingሽ. 

c3-: Ψଷ ൌ ቐ
߰:߰	is	increasing, there	exists	a	݊ ∈ Գ, ܽ ∈ ሺ0,1ሻ,
a	sequence	ݑ ⩾ 0	such	that	 ∑  ∞

ୀଵ ݑ ൏ ∞and	
߰ାଵሺݐሻ ⩽ ܽ߰ሺݐሻ  ݊	all	for	ݑ ⩾ ݊	, ݐ ⩾ 0

ቑ 

is called the class of ሺܿሻ െcomparison functions. 
 

c4-: Ψସ ൌ ቐ
߰:߰	is	increasing, there	exists	a	݊ ∈ Գ, ܽ ∈ ሺ0,1ሻ,
ܾ ⩾ 1, a	sequence	ݑ ⩾ 0	such	that	 ∑  ∞

ୀଵ ݑ ൏ ∞and
ܾାଵ߰ାଵሺݐሻ ⩽ ܾܽ߰ሺݐሻ  ݊	all	for	ݑ ⩾ ݊, ݐ ⩾ 0

ቑ 

is known as the class of ሺܾሻ െcomparison functions.  
Note that Ψଶ ⊆ Ψଵ. If ܾ ൌ 1, then Ψଷ ൌ Ψସ. 
 
Lemma 1.6 (Berinde, 1993) If ߰ ∈ ܾ ସ withߖ ⩾ 1, then the series 

∑  ∞
ୀ ܾ

߰ሺݐሻ converges for all ݐ ∈ Թା, and ݎሺݐሻ ൌ ∑  ∞
ୀ ܾ

߰ሺݐሻ is 
increasing and continuous at ݐ ൌ 0. 

 
In the light of the above lemma, Ψସ ⊆ Ψଵ. 
 
Lemma 1.7 (Păcurar, 2010) If ߰ ∈ ܾ ସ withߖ ⩾ 1, and ሼܽሽ ⊆ Թା is 

such that ݈݅݉
→ାஶ

ܽ ൌ 0, then  

lim
→ାஶ

  
ஶ

ୀ
ܾି߰ିሺܽሻ ൌ 0. 

 
Example 1.8 Let ψሺtሻ ൌ qt, where q ∈ ሾ0,1ሻ and t ∈ Թା. Consider 

∑  ∞
୩ୀ u୩ሺtሻ, where u୩ሺtሻ ൌ b୩ψ୩ሺtሻ and b ⩾ 1. If t ൌ 0, then ∑  ∞

୩ୀ u୩ሺtሻ 
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7converges trivially. If t  0, then by the generalized ratio test (Berinde, 

1993), ∑  ∞
୩ୀ u୩ሺtሻ is convergent for any t  0. Hence for some n ∈

Գ, b୬ାଵψ୬ାଵሺtሻ ⩽ ab୬ψ୬ሺtሻ  u୬ for all n ⩾ n and t ⩾ 0. Consequently, 
we have ψ ∈ Ψସ. 

 
The Banach contraction principle (BCP) (Banach, 1922) states that a 

contraction mapping on a complete metric space has a unique fixed 
point. 

Let ߙ: ܺ ൈ ܺ → Թା. A mapping ݂: ܺ → ܺ is called an ߙ െadmissible if 
for all ݑ, ݒ ∈ ܺ, ,ݑሺߙ ሻݒ ⩾ 1 implies that ߙሺ݂ݑ, ሻݒ݂ ⩾ 1. Samet et al (2012), 
Theorem 1, obtained the following generalization of BCP. 

 
Theorem 1.9  Let ሺܺ, ݀ሻ be a complete metric space and ݂: ܺ → ܺ 

an ߙ െadmissible mapping. Suppose that there is an element ݑ in ܺ with 
,ݑሺߙ ሻݑ݂ ⩾ 1. If for any ݑ, ݒ ∈ ܺ, there exists ߰ ∈  ଶ such thatߖ

,ݑሺߙ ,ݑሻ݀ሺ݂ݒ ሻݒ݂ ⩽ ߰ሺ݀ሺݑ,  ሺ݂ሻ is nonempty provided that ݂ isܨ ሻሻ,thenݒ
continuous.  

 
Suzuki (2008) provided an interesting generalization of BCP that 

characterizes metric completeness. 
For some other important generalizations of BCP, see (Berinde, 

1993), (Berinde, 1996), (Berinde, 1997), (Bhaskar & Lakshmikantham, 
2006), (Nieto & Rodríguez-López, 2005), (Nieto & Rodríguez-López, 
2007), (Ran & Reurings, 2004) and references therein. A number of fixed 
point theorems have been obtained in b-metric spaces (Aleksić et al, 
2019a), (Aleksić et al, 2019b), (Ali & Abbas, 2017), (An et al, 2015a), (An 
et al, 2015a), (Ćirić et al, 2012), (Chifu & Petruşel, 2014), (Czerwik, 
1993), (Karapinar et al, 2020), (Latif, 2015), (Mitrović, 2019), (Păcurar, 
2010). 

The development of the metric fixed point theory of multivalued 
mappings was initiated by (Nadler, 1969). He introduced the concept of 
set-valued contraction mappings and extended the Banach contraction 
principle to set-valued mappings by using the Hausdorff metric as 
follows. 

 
Theorem 1.10  Let ሺܺ, ݀ሻ be a complete metric space. If a 

multivalued mapping ܶ: ܺ ⟶ ,ݑሺܶܪ ሺܺሻ satisfiesܤܥ ሻݒܶ ⩽ ,ݑሺ݀ݎ  ሻ for allݒ
,ݑ ݒ ∈ ܺ and for some ݎ ∈ ሾ0,1ሻ, then ܨሺܶሻ is nonempty.  

 
The fixed point theory of multivalued mappings provides a useful 

machinery to analyze the problems of pure, applied and computational 
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3 mathematics which can be reformulated in the form of an inclusion for an 
appropriate multivalued mapping. 

For more results in this direction, we refer to (Abbas et al, 2012), 
(Abbas et al, 2013), (Asl et al, 2012), (Rus et al, 2003), (Mitrović et al, 
2020). 

Khojasteh et al (2014) proved a new type of the fixed point theorem 
for multivalued mappings in metric spaces as follows. 

 
Theorem 1.11 Let ሺܺ, ݀ሻ be a complete metric space. If a 

multivalued mapping ܶ: ܺ ⟶  ሺܺሻ satisfiesܤܥ
 

,ݑሺܶܪ ሻݒܶ ⩽ ൬
,ݑሺܦ ሻݒܶ  ,ݒሺܦ ሻݑܶ

1  ,ݑሺߜ ሻݑܶ  ,ݒሺߜ ሻݒܶ
൰ ݀ሺݑ,  ሻ     (1.1)ݒ

  
for all ݑ, ݒ ∈ ܺ, then ܨሺܶሻ is nonempty.  

 
Recently, Rhoades (2015) improved the result of Khojasteh for two 

multivalued mappings as follows. 
 
Theorem 1.12 (Rhoads, 2015) Let ሺܺ, ݀ሻ be a complete metric 

space. If multivalued mappings ܵ, ܶ: ܺ ⟶ ,ݑሺܵܪ ሺܺሻ satisfyܤܥ ሻݒܶ ⩽
݊ௌ,்ሺݑ, ,ݑሻ݉ௌ,்ሺݒ ,ݑ ሻ for allݒ ݒ ∈ ܺ, then ܨሺܶሻ ∩  ሺܵሻ is nonempty, whereܨ

 

݊ௌ,்ሺݑ, ሻݒ ൌ ቆ
maxሼ݀ሺݑ, ,ሻݒ ,ݑሺܦ ሻݑܵ  ,ݒሺܦ ,ሻݒܶ ,ݑሺܦ ሻݒܶ  ,ݒሺܦ ሻሽݑܵ

1  ,ݑሺߜ ሻݑܵ  ,ݒሺߜ ሻݒܶ
ቇ

݉ௌ,்ሺݑ, ሻݒ ൌ max ൜݀ሺݑ, ,ሻݒ ,ݑሺܦ ,ሻݑܵ ,ݒሺܦ ,ሻݒܶ
,ݑሺܦ ሻݒܶ  ,ݒሺܦ ሻݑܵ

2
ൠ .

 (1.2) 

 
If ܵ ൌ ܶ in above theorem then we get the following result.  
 
Theorem 1.13, (Rhoads, 2015). Let ሺܺ, ݀ሻ be a complete metric 

space. If a multivalued mapping ܶ: ܺ ⟶ ,ݑ ሺܺሻ satisfiesfor allܤܥ ݒ ∈
,ݑሺܶܪ,ܺ ሻݒܶ ⩽ ்݊,்ሺݑ, ,ݑሻ்݉,்ሺݒ  .ሺܶሻ is nonemptyܨ ሻ, thenݒ

 
Let ߙ: ܺ ൈ ܺ → Թା and ܷ, ܸ ∈ ܲሺܺሻ. Define 

,ሺܷ∗ߙ ܸሻ ൌ inf௨∈,௩∈ߙሺݑ,  .ሻݒ
A multivalued mapping ܶ: ܺ → ∗ߙ ሺܺሻ is called݈ܥ െ	admissible 

mapping if for any ݑ, ݒ ∈ ܺ, ,ݑሺߙ ሻݒ ⩾ 1 implies that ߙ∗ሺܶݑ, ሻݒܶ ⩾ 1. The 
concepts of ߙ∗ െ	admissible mapping coincides with ߙ െ	admissible 
mapping in case of a single valued mapping. 
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7Asl et al (2012), Theorem 1, defined (ߙ∗ െ ߰ሻ െ	contractive 

multifunctions and proved the following result. 
 
Theorem 1.14  Let ሺܺ, ݀ሻ be a complete metric space and ܶ: ܺ →

∗ߙ ሺܺሻ an݈ܥ െ	admissible mapping that satisfies ߙ∗ሺܶݑ, ,ݑሺܶܪሻݒܶ ሻݒܶ ⩽
߰ሺ݀ሺݑ, ,ݑ ሻሻ for allݒ ݒ ∈ ܺ and ߰ ∈ ݑ ଶ. Moreover, if there exists aߖ ∈ ܺ 
and ݑଵ ∈ ,ݑሺߙ  such thatݑܶ ଵሻݑ ⩾ 1, then ܨሺܶሻ is nonempty provided 
that if ሼݑሽ is a sequence in ܺ such that ߙሺݑ, ାଵሻݑ ⩾ 1 for all ݊ and 
݈݅݉
→ାஶ

ݑ ൌ ,ݑሺߙ then ,ݑ ሻݑ ⩾ 1 for all ݊.  

 
In what follows, we assume that a b-metric ݀ is continuous in one 

variable. 
 
Definition 1.15, compare with (Rus et al, 2003). Let ሺܺ, ݀ሻ be a b-

metric space. A mapping ܶ: ܺ →  ሺܺሻ is called a multivalued weakly݈ܥ
Picard operator (MWP operator), if for all ݑ ∈ ܺ and for some ݒ ∈  ,ݑܶ
there exists a sequence ሼݑሽ satisfying (a1) ݑ ൌ ,ݑ ଵݑ ൌ ାଵݑ (a2) ,ݒ ∈
݊  for allݑܶ ⩾ 0, (a3) ሼݑሽ converges to some ݖ ∈  ሺܶሻ. The sequenceܨ
ሼݑሽ satisfying (a1) and (a2) is called a sequence of successive 
approximations (ssa) of ܶ starting from ሺݑ,  ሻ. If ܶ is a single-valuedݒ
mapping, then we call it a Picard operator if it satisfies (a1) to (a3).  

 
Recently Bota et al (2015) proved the fixed point theorem for (ߙ∗ െ

߰)	െ	contractive multivalued mappings as follows. 
 
Theorem 1.16  Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െ	admissible multivalued operator that 
satisfies 

 
,ݑሺܶ∗ߙ ,ݑሺܶܪሻݒܶ ሻݒܶ ⩽ ߰ሺ݀ሺݑ,  ሻሻݒ

 
for all ݑ, ݒ ∈ ܺ and ߰ ∈ ݑ ସ. Assume that there exists aߖ ∈ ܺ and 
ଵݑ ∈ ,ݑሺߙ  such thatݑܶ ଵሻݑ ⩾ 1. Then ܶ is a MWP operator provided that 
if there is a sequence ሼݑሽ in ܺ such that ݑ → ,ݑሺߙ then ,ݑ ሻݑ ⩾ 1 for all 
݊ ∈ Գଵ. 

 
A mapping ܶ: ܺ → ∗ߙሺܺሻ is called ሺ݈ܥ െ ݂ሻ െadmissible mapping if 

,ݑ ݒ ∈ ܺ, ,ݑሺ݂ߙ ሻݒ݂ ⩾ 1 implies that ߙ∗ሺܶݑ, ሻݒܶ ⩾ 1. 
Let ሺܺ, ݀ሻ be a b-metric space, ݃: ܺ → ܺ and ܶ: ܺ →   ሺܺሻ. Set݈ܥ
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3 

்ܰሺݑ, ሻݒ ൌ
maxሼ݀ሺݑ, ,ሻݒ ,ݑሺܦ ሻݑܶ  ,ݒሺܦ ,ሻݒܶ ,ݑሺܦ ሻݒܶ  ,ݒሺܦ ሻሽݑܶ

ܾሺߜሺݑ, ሻݑܶ  ,ݒሺߜ ሻݒܶ  1ሻ
, 

,ݑሺ்ܯ ሻݒ ൌ max ൜݀ሺݑ, ,ሻݒ ,ݑሺܦ ,ሻݑܶ ,ݒሺܦ ,ሻݒܶ
,ݑሺܦ ሻݒܶ  ,ݒሺܦ ሻݑܶ

2ܾ
ൠ, 

 
and 

 

ܰ,்ሺݑ, ሻݒ ൌ
maxሼ݀ሺ݃ݑ, ,ሻݒ݃ ,ݑሺ݃ܦ ሻݑܶ  ,ݒሺ݃ܦ ,ሻݒܶ ,ݑሺ݃ܦ ሻݒܶ  ,ݒሺ݃ܦ ሻሽݑܶ

ܾሺߜሺ݃ݑ, ሻݑܶ  ,ݒሺ݃ߜ ሻݒܶ  1ሻ
 

,ݑ,்ሺܯ ሻݒ ൌ max ൜݀ሺ݃ݑ, ,ሻݒ݃ ,ݑሺ݃ܦ ,ሻݑܶ ,ݒሺ݃ܦ ,ሻݒܶ
,ݑሺ݃ܦ ሻݒܶ  ,ݒሺ݃ܦ ሻݑܶ

2ܾ
ൠ. 

 
We now give the following definitions. 
 
Definition 1.17 Let ሺܺ, ݀ሻ be a b-metric space. A mapping ܶ: ܺ →

∗ߙሺܺሻ is called Suzuki type ሺ݈ܥ െ ߰ሻ െ multivalued operator if there exists 
a ߰ ∈  ସ such thatߖ

 
1
2
,ݑሺܦ ሻݑܶ ⩽ ܾ݀ሺݑ,  ሻ (1.3)ݒ

 
implies 

 
,ݑሺܶ∗ߙ ,ݑሺܶܪሻݒܶ ሻݒܶ ⩽ ,ሼ1ݔܽ݉ ்ܰሺݑ, ,ݑሺ்ܯሻሽ߰ሺݒ  ሻሻ (1.4)ݒ

 
for all ݑ, ݒ ∈ ܺ. 

 
If in the above definition we replace a mapping ܶ by a single valued 

mapping ݂: ܺ → ܺ, then we call it a Suzuki type ሺߙ∗ െ ߰ሻ െ	operator. 
 
Definition 1.18 Let ሺܺ, ݀ሻ be a b-metric space. A hybrid pair ሺ݃, ܶሻ is 

called a Suzuki type ሺߙ∗ െ ߰ሻ െ	hybrid pair of operators if there exists a 
߰ ∈  ସ such thatߖ

 
1
2
,ݑሺ݃ܦ ሻݑܶ ⩽ ܾ݀ሺ݃ݑ,  ሻ (1.5)ݒ݃

implies 
 
,ݑሺܶ∗ߙ ,ݑሺܶܪሻݒܶ ሻݒܶ ⩽ max൛1, ܰ,்ሺݑ, ,ݑ,்ሺܯሻൟ߰൫ݒ  ሻ൯ (1.6)ݒ

for all ݑ, ݒ ∈ ܺ. 
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7In case ܶ is replaced by a single valued mapping ݂: ܺ → ܺ, we call it 

a Suzuki type ሺߙ∗ െ ߰ሻ െ	pair of operators. 

Fixed point of Suzuki type ሺࢻ∗ െ ሻ࣒ െ	multivalued 
operators on b-metric spaces 

In this section, we prove that Suzuki type ሺߙ∗ െ ߰ሻ െ	multivalued 
operators are MWP operators. 

 
Theorem 2.1 Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙሺܺሻ a Suzuki type ሺ݈ܥ െ ߰ሻ െmultivalued operator. 
Further, assume that ܶ is ߙ∗ െadmissible mapping and there exists 
ݔ ∈ ܺ and ݔଵ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. If for any sequence ሼݔሽ 
converging to ݔ in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for all ݊ ∈ Ժା, then 

d1-: ܶ is an MWP operator. 
d2-:  If there is some ݑ ∈ ݑ ሺܶሻ such thatܨ ് ,ݖሺߙ and ݖ ሻݑ ⩾ 1, then 

݀ሺݖ, ሻݑ 
ଵ

ଶ
 provided that 1 ⩽ ்ܰሺݔ, ,ݔ ሻ for allݕ ݕ ∈ ܺ. 

 
Proof. (d1) By the given assumption, there exists ݔ ∈ ܺ and 

ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. If ݔ ൌ ݔ ଵ, thenݔ ∈  . Define aݔܶ
sequence ሼݔሽ in ܺ by ݔ ൌ ଵݔ ൌ ݊  for allݔ ∈ Ժା. Thus ݔ ∈   for allݔܶ
݊ ⩾ 0 and ሼݔሽ converges to ݔ ൌ ݔ ∈  ሺܶሻ and hence ܶ is an MWPܨ
operator. Let ݔ ് ∗ߙ ଵ. Since ܶ isݔ െ		admissible mapping, ߙ∗ሺݔ, ଵሻݔ ⩾ 1 
implies that ߙ∗ሺܶݔ, ଵሻݔܶ ⩾ 1. As ܶ is a Suzuki type ሺߙ∗ െ ߰ሻ െ
	multivalued operator and 

 

1
2
,ݔሺܦ ሻݔܶ ⩽ ݀ሺݔ, ଵሻݔ ⩽ ܾ݀ሺݔ,  ଵሻ, (2.1)ݔ

 
so from (1.4), we obtain 

 
൏ ,ଵݔሺܦ ଵሻݔܶ ⩽ ,ݔሺܶܪ ଵሻݔܶ ൏ ,ݔሺܶ∗ߙ ,ݔሺܶܪଵሻݔܶ  ଵሻݔܶ
⩽ maxሼ1, ்ܰሺݔ, ,ݔሺ்ܯଵሻሽ߰ሺݔ  ଵሻሻݔ

ൌ
maxቊ1, ቆ

maxሼ݀ሺݔ, ,ଵሻݔ ,ݔሺܦ ሻݔܶ  ,ଵݔሺܦ ,ଵሻݔܶ ,ݔሺܦ ଵሻݔܶ  ,ଵݔሺܦ ሻሽݔܶ

ܾሺ1  ,ݔሺߜ ሻݔܶ  ,ଵݔሺߜ ଵሻሻݔܶ
ቇቋ

߰ ൬max ൜݀ሺݔ, ,ଵሻݔ ,ݔሺܦ ,ሻݔܶ ,ଵݔሺܦ ,ଵሻݔܶ
,ݔሺܦ ଵሻݔܶ  ,ଵݔሺܦ ሻݔܶ

2ܾ
ൠ൰
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⩽
max ቊ1, ቆ

maxሼ݀ሺݔ, ,ଵሻݔ ݀ሺݔ, ଵሻݔ  ,ଵݔሺܦ ,ଵሻݔܶ ܾ݀ሺݔ, ଵሻݔ  ,ଵݔሺܦܾ ଵሻሽݔܶ

ܾሺ1  ݀ሺݔ, ଵሻݔ  ,ଵݔሺܦ ଵሻሻݔܶ
ቇቋ

߰ ൬max ൜݀ሺݔ, ,ଵሻݔ ,ଵݔሺܦ ,ଵሻݔܶ
݀ሺݔ, ଵሻݔ  ,ଵݔሺܦ ଵሻݔܶ

2
ൠ൰

 

⩽
max ൜1, ൬

݀ሺݔ, ଵሻݔ  ,ଵݔሺܦ ଵሻݔܶ
1  ݀ሺݔ, ଵሻݔ  ,ଵݔሺܦ ଵሻݔܶ

൰ൠ

߰ ൬max ൜݀ሺݔ, ,ଵሻݔ ,ଵݔሺܦ ,ଵሻݔܶ
݀ሺݔ, ଵሻݔ  ,ଵݔሺܦ ଵሻݔܶ

2
ൠ൰

 

⩽ ߰ሺmaxሼ݀ሺݔ, ,ଵሻݔ ,ଵݔሺܦ  .ଵሻሽሻݔܶ
 
That is 
 

0 ൏ ,ଵݔሺܦ ଵሻݔܶ ⩽ ߰ሺmaxሼ݀ሺݔ, ,ଵሻݔ ,ଵݔሺܦ  ଵሻሽሻ. (2.2)ݔܶ
 
If maxሼ݀ሺݔ, ,ଵሻݔ ,ଵݔሺܦ ଵሻሽݔܶ ൌ ,ଵݔሺܦ  ଵሻ, then (2.2) implies thatݔܶ
 

0 ൏ ,ଵݔሺܦ ଵሻݔܶ ⩽ ߰ሺܦሺݔଵ,  ଵሻሻ. (2.3)ݔܶ
 
As ܦሺݔଵ, ଵሻݔܶ  0 and ߰ ∈ Ψସ, (2.3) give  
 

0 ൏ ,ଵݔሺܦ ଵሻݔܶ ⩽ ߰ሺܦሺݔଵ, ଵሻሻݔܶ ൏ ,ଵݔሺܦ  ,ଵሻݔܶ
 

a contradiction. Hence maxሼ݀ሺݔ, ,ଵሻݔ ,ଵݔሺܦ ଵሻሽݔܶ ൌ ݀ሺݔ,  ,ଵሻ. From (2.3)ݔ
it follows that 

 
0 ൏ ,ଵݔሺܦ ଵሻݔܶ ⩽ ߰ሺ݀ሺݔ,  ଵሻሻ. (2.4)ݔ

   
Let ݍ  1. We may choose ݔଶ ∈  ଵ such thatݔܶ
 

0 ൏ ,ଵݔሺܦ ଵሻݔܶ ⩽ ݀ሺݔଵ, ଶሻݔ ൏ ,ଵݔሺܦݍ ଵሻݔܶ ⩽ ,ݔሺ݀ሺ߰ݍ  .ଵሻሻݔ
 
That is 
 

0 ൏ ݀ሺݔଵ, ଶሻݔ ൏ ,ଵݔሺܦݍ ଵሻݔܶ ⩽ ,ݔሺ݀ሺ߰ݍ  ଵሻሻ. (2.5)ݔ
   
Since ߙሺݔଵ, ଶሻݔ ⩾ ,ݔሺܶߙ ଵሻݔܶ ⩾ 1, we get ߙሺܶݔଵ, ଶሻݔܶ ⩾ 1. Set 

ܿ ൌ ݀ሺݔ, ଵሻݔ  0, then from (2.5) we get ݔଵ ് ,ଵݔଶ and ݀ሺݔ ଶሻݔ ൏  .ሺܿሻ߰ݍ
As ߰ ∈ Ψସ, so 

 
߰ሺ݀ሺݔଵ, ଶሻሻݔ ൏ ߰൫߰ݍሺܿሻ൯. (2.6) 
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7

If ݍଵ ൌ
ట൫టሺబሻ൯

టሺௗሺ௫భ,௫మሻሻ
, then by (2.6) ݍଵ  1. Now, if ݔଶ ∈  ଶ then the proofݔܶ

is finished. Let ݔଶ ∉  ଶ. Note thatݔܶ
 

1
2
,ଵݔሺܦ ଵሻݔܶ ⩽ ݀ሺݔଵ, ଶሻݔ ⩽ ܾ݀ሺݔଵ,  .ଶሻݔ

  
By (1.4) 
 
൏ ,ଶݔሺܦ ଶሻݔܶ ⩽ ,ଵݔሺܶܪ ଶሻݔܶ ൏ ,ଵݔሺܶ∗ߙ ,ଵݔሺܶܪଶሻݔܶ  ଶሻݔܶ
⩽ maxሼ1, ்ܰሺݔଵ, ,ଵݔሺ்ܯଶሻሽ߰ሺݔ  ଶሻሻݔ

ൌ

maxቊ1, ቆ
maxሼ݀ሺݔଵ, ,ଶሻݔ ,ଵݔሺܦ ଵሻݔܶ  ,ଶݔሺܦ ,ଶሻݔܶ ,ଵݔሺܦ ଶሻݔܶ  ,ଶݔሺܦ ଵሻሽݔܶ

ܾ൫1  ,ଵݔሺߜ ଵሻݔܶ  ,ଶݔሺߜ ଶሻ൯ݔܶ
ቇቋ

߰ቆmax ቊ݀ሺݔଵ, ,ଶሻݔ ,ଵݔሺܦ ,ଵሻݔܶ ,ଶݔሺܦ ,ଶሻݔܶ
,ଵݔሺܦ ଶሻݔܶ  ,ଶݔሺܦ ଵሻݔܶ

2ܾ
ቋቇ

 

⩽
maxቊ1, ቆ

maxሼ݀ሺݔଵ, ,ଶሻݔ ݀ሺݔଵ, ଶሻݔ  ,ଶݔሺܦ ,ଶሻݔܶ ܾሺ݀ሺݔଵ, ଶሻݔ  ,ଶݔሺܦ ଶሻሻሽݔܶ

ܾሺ1  ݀ሺݔଵ, ଶሻݔ  ,ଶݔሺܦ ଶሻሻݔܶ
ቇቋ

߰ ൬max ൜݀ሺݔଵ, ,ଶሻݔ ݀ሺݔଵ, ,ଶሻݔ ,ଶݔሺܦ ,ଶሻݔܶ
݀ሺݔଵ, ଶሻݔ  ,ଶݔሺܦ ଶሻݔܶ

2
ൠ൰

 

⩽
max ൜1, ൬

݀ሺݔଵ, ଶሻݔ  ,ଶݔሺܦ ଶሻݔܶ
1  ݀ሺݔଵ, ଶሻݔ  ,ଶݔሺܦ ଶሻݔܶ

൰ൠ

߰ ൬max ൜݀ሺݔଵ, ,ଶሻݔ ݀ሺݔଵ, ,ଶሻݔ ,ଶݔሺܦ ,ଶሻݔܶ
݀ሺݔଵ, ଶሻݔ  ,ଶݔሺܦ ଶሻݔܶ

2
ൠ൰

 

⩽ ߰ሺmaxሼ݀ሺݔଵ, ,ଶሻݔ ,ଶݔሺܦ  .ଶሻሽሻݔܶ
 
That is 
 

0 ൏ ,ଶݔሺܦ ଶሻݔܶ ⩽ ߰ሺmaxሼ݀ሺݔଵ, ,ଶሻݔ ,ଶݔሺܦ  ଶሻሽሻ. (2.7)ݔܶ
 
  If maxሼ݀ሺݔଵ, ,ଶሻݔ ,ଶݔሺܦ ଶሻሽݔܶ ൌ ,ଶݔሺܦ  ଶሻ, thenݔܶ
 

0 ൏ ,ଶݔሺܦ ଶሻݔܶ ⩽ ߰ሺܦሺݔଶ,  ଶሻሻ. (2.8)ݔܶ
   
Now ܦሺݔଶ, ଶሻݔܶ  0, ߰ ∈ Ψସ and (2.8) give 
 

0 ൏ ,ଶݔሺܦ ଶሻݔܶ ⩽ ߰ሺܦሺݔଶ, ଶሻሻݔܶ ൏ ,ଶݔሺܦ  ,ଶሻݔܶ
  

a contradiction. Hence 
 

0 ൏ ,ଶݔሺܦ ଶሻݔܶ ⩽ ߰ሺ݀ሺݔଵ,  ଶሻሻ. (2.9)ݔ
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3 We may choose ݔଷ ∈  ଶ such thatݔܶ
 

0 ൏ ,ଶݔሺܦ ଶሻݔܶ ⩽ ݀ሺݔଶ, ଷሻݔ ൏ ,ଶݔሺܦଵݍ ଶሻݔܶ ⩽ ,ଵݔଵ߰ሺ݀ሺݍ ଶሻሻݔ ൌ ߰൫߰ݍሺܿሻ൯. 
  
That is 
 

0 ൏ ݀ሺݔଶ, ଷሻݔ ൏ ,ଶݔሺܦଵݍ ଶሻݔܶ ⩽ ,ଵݔଵ߰ሺ݀ሺݍ ଶሻሻݔ ൌ ߰൫߰ݍሺܿሻ൯. (2.10) 
   
As ߙሺݔଶ, ଷሻݔ ⩾ ,ଵݔሺܶߙ ଶሻݔܶ ⩾ 1, so ߙሺܶݔଶ, ଷሻݔܶ ⩾ 1. From (2.10), we 

get ݔଶ ്  ଷ andݔ
 

߰ሺ݀ሺݔଶ, ଷሻሻݔ ൏ ߰ଶ൫߰ݍሺܿሻ൯. (2.11) 
 

 Set ݍଶ ൌ
టమ൫టሺబሻ൯

టሺௗሺ௫మ,௫యሻሻ
 1. If ݔଷ ∈  ଷ then we are done. Suppose thatݔܶ

ଷݔ ∉ ସݔ ଷ. Similarly, we obtainݔܶ ∈  ଷ such thatݔܶ
 

0 ൏ ݀ሺݔଷ, ସሻݔ ൏ ,ଷݔሺܦଵݍ ଷሻݔܶ ⩽ ,ଶݔଶ߰ሺ݀ሺݍ ଷሻሻݔ ൌ ߰ଶ൫߰ݍሺܿሻ൯. (2.12) 
   
 Continuing this way, we can obtain a sequence ሼݔሽ in ܺ such that 

ାଵݔ ∈ ,ݔܶ ାଵݔ ് ,ݔ ,ାଵݔሺߙ ାଶሻݔ ⩾ 1, and it satisfies: 
 

0 ൏ ,ାଵݔሺܦ ାଵሻݔܶ ⩽ ߰ሺ݀ሺݔ,  ାଵሻሻ (2.13)ݔ
   

and 
 

0 ൏ ݀ሺݔାଵ, ାଶሻݔ ൏ ߰൫߰ݍሺܿሻ൯ (2.14) 
 

for all ݊ ∈ Ժା. From (2.14), for ݊,݉ ∈ Գ with ݉  ݊, we have 
 

݀ሺݔ, ⩾ ሻݔ ܾ݀ሺݔ, ାଵሻݔ  ܾଶ݀ሺݔାଵ, .ାଶሻݔ .. 
	ܾି݀ሺݔିଶ, ିଵሻݔ  ܾି݀ሺݔିଵ,  ሻݔ

⩽ ܾ߰ିଵ൫߰ݍሺܿሻ൯  ܾଶ߰൫߰ݍሺܿሻ൯. .. 
					ܾି߰ିଷ൫߰ݍሺܿሻ൯  ܾି߰ିଶ൫߰ݍሺܿሻ൯ 

ൌ
1

ܾିଶ
൫ܾିଵ߰ିଵ൫߰ݍሺܿሻ൯  ܾ߰൫߰ݍሺܿሻ൯. . . 

ܾିଶ߰ିଶ൫߰ݍሺܿሻ൯ቁ 
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ൌ
1

ܾିଶ
 	

ିଶ

ୀିଵ

ܾ߰൫߰ݍሺܿሻ൯ 

ൌ
1

ܾିଶ
ቌ 	

ିଶ

ୀ

ܾ߰൫߰ݍሺܿሻ൯ െ

ିଶ

ୀ

ܾ߰൫߰ݍሺܿሻ൯ቍ. 

  
 That is 
 

݀ሺݔ, ሻݔ ⩽
1

ܾିଶ
ቌ 	

ିଶ

ୀ

ܾ߰൫߰ݍሺܿሻ൯ െ

ିଶ

ୀ

ܾ߰൫߰ݍሺܿሻ൯ቍ. (2.15) 

   
 Set ܵ ൌ ∑ 	

ୀ ܾ
߰൫߰ݍሺܿሻ൯. Then from (2.15) we obtain that 

 

݀ሺݔ, ሻݔ ⩽
1

ܾିଶ
ሺܵିଶ െ ܵିଶሻ. (2.16) 

   
 By Lemma 1.6, ∑ 	ஶ

ୀ ܾ
߰ሺݐሻ converges for any ݐ ⩾ 0. Hence 

lim
→ାஶ

ܵିଶ ൌ ܵ for some ܵ ∈ Թା. If ܾ ൌ 1, then from (2.16) we get 

lim
→ାஶ

݀ሺݔ, ሻݔ ⩽ lim
→ାஶ

ܵିଵ െ lim
→ାஶ

ܵିଵ ൌ 0. If ܾ  1, then from (2.16) we 

have 
 

lim
→ାஶ

݀ሺݔ, ሻݔ ⩽ lim
→ାஶ

1
ܾିଵ

ሺܵିଵ െ ܵିଵሻ ⩽ lim
→ାஶ

ܵିଵ

ܾିଵ
ൌ 0 

  
for all ݉, ݊ ∈ Գ. Hence ሼݔሽ is a Cauchy sequence in ܺ. There exists 
ݖ ∈ ܺ such that 

 
lim

→ାஶ
݀ሺݔ, ሻݖ ൌ 0. (2.17) 

   
 Now we show that ݖ ∈ ,ݖሺܦ ሺܶሻ. Ifܨ ሻݖܶ  0, then we claim that one 

of the following two inequalities 
 

1
2
,ݔሺܦ ሻݔܶ ⩽ ܾ݀ሺݔ,  ሻ (2.18)ݖ
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3 1
2
,ାଵݔሺܦ ାଵሻݔܶ ⩽ ܾ݀ሺݔାଵ,  ሻ (2.19)ݖ

 
holds for all ݊ ∈ Ժା. Assume on the contrary that there exists an ݊ ∈ Ժା 
such that 

 
1
2
,బݔሺܦ బሻݔܶ  ܾ݀ሺݔబ,  ሻ (2.20)ݖ

 
and 

 

1
2
,బାଵݔሺܦ బାଵሻݔܶ  ܾ݀ሺݔబାଵ,  ሻ. (2.21)ݖ

 
Now from (2.13), (2.20) and (2.21), we have 
 
 ݀ሺݔబ, బାଵሻݔ ⩽ ܾ݀ሺݔబ, ሻݖ  ܾ݀ሺݖ,  బାଵሻݔ

 ൏
ଵ

ଶ
,బݔሺܦ బሻݔܶ 

ଵ

ଶ
,బାଵݔሺܦ  బାଵሻݔܶ

 ⩽
ଵ

ଶ
݀ሺݔబ, బାଵሻݔ 

ଵ

ଶ
߰൫݀ሺݔబ,  బାଵሻ൯ݔ

 ൏
ଵ

ଶ
݀ሺݔబ, బାଵሻݔ 

ଵ

ଶ
݀ሺݔబ,  బାଵሻݔ

 ൌ ݀൫ݔబ,  బାଵ൯ݔ
 

a contradiction. Hence either (2.18) or (2.19) holds for an infinite subset 
ଵܰ of Ժା. By the given assumption, it follows that ߙሺݔ, ሻݖ ⩾ 1. As ܶ is 

∗ߙ െadmissible, ߙሺܶݔ, ሻݖܶ ⩾ 1. Now if (2.18) holds for all ݊ ∈ Ժା, then 
from (1.4) we get 

,ାଵݔሺܦ ሻݖܶ 	⩽ ,ݔሺܶܪ ሻݖܶ ൏ ,ݔሺܶ∗ߙ ,ݔሺܶܪሻݖܶ ሻݖܶ
																								⩽ maxሼ1,்ܰሺݔ, ,ݔሺ்ܯሻሽ߰ሺݖ ሻሻݖ

																								ൌ
max ቊ1, ቆ

maxሼ݀ሺݔ, ,ሻݖ ,ݔሺܦ ሻݔܶ  ,ݖሺܦ ,ሻݖܶ ,ݔሺܦ ሻݖܶ  ,ݖሺܦ ሻሽݔܶ

ܾሺ1  ,ݔሺߜ ሻݔܶ  ,ݖሺߜ ሻሻݖܶ
ቇቋ

߰ ൬max ൜݀ሺݔ, ,ሻݖ ,ݔሺܦ ,ሻݔܶ ,ݖሺܦ ,ሻݖܶ
,ݔሺܦ ሻݖܶ  ,ݖሺܦ ሻݔܶ

2ܾ
ൠ൰

																								⩽
max ቊ1, ቆ

maxሼ݀ሺݔ, ,ሻݖ ݀ሺݔ, ାଵሻݔ  ,ݖሺܦ ,ሻݖܶ ,ݔሺܦ ሻݖܶ  ݀ሺݖ, ାଵሻሽݔ

ܾሺ1  ݀ሺݔ, ାଵሻݔ  ,ݖሺܦ ሻሻݖܶ
ቇቋ

߰ ൬max ൜݀ሺݔ, ,ሻݖ ݀ሺݔ, ,ାଵሻݔ ,ݖሺܦ ,ሻݖܶ
,ݔሺܦ ሻݖܶ  ݀ሺݖ, ାଵሻݔ

2ܾ
ൠ൰ .
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7On taking limit as ݊ → ∞, we have 

 

 

lim
→ାஶ

,ାଵݔሺܦ ሻݖܶ

⩽ lim
→ାஶ

max ቄ1, ቀ
୫ୟ୶ሼௗሺ௫,௭ሻ,ௗሺ௫,௫శభሻାሺ௭,்௭ሻ,ሺ௫,்௭ሻାௗሺ௭,௫శభሻሽ

ሺଵାௗሺ௫,௫శభሻାሺ௭,்௭ሻሻ
ቁቅ

߰ ቀmax ቄ݀ሺݔ, ,ሻݖ ݀ሺݔ, ,ାଵሻݔ ,ݖሺܦ ,ሻݖܶ
ሺ௫,்௭ሻାௗሺ௭,௫శభሻ

ଶ
ቅቁ .

 

 
As ߰ is continuous at 0, ߰ ∈ Ψସ and ܦሺݖ, ሻݖܶ  0, we have 
 

,ݖሺܦ ሻݖܶ ⩽ max ൜1,
,ݖሺܦ ሻݖܶ

ܾሺ1  ,ݖሺܦ ሻሻݖܶ
ൠ߰ሺܦሺݖ, ሻሻݖܶ ൌ ߰ሺܦሺݖ, ሻሻݖܶ ൏ ,ݖሺܦ  .ሻݖܶ

 
a contradiction. Consequently,ݖ ∈ ݖ Similarly, we obtain .ݖܶ ∈  when ݖܶ
(2.19) holds for an infinite subset ଵܰ of Ժା. 

To prove part (d ଶ), let ݑ ∈ ݑ ሺܶሻ such thatܨ ് ,ݖሺߙ and ݖ ሻݑ ⩾ 1. 
Since ܶ is ߙ∗ െadmissible, ߙ∗ሺܶݖ, ሻݑܶ ⩾ 1. Now 

ଵ

ଶ
,ݖሺܦ ሻݖܶ ൌ 0 ⩽ ݀ሺݖ,  ሻݑ

implies that 
 

݀ሺݖ, ሻݑ ⩽ ,ݖሺܦܾ ሻݖܶ  ,ݖሺܶܦܾ ሻݑ ⩽ ,ݖሺܶܪܾ  ሻݑܶ
														⩽ ,ݖሺܶ∗ߙܾ ,ݖሺܶܪሺܪሻݑܶ  ሻሻݑܶ
															

⩽
ܾmax ቊ1, ቆ

maxሼ݀ሺݖ, ,ሻݑ ,ݖሺܦ ሻݖܶ  ,ݑሺܦ ,ሻݑܶ ,ݖሺܦ ሻݑܶ  ,ݑሺܦ ሻሽݖܶ

ܾሺ1  ,ݖሺߜ ሻݖܶ  ,ݑሺߜ ሻሻݑܶ
ቇቋ

߰ ൬max ൜݀ሺݖ, ,ሻݑ ,ݖሺܦ ,ሻݖܶ ,ݑሺܦ ,ሻݑܶ
,ݖሺܦ ሻݑܶ  ,ݑሺܦ ሻݖܶ

2ܾ
ൠ൰

 

														⩽
ܾmax ቊ1, ቆ

maxሼ݀ሺݖ, ,ሻݑ ݀ሺݖ, ሻݖ  ݀ሺݑ, ,ሻݑ ݀ሺݖ, ሻݑ  ݀ሺݑ, ሻሽݖ

ܾሺ1  ݀ሺݖ, ሻݖ  ݀ሺݑ, ሻሻݑ
ቇቋ

߰ ൬max ൜݀ሺݖ, ,ሻݑ ݀ሺݖ, ,ሻݖ ݀ሺݑ, ,ሻݑ
݀ሺݖ, ሻݑ  ݀ሺݑ, ሻݖ

2ܾ
ൠ൰

 

														⩽ ܾmax ൜1, ൬
2݀ሺݖ, ሻݑ

ܾ
൰ൠ߰ሺ݀ሺݖ,  .ሻሻݑ

 
Now, maxሼ1, ்ܰሺݔ, ሻሽݕ ൌ ்ܰሺݔ,   ሻgivesݕ
 

݀ሺݖ, ሻݑ ⩽ 2݀ሺݖ, ,ݖሻ߰ሺ݀ሺݑ ሻሻݑ ൏ 2݀ଶሺݖ,  ሻݑ
 

and hence ݀ሺݖ, ሻݑ 
ଵ

ଶ
. 

 



 

454 

 V
O

JN
O

T
E

H
N

IČ
K

I G
LA

S
N

IK
 / 

M
IL

IT
A

R
Y

 T
E

C
H

N
IC

A
L 

C
O

U
R

IE
R

, 2
02

0,
 V

ol
. 6

8,
 Is

su
e 

3 Corollary 2.2 Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →
Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െ admissible mapping such that 

 
1
2
,ݔሺܦ ሻݔܶ ⩽ ܾ݀ሺݔ,  ሻݕ

 
implies that 

 
,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ ,ሼ1ݔܽ݉ ்ܰሺݔ, ,ݔሻሽ߰ሺ݀ሺݕ  ሻሻݕ

  
for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 
ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. If for any sequence ሼݔሽ converging to ݔ 
in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for all ݊ ∈ Ժା then 

 
e1-: ܶ is an MWP operator 
e2-: If there is some ݑ ∈ ݑ ሺܶሻ such thatܨ ് ,ݖሺߙ and ݖ ሻݑ ⩾ 1, then 

݀ሺݖ, ሻݑ 
ଵ

ଶ
 provided that 

 
,ሼ1ݔܽ݉								 ்ܰሺݔ, ሻሽݕ ൌ ்ܰሺݔ, ,ݔ ሻ for allݕ ݕ ∈ ܺ. 
 
Corollary 2.3 Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െ	admissible mapping such that 
 

1
2
,ݔሺܦ ሻݔܶ ⩽ ܾ݀ሺݔ,  ሻݕ

 
implies that 

 

,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ ݔܽ݉ ൜1,
݀ሺݔ, ሻݕ

ܾሺ1  ,ݔሺߜ ሻݔܶ  ,ݕሺߜ ሻሻݕܶ
ൠ߰ሺ݀ሺݔ,  ሻሻݕ

 
for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 
ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. If for any sequence ሼݔሽ converging to ݔ 
in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for all ݊ ∈ Ժା then 

 
e3-: ܶ is an MWP operator. 
e4-: If there is some ݑ ∈ ݑ ሺܶሻ such thatܨ ് ,ݖሺߙ and ݖ ሻݑ ⩾ 1, then 

݀ሺݖ, ሻݑ  1 provided that 
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7

ݔܽ݉ ൜1,
݀ሺݔ, ሻݕ

ܾሺ1  ,ݔሺߜ ሻݔܶ  ,ݕሺߜ ሻሻݕܶ
ൠ ൌ

݀ሺݔ, ሻݕ
ܾሺ1  ,ݔሺߜ ሻݔܶ  ,ݕሺߜ ሻሻݕܶ

 

 
for all ݔ, ݕ ∈ ܺ. 

 
Proof. Follows from Corollary 2.3.  
 
Corollary 2.4  Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െ	admissible mapping such that 
 

1
2
,ݔሺܦ ሻݔܶ ⩽ ܾ݀ሺݔ,  ሻݕ

 
implies that 

 
,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ ்ܰሺݔ, ,ݔሺ்ܯሻ߰ሺݕ  ሻሻݕ

  
for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 
ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. If for any sequence ሼݔሽ converging to ݔ 
in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for all ݊ ∈ Ժା then 

 
e5-: ܶ is an MWP operator. 
e6-: If there is some ݑ ∈ ݑ ሺܶሻ such thatܨ ് ,ݖሺߙ and ݖ ሻݑ ⩾ 1, then 

݀ሺݖ, ሻݑ 
ଵ

ଶ
.  

 
Proof. Take maxሼ1, ்ܰሺݔ, ሻሽݕ ൌ ்ܰሺݔ,  .ሻ in Theorem 2.1ݕ
 
Corollary 2.5  Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െadmissible mapping such that 
 

1
2
,ݔሺܦ ሻݔܶ ⩽ ܾ݀ሺݔ, ,ݔሺܶ∗ߙሻimpliesthatݕ ,ݔሺܶܪሻݕܶ ሻݕܶ

⩽ ்ܰሺݔ, ,ݔሻ߰ሺ݀ሺݕ  ሻሻݕ
(2.22) 

   
for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 
ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. If for any sequence ሼݔሽ converging to ݔ 
in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for all ݊ ∈ Ժା then 

 
e7-: ܶ is an MWP operator. 
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3 e8-: If there is some ݑ ∈ ݑ ሺܶሻ such thatܨ ് ,ݖሺߙ and ݖ ሻݑ ⩾ 1, then 

݀ሺݖ, ሻݑ 
ଵ

ଶ
.  

 
Proof. Take ்ܯሺݔ, ሻݕ ൌ ݀ሺݔ,   .ሻ in Corollary 2.4ݕ
 
The following Corollary is a Suzuki type generalization of (Asl et al, 

2012), Theorem 2.1 (Bota et al, 2015), Theorem 1 (Mohammadi, 2013), 
Theorem 3.1 (Samet et al, 2012), Theorem 2.2 and references therein in 
the context of b-metric spaces. 

 
Corollary 2.6  Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െ	admissible mapping such that 
 

1
2
,ݔሺܦ ሻݔܶ ⩽ ܾ݀ሺݔ, ሻݕ implies that 

,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ ߰ሺ்ܯሺݔ,  ሻሻݕ
(2.23) 

 
for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 
ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. Then ܶ is an MWP operator provided 
that for any sequence ሼݔሽ converging to ݔ in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for 
all ݊ ∈ Ժା. 

 
Proof. Take maxሼ1, ்ܰሺݔ, ሻሽݕ ൌ 1 in Theorem 2.1. 
 
Corollary 2.7  Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െ	admissible mapping such that 
 

,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ ߰ሺ்ܯሺݔ,  ሻሻ (2.24)ݕ
 

for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 
ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. Then ܶ is an MWP operator provided 
that for any sequence ሼݔሽ converging to ݔ in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for 
all ݊ ∈ Ժା. 

 
Corollary 2.8 Let ሺܺ, ݀ሻ be a complete b-metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ → ∗ߙ ሺܺሻ an݈ܥ െ	admissible mapping such that  

 
ଵ

ଶ
,ݔሺܦ ሻݔܶ ⩽ ܾ݀ሺݔ,  ሻݕ

implies that 
 

,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ ߰ሺ݀ሺݔ,  ሻሻ (2.25)ݕ
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7for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 

ଵݔ ∈ ,ݔሺߙ  such thatݔܶ ଵሻݔ ⩾ 1. Then ܶ is an MWP operator provided 
that for any sequence ሼݔሽ converging to ݔ in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for 
all ݊ ∈ Ժା. 

 
Proof. Take ்ܯሺݔ, ሻݕ ൌ ݀ሺݔ,   .ሻ in Corollary 2.6ݕ
 
Now we state Theorem 2.1 in the context of single valued mapping 

݂: ܺ → ܺ, where ܺ is a b-metric space. The existence of a fixed point 
follows immediately from Theorem 2.1. To prove the uniqueness of the 
fixed point, we need the condition H, given as follows: 

(H): for all ݔ, ݕ ∈ ܺ, there exists a ݖ ∈ ܺ such that ߙሺݔ, ሻݖ ⩾ 1 and 
,ݕሺߙ ሻݖ ⩾ 1. 

 
Corollary 2.9  Let ሺܺ, ݀ሻ be a complete b-metric space and ߙ: ܺ ൈ

ܺ → Թା and ݂: ܺ → ܺ an ߙ െ admissible mapping such that 
 

1
2
݀ሺݔ, ሻݔ݂ ⩽ ܾ݀ሺݔ,  ሻݕ

 
implies that 

 
,ݔሺ݂ߙ ,ݔሻ݀ሺ݂ݕ݂ ሻݕ݂ ⩽ ,൛1ݔܽ݉ ܰሺݔ, ,ݔሺܯሻൟ߰ሺݕ  ሻሻ (2.26)ݕ

 
for all ݔ, ݕ ∈ ܺ, ߰ ∈ ݔ ସ. Further, assume that there existsߖ ∈ ܺ and 
ଵݔ ൌ ,ݔሺߙ  such thatݔ݂ ଵሻݔ ⩾ 1 and for any sequence ሼݔሽ converging to 
,ݔሺߙ in ܺ, we have ݔ ሻݔ ⩾ 1 for all ݊ ∈ Ժା. If the condition (H) is satisfied, 
then ݂ is a Picard operator and for an arbitrary ݖ ∈ ܺ, the sequence ሼ݂ݖሽ 
converges to some ݓ ∈  ሺ݂ሻ andܨ

e9-: ܨሺ݂ሻ ൌ ሼݓሽ if ݉ܽݔ൛1, ܰሺݔ, ሻൟݕ ൌ 1, 

e10-: ݀ሺݑ, ሻݓ 


ଶ
 for any ݑ ∈ ݑ ሺ݂ሻ such thatܨ ്  provided that ݓ

,൛1ݔܽ݉ ܰሺݔ, ሻൟݕ ൌ ܰሺݔ,  .ሻݕ
 
Proof. Theorem 2.1, ݂ is a Picard operator and ܨሺ݂ሻ is nonempty. 

Let ݑ, ݒ ∈ ݑ ሺ݂ሻ such thatܨ ് ݖ By the condition (H), there exists a .ݒ ∈ ܺ 
such that ߙሺݑ, ሻݖ ⩾ 1 and ߙሺݒ, ሻݖ ⩾ 1. Note that ሼ݂ݖሽ is a Picard 
sequence which converges to some ݓ ∈ ߙ ሺ݂ሻ. As ݂ is anܨ െ	admissible 
mapping, so for all ݊ ⩾ 1 we have ߙሺݑ, ݂ݖሻ ⩾ 1 and ߙሺݒ, ݂ݖሻ ⩾ 1. Since 
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3 1
2
݀ሺݑ, ሻݑ݂ ൌ 0 ⩽ ܾ݀ሺݑ, ݂ିଵݖሻ, 

  
by (2.26) we have 

 
݀ሺݑ, ݂ݖሻ ൌ ݀ሺ݂ݑ, ݂ݖሻ
⩽ ,ݑሺ݂ߙ ݂݂ିଵݖሻ݀ሺ݂ݑ, ݂݂ିଵݖሻ
⩽ maxሼ1, ܰሺݑ, ݂ିଵݖሻሽ߰ሺܯሺݑ, ݂݂ିଵݖሻሻ

⩽ max ቊ1, ቆ
maxሼ݀ሺݑ, ݂ିଵݖሻ, ݀ሺݑ, ሻݑ݂  ݀ሺ݂ିଵݖ, ݂݂ିଵݖሻ, ݀ሺݑ, ݂݂ିଵݖሻ  ݀ሺ݂ିଵݖ, ሻሽݑ݂

ܾሺ1  ݀ሺݑ, ሻݑ݂  ݀ሺ݂ିଵݖ, ݂݂ିଵݖሻሻ
ቇቋ

߰ ቆmax ቊ݀ሺݑ, ݂ିଵݖሻ, ݀ሺݑ, ,ሻݑ݂ ݀ሺ݂ିଵݖ, ݂݂ିଵݖሻ,
݀ሺݑ, ݂݂ିଵݖሻ  ݀ሺ݂ିଵݖ, ሻݑ݂

2ܾ
ቋቇ

⩽ max ቊ1, ቆ
maxሼ݀ሺݑ, ݂ିଵݖሻ, ݀ሺݑ, ሻݑ  ݀ሺ݂ିଵݖ, ݂ݖሻ, ݀ሺݑ, ݂ݖሻ  ݀ሺ݂ିଵݖ, ሻሽݑ

ܾሺ1  ݀ሺݑ, ሻݑ  ݀ሺ݂ିଵݖ, ݂ݖሻሻ
ቇቋ

߰ ቆmax ቊ݀ሺݑ, ݂ିଵݖሻ, ݀ሺݑ, ,ሻݑ ݀ሺ݂ିଵݖ, ݂ݖሻ,
݀ሺݑ, ݂ݖሻ  ݀ሺ݂ିଵݖ, ሻݑ

2ܾ
ቋቇ .

 

 
On taking limit as ݊ → ∞, we obtain that 
 

݀ሺݑ, ሻݓ ⩽
max ቊ1, ቆ

maxሼ݀ሺݑ, ,ሻݓ ݀ሺݑ, ሻݑ  ݀ሺݓ,ݓሻ, ݀ሺݑ, ሻݓ  ݀ሺݓ, ሻሽݑ

ܾሺ1  ݀ሺݑ, ሻݑ  ݀ሺݓ,ݓሻሻ
ቇቋ

߰ ൬max ൜݀ሺݑ, ,ሻݓ ݀ሺݑ, ,ሻݑ ݀ሺݓ,ݓሻ,
݀ሺݑ, ሻݓ  ݀ሺݓ, ሻݑ

2ܾ
ൠ൰

 

																			ൌ max ൜1, ൬
2݀ሺݑ, ሻݓ

ܾ
൰ൠ߰ሺ݀ሺݑ,  .ሻሻݓ

 
That is 
 

݀ሺݑ, ሻݓ ⩽ max ൜1, ൬
2݀ሺݑ, ሻݓ

ܾ
൰ൠ߰ሺ݀ሺݑ,  ሻሻ. (2.27)ݓ

 
  Now, If max൛1, ܰሺݔ, ሻൟݕ ൌ 1, and ݓ ്  then we have ,ݑ
 

݀ሺݑ, ሻݓ ⩽ ߰ሺ݀ሺݑ, ሻሻݓ ൏ ݀ሺݓ,ݑሻ. (2.28) 
   
 Also, if max൛1, ܰሺݔ, ሻൟݕ ൌ 1, and ݒ ്  then we have ,ݓ
 

݀ሺݒ, ሻݓ ⩽ ߰ሺ݀ሺݒ,  ሻሻ. (2.29)ݓ
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48
7 A contradiction in both cases. Thus ݓ ൌ ݑ ൌ  ሺ݂ሻ isܨ and hence ,ݒ

singleton. If max൛1, ܰሺݔ, ሻൟݕ ൌ ܰሺݔ, ݑ ሻ andݕ ്  then from (2.27) we ݓ
get  

݀ሺݑ, ሻݓ ⩽
2݀ሺݑ, ሻݓ

ܾ
߰ሺ݀ሺݑ, ሻሻݓ ൏

2
ܾ
݀ଶሺݑ,  ሻݓ

 

and ݀ሺݑ, ሻݓ 


ଶ
.  

 
Corollary 2.10  Let ሺܺ, ݀ሻ be a complete b-metric space and 

:ߙ ܺ ൈ ܺ → Թା and ݂: ܺ → ܺ an ߙ െ	admissible mapping such that 
 
1
2
݀ሺݔ, ሻݔ݂ ⩽ ܾ݀ሺݔ, ,ݔሺ݂ߙ	that	implies	ሻݕ ,ݔሻ݀ሺ݂ݕ݂ ሻݕ݂ ⩽ ߰ሺܯሺݔ,  ሻሻݕ

 
for all ݔ, ݕ ∈ ܺ, ߰ ∈ Ψସ. Further, assume that there exists ݔ ∈ ܺ and 
ଵݔ ൌ ,ݔሺߙ  such thatݔ݂ ଵሻݔ ⩾ 1 and for any sequence ሼݔሽ converging to 
,ݔሺߙ in ܺ, we have ݔ ሻݔ ⩾ 1 for all ݊ ∈ Ժା. If the condition (H) is satisfied, 
then ݂ is a Picard operator and for an arbitrary ݖ ∈ ܺ, the sequence ሼ݂ݖሽ 
converges to ݓ ∈ ሺ݂ሻܨ ሺ݂ሻ andܨ ൌ ሼݓሽ. 

 
Corollary 2.11  Let ሺܺ, ݀ሻ be a complete b-metric space and 

:ߙ ܺ ൈ ܺ → Թା. Let ݂: ܺ → ܺ be an ߙ െ	admissible mapping that satisfies 
 

1
2
݀ሺݔ, ሻݔ݂ ⩽ ܾ݀ሺݔ,  ሻݕ

 
implies that 

 
,ݔሺ݂ߙ ,ݔሻ݀ሺ݂ݕ݂ ሻݕ݂ ⩽ max൛1, ܰሺݔ, ,ݔሻൟ߰ሺ݀ሺݕ  ሻሻݕ

 
for all ݔ, ݕ ∈ ܺ, ߰ ∈ Ψସ. Moreover, suppose that there exists ݔ ∈ ܺ and 
ଵݔ ൌ ,ݔሺߙ  such thatݔ݂ ଵሻݔ ⩾ 1 and if there is a sequence ሼݔሽ in ܺ such 
that ݔ → ,ݔሺߙ then ,ݔ ሻݔ ⩾ 1 for all ݊ ∈ Ժା. Further, assume that there 
exists ݔ ∈ ܺ and ݔଵ ൌ ,ݔሺߙ  such thatݔ݂ ଵሻݔ ⩾ 1 and for any sequence 
ሼݔሽ converging to ݔ in ܺ, we have ߙሺݔ, ሻݔ ⩾ 1 for all ݊ ∈ Ժା. If the 
condition (H) is satisfied, then ݂ is a Picard operator and for an arbitrary 
ݖ ∈ ܺ, the sequence ሼ݂ݖሽ converges to ݓ ∈ ሺ݂ሻܨ ሺ݂ሻ andܨ ൌ ሼݓሽ. Also, 

݀ሺݑ, ሻݓ 


ଶ
 for any ݑ ∈ ݑ ሺ݂ሻ such thatܨ ്  provided that ݓ

max൛1, ܰሺݔ, ሻൟݕ ൌ ܰሺݔ,  .ሻݕ
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3 Example 2.12 Let ܺ ൌ ሼݔଵ, ,ଶݔ ,ଷݔ ,ସݔ :݀ ହሽ andݔ ܺ ൈ ܺ → Թା be 
defined as  

݀ሺݔଶ, ହሻݔ ൌ ݀ሺݔଷ, ସሻݔ ൌ ݀ሺݔଷ, ହሻݔ ൌ ݀ሺݔଶ, ସሻݔ ൌ 6,
݀ሺݔଶ, ଷሻݔ ൌ 9, ݀ሺݔଵ, ସሻݔ ൌ ݀ሺݔଵ, ହሻݔ ൌ 10,
݀ሺݔଵ, ଶሻݔ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4, ݀ሺݔସ, ହሻݔ ൌ 1,
݀ሺݔ, ሻݔ ൌ 0	and	݀ሺݔ, ሻݕ ൌ ݀ሺݕ, ,ݔ	all	for	ሻݔ ݕ ∈ ܺ.

 

 
As 9 ൌ ݀ሺݔଶ, ଷሻݔ ≰ ݀ሺݔଶ, ଵሻݔ  ݀ሺݔଵ, ଷሻݔ ൌ 8, so ݀ is not a metric on 

ܺ. Indeed,ሺܺ, ݀ሻ is a b-metric space with ܾ ൌ
ଽ

଼
 1. Consider a mapping 

ܶ: ܺ ⟶ ଵݔܶ ሺܺሻ defined by݈ܥ ൌ ଶݔܶ ൌ ଷݔܶ ൌ ሼݔଵሽ, ସݔܶ ൌ ሼݔଶሽ and 

ହݔܶ ൌ ሼݔଷሽ. If we take ߰ሺݐሻ ൌ
ଽ

ଵ
ݐ for ݐ ∈ Թା, then ߰ ∈ Ψସ (see 1.8). If 

mapping ߙ: ܺ ൈ ܺ → Թା is defined as ߙሺݔ, ሻݔ ൌ 1 for all ݅, ݆ ∈ ሼ1,2,3,4,5ሽ, 
then ܶ is an ߙ∗ െadmissible mapping. For ݔ, ݕ ∈ ሼݔଵ, ,ଶݔ  ଷሽ, we haveݔ
,ݔሺܶܪ ሻݕܶ ൌ 0 ⩽ maxሼ1, ்ܰሺݔ, ,ݔሺ்ܯሻሽ߰ሺݕ ,ݔሻሻ. For ሺݕ ݔ ሻ whenݕ ∈
ሼݔଵ, ,ଶݔ ݕ ଷሽ andݔ ∈ ሼݔସ,  ହሽ, we obtain thatݔ

 
,ଵݔሺܶߙ ,ଵݔሺܶܪସሻݔܶ ସሻݔܶ ൌ ݀ሺݔଵ, ଶሻݔ ൌ 4 ⩽ 9 ൌ ߰ሺ݀ሺݔଵ,  ସሻሻݔ

 																⩽ maxሼ1, ்ܰሺݔଵ, ,ଵݔሺ்ܯସሻ߰ሺݔ  ,ସሻሻݔ

,ଶݔሺܶߙ ,ଶݔሺܶܪସሻݔܶ ସሻݔܶ ൌ ݀ሺݔଵ, ଶሻݔ ൌ 4 ⩽
54
10

ൌ ߰ሺ݀ሺݔଶ,  ସሻሻݔ

 																	⩽ maxሼ1, ்ܰሺݔଶ, ,ଶݔሺ்ܯସሻ߰ሺݔ  ,ସሻሻݔ

,ଷݔሺܶߙ ,ଷݔሺܶܪସሻݔܶ ସሻݔܶ ൌ ݀ሺݔଵ, ଶሻݔ ൌ 4 ⩽
54
10

ൌ ߰ሺ݀ሺݔଷ,  ସሻሻݔ

 																	⩽ maxሼ1, ்ܰሺݔଷ, ,ଷݔሺ்ܯସሻ߰ሺݔ  ,ସሻሻݔ
,ଵݔሺܶߙ ,ଵݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4 ⩽ 9 ൌ ߰ሺ݀ሺݔଵ,  ହሻሻݔ

 																⩽ maxሼ1, ்ܰሺݔଵ, ,ଵݔሺ்ܯହሻ߰ሺݔ  ,ହሻሻݔ

,ଶݔሺܶߙ ,ଶݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4 ⩽
54
10

ൌ ߰ሺ݀ሺݔଶ,  ହሻሻݔ

 																	⩽ maxሼ1, ்ܰሺݔଶ, ,ଶݔሺ்ܯହሻ߰ሺݔ  ,ହሻሻݔ

,ଷݔሺܶߙ ,ଷݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4 ⩽
54
10

ൌ ߰ሺ݀ሺݔଷ,  ହሻሻݔ

 																	⩽ maxሼ1, ்ܰሺݔଷ, ,ଷݔሺ்ܯହሻ߰ሺݔ  .ହሻሻݔ
 
Note that  

1
2
,ସݔሺܦ ସሻݔܶ ൌ

1
2
݀ሺݔସ, ଶሻݔ ൌ 3 

9
8
ൌ ܾ݀ሺݔସ,  ,ହሻݔ

 
and  

1
2
,ହݔሺܦ ହሻݔܶ ൌ

1
2
݀ሺݔହ, ଷሻݔ ൌ 3 

5
4
ൌ ܾ݀ሺݔହ,  .ସሻݔ
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7Hence  

1
2
ሺܦሺݔ, ሻݔܶ ⩽ ܾ݀ሺݔ, ሻሻݕ ⩽ 0 

 
implies  

,ݔሺܶߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ maxሼ1, ்ܰሺݔ, ,ݔሺ்ܯሻሽ߰ሺݕ  ሻሻݕ
 

holds for all ݔ, ݕ ∈ ܺ. Thus all the conditions of Theorem 2.1 are satisfied. 
On the other hand, if we take ݔ ൌ ,ସݔ ݕ ൌ  ହ, thenݔ

,ସݔሺܶߙ ,ସݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଶ, ଷሻݔ ൌ 9  ߰ሺ݀ሺݔସ, ହሻሻݔ ൌ ߰ሺ1ሻ ൌ
ଽ

ଵ
 and 

,ସݔሺܶߙ ,ସݔሺܶܪହሻݔܶ ହሻݔܶ ≰ ߰ሺ݀ሺݔସ,  ହሻሻ. Consequently, Theorem 1.16 inݔ
(Bota et al, 2015) does not hold in this case.  

The following example illustrates an assumption maxሼ1, ்ܰሺݔ, ሻሽݕ 
1. 

 
Example 2.13 Letܺ ൌ ሼݔଵ, ,ଶݔ :ଷሽand݀ݔ ܺ ൈ ܺ → Թାbe defined as 

݀ሺݔଵ, ଶሻݔ ൌ 4, ݀ሺݔଵ, ଷሻݔ ൌ 1, ݀ሺݔଶ, ଷሻݔ ൌ 2,
݀ሺݔ, ሻݔ ൌ 0	and	݀ሺݔ, ሻݕ ൌ ݀ሺݕ, ,ݔ	all		for	ሻݔ ݕ ∈ ܺ.

 

 
As 4 ൌ ݀ሺݔଵ, ଶሻݔ ≰ ݀ሺݔଵ, ଷሻݔ  ݀ሺݔଷ, ଶሻݔ ൌ 3, so ݀ is not a metric on 

ܺ. Indeed,ሺܺ, ݀ሻ is a b-metric space with ܾ ൌ
ସ

ଷ
 1. Consider a mapping 

ܶ: ܺ ⟶   ሺܺሻ defined by݈ܥ

ݔܶ ൌ ቐ
ሼݔଶሽ	if	ݔ ൌ ,ଵݔ
ሼݔଵሽ	if	ݔ ൌ ,ଶݔ
ሼݔଶሽ	if	ݔ ൌ .ଷݔ

 

 

If we take ߰ሺݐሻ ൌ
଼

ଽ
ݐ for ݐ ∈ Թା, then ߰ ∈ Ψସ (see Example 1.8). If 

:ߙ ܺ ൈ ܺ → Թା is defined as ߙሺݔ, ሻݔ ൌ 1 for all ݅, ݆ ∈ ሼ1,2,3ሽ, then ܶ is 
∗ߙ െ	admissible. Note that  

்ܰሺݔଵ, ଶሻݔ ൌ
3maxሼ݀ሺݔଵ, ,ଶሻݔ ,ଵݔሺܦ ଵሻݔܶ  ,ଶݔሺܦ ,ଶሻݔܶ ,ଵݔሺܦ ଶሻݔܶ  ,ଶݔሺܦ ଵሻሽݔܶ

4ሺ1  ,ଵݔሺߜ ଶሻݔܶ  ,ଶݔሺߜ ଵሻሻݔܶ

																						ൌ
3maxሼ݀ሺݔଵ, ,ଶሻݔ ݀ሺݔଵ, ଶሻݔ  ݀ሺݔଶ, ,ଵሻݔ ݀ሺݔଵ, ଵሻݔ  ݀ሺݔଶ, ଶሻሽݔ

4ሺ1  ݀ሺݔଵ, ଵሻݔ  ݀ሺݔଶ, ଶሻሻݔ

																						ൌ
3maxሼ4,8,0ሽ
4ሺ1  0ሻ

ൌ 6  1.

 

 
Hence maxሼ1, ்ܰሺݔ, ሻሽݕ ൌ 6  1. Note that 
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3 

்ܰሺݔଵ, ଷሻݔ ൌ
3maxሼ݀ሺݔଵ, ,ଷሻݔ ,ଵݔሺܦ ଵሻݔܶ  ,ଷݔሺܦ ,ଷሻݔܶ ,ଵݔሺܦ ଷሻݔܶ  ,ଷݔሺܦ ଵሻሽݔܶ

4ሺ1  ,ଵݔሺߜ ଷሻݔܶ  ,ଷݔሺߜ ଵሻሻݔܶ

																					ൌ
3maxሼ݀ሺݔଵ, ,ଷሻݔ ݀ሺݔଵ, ଶሻݔ  ݀ሺݔଷ, ,ଷሻݔ ݀ሺݔଵ, ଷሻݔ  ݀ሺݔଷ, ଶሻሽݔ

4ሺ1  ݀ሺݔଵ, ଷሻݔ  ݀ሺݔଷ, ଶሻሻݔ

																					ൌ
3maxሼ1,4,3ሽ
4ሺ1  1  2ሻ

ൌ
3
4
,

 

 
and 

்ܰሺݔଶ, ଷሻݔ ൌ
3maxሼ݀ሺݔଶ, ,ଷሻݔ ,ଶݔሺܦ ଶሻݔܶ  ,ଷݔሺܦ ,ଷሻݔܶ ,ଶݔሺܦ ଷሻݔܶ  ,ଷݔሺܦ ଶሻሽݔܶ

4ሺ1  ,ଶݔሺߜ ଷሻݔܶ  ,ଷݔሺߜ ଶሻሻݔܶ

																					ൌ
3maxሼ݀ሺݔଶ, ,ଷሻݔ ݀ሺݔଶ, ଵሻݔ  ݀ሺݔଷ, ,ଷሻݔ ݀ሺݔଶ, ଷሻݔ  ݀ሺݔଷ, ଵሻሽݔ

4ሺ1  ݀ሺݔଶ, ଷሻݔ  ݀ሺݔଷ, ଵሻሻݔ

																					ൌ
3maxሼ2,4,3ሽ
4ሺ1  2  1ሻ

ൌ
3
4
.

 

 
Also,  
 

,ଵݔሺܶߙ ,ଵݔሺܶܪଶሻݔܶ ଶሻݔܶ ൌ ݀ሺݔଶ, ଵሻݔ ൌ 4 ൏
64
3
ൌ ்ܰሺݔଵ, ,ଵݔଶሻ߰ሺ݀ሺݔ  ଶሻሻݔ

 																					⩽ maxሼ1, ்ܰሺݔଵ, ,ଵݔሺ்ܯଶሻ߰ሺݔ  ,ଶሻሻݔ

,ଵݔሺܶߙ ,ଵݔሺܶܪଷሻݔܶ ଷሻݔܶ ൌ ݀ሺݔଶ, ଷሻݔ ൌ 2 ൏
8
3
ൌ ்ܰሺݔଵ, ,ଵݔଷሻ߰ሺ݀ሺݔ  ଵሻሻݔܶ

 																					⩽ maxሼ1, ்ܰሺݔଵ, ,ଵݔሺ்ܯଷሻ߰ሺݔ  ,ଷሻሻݔ

,ଶݔሺܶߙ ,ଶݔሺܶܪଷሻݔܶ ଷሻݔܶ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 1 ൏
4
3
ൌ ்ܰሺݔଶ, ,ଶݔଷሻ߰ሺ݀ሺݔ  ଷሻሻݔ

 																						⩽ maxሼ1, ்ܰሺݔଶ, ,ଶݔሺ்ܯଷሻ߰ሺݔ  .ଷሻሻݔ
 
Thus all the conditions of Theorem 2.1 are satisfied. On the other 

hand, if we take ݔ ൌ ,ଵݔ ݕ ൌ ,ଵݔሺܶߙ ଶ, thenݔ ,ଵݔሺܶܪଶሻݔܶ ଶሻݔܶ ൌ ݀ሺݔଶ, ଷሻݔ ൌ
4  ߰ሺ݀ሺݔଵ, ଶሻሻݔ ൌ ߰ሺ4ሻ ൌ

ଷଶ

ଽ
. Hence ߙሺܶݔଵ, ,ଵݔሺܶܪଶሻݔܶ ଶሻݔܶ ≰

߰ሺ݀ሺݔଵ,  ଶሻሻ. Consequently Theorem 1.16 in (Bota et al, 2015) is notݔ
applicable in this case which is a generalization of Theorems 1.14 and 
1.9.  

For ܾ ൌ 1, Theorem 2.1 reduces to the following important Corollary. 
 
Corollary 2.14  Let ሺܺ, ݀ሻ be a complete metric space, ߙ: ܺ ൈ ܺ →

Թା and ܶ: ܺ →  ሺܺሻ satisfies the following implication݈ܥ
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71

2
,ݔሺܦ ሻݔܶ ⩽ ݀ሺݔ, ,maxሼ1	ሻimpliesݕ ்݊,்ሺݔ, ,ݔሻሽ߰ሺ்݉,்ሺݕ  ሻሻݕ

 
for all ݔ, ݕ ∈ ܺ and ߰ ∈ Ψସ where ்݊,்ሺݔ, ,ݔሻ and ்݉,்ሺݕ  ሻ are the sameݕ
as given in (1.2), Further, assume that there exists ݔ ∈ ܺ and ݔଵ ∈  ݔܶ
such that ߙሺݔ, ଵሻݔ ⩾ 1 and for any sequence ሼݔሽ converging to ݔ in ܺ, 
we have ߙሺݔ, ሻݔ ⩾ 1 for all ݊ ∈ Ժା. Then 

 
e11-: ܶ is an MWP operator. 
e12-: If there is some ݑ ∈ ݑ ሺܶሻ such thatܨ ് ,ݖሺߙ and ݖ ሻݑ ⩾ 1, then 

݀ሺݖ, ሻݑ 
ଵ

ଶ
 provided that 

 
	maxሼ1, ்݊,்ሺݔ, ሻሽݕ ൌ ்݊,்ሺݔ,  .ሻݕ

 
Next we present an example which shows that Corollary 2.14 is a 

potential generalization of Theorems 1.14, 1.9, 1.11, 1.13. 
 
Example 2.15 Letܺ ൌ ሼݔଵ, ,ଶݔ ,ଷݔ ,ସݔ :ହሽand݀ݔ ܺ ൈ ܺ → Թାbedefined 

by 
݀ሺݔଶ, ହሻݔ ൌ ݀ሺݔଷ, ସሻݔ ൌ ݀ሺݔଷ, ହሻݔ ൌ ݀ሺݔଶ, ସሻݔ ൌ 5,
݀ሺݔଵ, ସሻݔ ൌ ݀ሺݔଵ, ହሻݔ ൌ 9, ݀ሺݔଵ, ଶሻݔ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4,
݀ሺݔସ, ହሻݔ ൌ 2, ݀ሺݔଶ, ଷሻݔ ൌ 8,
݀ሺݔ, ሻݔ ൌ 0	and	݀ሺݔ, ሻݕ ൌ ݀ሺݕ, ,ݔ	all	for	ሻݔ ݕ ∈ ܺ.

 

 
Note that ݀ is a metric on ܺ. Consider a mapping ܶ: ܺ ⟶  ሺܺሻ݈ܥ

defined by ܶݔଵ ൌ ଶݔܶ ൌ ଷݔܶ ൌ ሼݔଵሽ, ସݔܶ ൌ ሼݔଶሽ and ܶݔହ ൌ ሼݔଷሽ. If we take 

߰ሺݐሻ ൌ
଼

ଽ
ݐ for ݐ ∈ Թା, then ߰ ∈ Ψ for each ݅ ൌ 1,2,3,4 (see Example 1.8). 

If ߙ: ܺ ൈ ܺ → Թା is defined as ߙሺݔ, ሻݔ ൌ 1 for all ݅, ݆ ∈ ሼ1,2,3,4,5ሽ, then ܶ 
is ߙ∗ െ	admissible mapping. For ݔ, ݕ ∈ ሼݔଵ, ,ଶݔ ,ݔሺܶܪ ଷሽ, we haveݔ ሻݕܶ ൌ
0 ⩽ maxሼ1, ்ܰሺݔ, ,ݔሺ்ܯሻሽ߰ሺݕ ,ݔሻሻ. For ሺݕ ݔ ሻ, whenݕ ∈ ሼݔଵ, ,ଶݔ  ଷሽ andݔ
ݕ ∈ ሼݔସ,  ହሽ, we obtain thatݔ

 
,ଵݔሺܶߙ ,ଵݔሺܶߙሺܪସሻݔܶ ସሻሻݔܶ ൌ ݀ሺݔଵ, ଶሻݔ ൌ 4 ⩽ 8 ൌ ߰ሺ݀ሺݔଵ,  ସሻሻݔ

 																																			⩽ maxሼ1, ்݊,்ሺݔଵ, ,ଵݔସሻ߰ሺ்݉,்ሺݔ  ,ସሻሻݔ

,ଶݔሺܶߙ ,ଶݔሺܶܪସሻݔܶ ସሻݔܶ ൌ ݀ሺݔଵ, ଶሻݔ ൌ 4 ⩽
40
9
ൌ ߰ሺ݀ሺݔଶ,  ସሻሻݔ

 																															⩽ maxሼ1, ்݊,்ሺݔଶ, ,ଶݔସሻ߰ሺ்݉,்ሺݔ  ,ସሻሻݔ

,ଷݔሺܶߙ ,ଷݔሺܶܪସሻݔܶ ସሻݔܶ ൌ ݀ሺݔଵ, ଶሻݔ ൌ 4 ⩽
40
9
ൌ ߰ሺ݀ሺݔଷ,  ସሻሻݔ



 

464 

 V
O

JN
O

T
E

H
N

IČ
K

I G
LA

S
N

IK
 / 

M
IL

IT
A

R
Y

 T
E

C
H

N
IC

A
L 

C
O

U
R

IE
R

, 2
02

0,
 V

ol
. 6

8,
 Is

su
e 

3  																															⩽ maxሼ1, ்݊,்ሺݔଷ, ,ଷݔସሻ߰ሺ்݉,்ሺݔ  ,ସሻሻݔ
,ଵݔሺܶߙ ,ଵݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4 ⩽ 8 ൌ ߰ሺ݀ሺݔଵ,  ହሻሻݔ

 																																⩽ maxሼ1, ்݊,்ሺݔଵ, ,ଵݔହሻ߰ሺ்݉,்ሺݔ  ,ହሻሻݔ

,ଶݔሺܶߙ ,ଶݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4 ⩽
40
9
ൌ ߰ሺ݀ሺݔଶ,  ହሻሻݔ

 																															⩽ maxሼ1, ்݊,்ሺݔଶ, ,ଶݔହሻ߰ሺ்݉,்ሺݔ  ,ହሻሻݔ

,ଷݔሺܶߙ ,ଷݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଵ, ଷሻݔ ൌ 4 ⩽
40
9
ൌ ߰ሺ݀ሺݔଷ,  ହሻሻݔ

 																															⩽ maxሼ1, ்݊,்ሺݔଷ, ,ଷݔହሻ߰ሺ்݉,்ሺݔ  .ହሻሻݔ
 
 

Note that 
ଵ

ଶ
,ସݔሺܦ ସሻݔܶ ൌ

ଵ

ଶ
݀ሺݔସ, ଶሻݔ ൌ

ହ

ଶ
 1 ൌ ݀ሺݔସ,  ହሻ, andݔ

ଵ

ଶ
,ହݔሺܦ ହሻݔܶ ൌ

ଵ

ଶ
݀ሺݔହ, ଷሻݔ ൌ

ହ

ଶ
 1 ൌ ݀ሺݔହ,   .ସሻݔ

 
 
Hence 
 

1
2
ሺܦሺݔ, ሻݔܶ ⩽ ݀ሺݔ,  ሻሻݕ

 
implies  
 

,ݔሺܶߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ maxሼ1, ்ܰሺݔ, ,ݔሺ்்ܯሻ߰ሺݕ  ሻሻݕ
 

holds for all ݔ, ݕ ∈ ܺ. Thus all the conditions of Corollary 2.14 are 
satisfied. On the other hand, if we take ݔ ൌ ,ସݔ ݕ ൌ   ,ହݔ
then 

 

,ସݔሺܶߙ ,ସݔሺܶܪହሻݔܶ ହሻݔܶ ൌ ݀ሺݔଶ, ଷሻݔ ൌ 8  ߰ሺ݀ሺݔସ, ହሻሻݔ ൌ ߰ሺ1ሻ ൌ
8
9
. 

 
Hence, 

,ସݔሺܶߙ ,ସݔሺܶܪହሻݔܶ ହሻݔܶ ൌ 8 ≰
8
9
ൌ ߰ሺ݀ሺݔସ,  .ହሻሻݔ

 
 
Consequently, Theorem 1.14 is not applicable in this case. Note that 

Theorem 1.14 is a generalization of Theorem 1.9. Now 
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7

்݊,்ሺݔସ, ହሻݔ ൌ
maxሼ݀ሺݔସ, ,ହሻݔ ,ସݔሺܦ ସሻݔܶ  ,ହݔሺܦ ,ହሻݔܶ ,ସݔሺܦ ହሻݔܶ  ,ହݔሺܦ ସሻሽݔܶ

1  ,ସݔሺߜ ସሻݔܶ  ,ହݔሺߜ ହሻݔܶ

																							ൌ
maxሼ݀ሺݔସ, ,ହሻݔ ݀ሺݔସ, ଶሻݔ  ݀ሺݔହ, ,ଷሻݔ ݀ሺݔସ, ଷሻݔ  ݀ሺݔହ, ଶሻሽݔ

1  ݀ሺݔସ, ଶሻݔ  ݀ሺݔହ, ଷሻݔ

																							ൌ
maxሼ1,10,10ሽ

11
ൌ
10
11

് 1

்݉,்ሺݔସ, ହሻݔ ൌ max ൜݀ሺݔସ, ,ହሻݔ ,ସݔሺܦ ,ସሻݔܶ ,ହݔሺܦ ,ହሻݔܶ
,ସݔሺܦ ହሻݔܶ  ,ହݔሺܦ ସሻݔܶ

2
ൠ

																								ൌ maxሼ1,5,5,5ሽ ൌ 5

 

 

implies that ߙሺܶݔସ, ,ସݔሺܶܪହሻݔܶ ହሻݔܶ ൌ 8 ≰
ହ

ଵଵ
ൌ ்݊,்ሺݔସ, ,ସݔହሻ்݉,்ሺݔ  .ହሻݔ

Hence, Theorem 1.13 which is a generalization of Theorem 1.11 does 
not hold in this case. 

   Coincidence and common fixed point results in b-metric 
spaces 

As an application of Theorem 2.1, we obtain the existence of 
coincidence and common fixed point of Suzuki type ሺߙ∗ െ ߰ሻ െ	hybrid 
pair of operators in b-metric spaces. 

 
Theorem 3.1  Let ሺܺ, ݀ሻ be a b-metric space and ሺ݃, ܶሻ a Suzuki 

type ሺߙ∗ െ ߰ሻ െ	hybrid pair of operators such that ܶ an                       
ሺߙ∗ െ ݃ሻ െadmissible mapping. Suppose that there exists ݔ ∈ ܺ and 
ଵݔ݃ ∈ ,ݔሺ݃ߙ  such thatݔܶ ଵሻݔ݃ ⩾ 1 and for any sequence ሼݔሽ in ܺ with 
ݔ݃ → ,ݔሺ݃ߙ we have ,ݔ݃ ሻݔ݃ ⩾ 1 for all ݊ ∈ Ժା. Then there exists ݔ in ܺ 
such that ݃ݔ ∈ provided that ܶሺܺሻ ݔܶ ⊆ ݃ሺܺሻ and ݃ሺܺሻ is complete. 
Moreover, if there is some ݃ݕ ∈ ݔ݃ such that ݕܶ ് ,ݔሺ݃ߙ and ݕ݃ ሻݕ݃ ⩾ 1 

then ݀ሺ݃ݔ, ሻݕ݃ ⩾
ଵ

ଶ
. Further, ܨሺ݃, ܶሻ is nonempty if any of the following 

conditions hold: 
 
f1-: The hybrid pair ሺ݃, ܶሻ is ݓ െ	compatible, lim

→ାஶ
݃ሺݔሻ ൌ  for ݓ

some ݓ ∈ ܺ and ݔ ∈ ,ሺ݃ܥ ܶሻ and ݃ is continuous at ݓ. 
f2-: The mapping ݃ is ܶ െ	weakly commuting at some ݔ ∈ ,ሺ݃ܥ ܶሻ 

and ݃ଶݔ ൌ  .ݔ݃
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3 f3-: The mapping ݃ is continuous at at some ݔ ∈ ,ሺ݃ܥ ܶሻ and 
lim

→ାஶ
݃ሺݓሻ ൌ ݓ for some ݔ ∈ ܺ.  

 
Proof. Lemma 1.3, there is a set ܧ ⊆ ܺ such that ݃: ܧ → ܺ is one-to-

one and ݃ሺܧሻ ൌ ݃ሺܺሻ. Define a mapping ࣮: ݃ሺܧሻ → ݔ࣮݃ ሺܺሻ byܤܥ ൌ  ݔܶ
for all ݃ሺݔሻ ∈ ݃ሺܧሻ. The mapping ࣮ is well defined because ݃ is one–to-
one. Since ሺ݃, ܶሻ is a Suzuki type ሺߙ∗ െ ߰ሻ െ	hybrid pair of operators, 
therefore 

 

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ
1
2
,ݔሺ݃ܦ ሻݔܶ ⩽ ܾ݀ሺ݃ݔ, ሻሻݕ݃

implies
,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ max൛1, ܰ,்ሺݔ, ,ݔ,்ሺܯሻൟ߰൫ݕ ሻ൯ݕ

ൌ
max ቊ1,

maxሼ݀ሺ݃ݔ, ,ሻݕ݃ ,ݔሺ݃ܦ ሻݔܶ  ,ݕሺ݃ܦ ,ሻݕܶ ,ݔሺ݃ܦ ሻݕܶ  ,ݕሺ݃ܦ ሻሽݔܶ

ܾሺ1  ,ݔሺ݃ߜ ሻݔܶ  ,ݕሺ݃ߜ ሻሻݕܶ
ቋ

߰ ൬max ൜݀ሺ݃ݔ, ,ሻݕ݃ ,ݔሺ݃ܦ ,ሻݔܶ ,ݕሺ݃ܦ ,ሻݕܶ
,ݔሺ݃ܦ ሻݕܶ  ,ݕሺ݃ܦ ሻݔܶ

2ܾ
ൠ൰

 

 
for all ݔ, ݕ ∈ ܺ for some ߰ ∈ Ψସ and ߮ ∈ Φ. Thus  

 

ە
ۖۖ

۔

ۖۖ

ۓ
ଵ

ଶ
,ݔሺ݃ܦ ሻݔ࣮݃ ⩽ ܾ݀ሺ݃ݔ, ሻሻݕ݃

implies
,ݔሺ࣮݃∗ߙ ,ݔሺ࣮݃ܪሻݕ࣮݃ ሻݕ࣮݃ ⩽ maxሼ1, ࣮ܰሺݔ, ,ݔሺ࣮ܯሻሽ߰ሺݕ ሻሻݕ

ൌ
max ቄ1,

୫ୟ୶ሼௗሺ௫,௬ሻ,ሺ௫,࣮௫ሻାሺ௬,࣮௬ሻ,ሺ௫,࣮௬ሻାሺ௬,࣮௫ሻሽ

ሺଵାఋሺ௫,࣮௫ሻାఋሺ௬,࣮௬ሻሻ
ቅ

߰ ቀmax ቄ݀ሺ݃ݔ, ,ሻݕ݃ ,ݔሺ݃ܦ ,ሻݔ࣮݃ ,ݕሺ݃ܦ ,ሻݕ࣮݃
ሺ௫,࣮௬ሻାሺ௬,࣮௫ሻ

ଶ
ቅቁ

 

 
for all ݃ݔ, ݕ݃ ∈ ݃ሺܧሻ. Since ݃ሺܧሻ ൌ ݃ሺܺሻ is complete. By the given 
assumption, there exists ݔ ∈ ܺ and ݃ݔଵ ∈ ,ݔሺ݃ߙ  such thatݔܶ ଵሻݔ݃ ⩾ 1. 
As ܶ is ሺߙ∗ െ ݃ሻ െ	admissible, we have ߙሺܶݔ, ሻݕܶ ⩾ 1 which implies that 
,ݔሺ࣮݃ߙ ሻݕ࣮݃ ⩾ 1. Thus ࣮ is ߙ∗ െadmissible. Hence ࣮ satisfies all the 
conditions of Theorem 2.1. Consequently, ࣮ is an MWP operator on 
݃ሺܧሻ, and we obtain a point ݑ ∈ ݃ሺܧሻ such that ݑ ∈ ݑ Since .ݑ࣮ ∈ ݃ሺܧሻ, 
there is a point ݔ in ܺ such that ݃ݔ ൌ ݔ݃ This implies that .ݑ ∈ ݔ࣮݃ ൌ  .ݔܶ
By Theorem 2.1 if there is some ݓ ∈ ݑ such that ݓ࣮ ് ,ݑሺߙ and ݓ ሻݓ ⩾
1, then we have ݀ሺݑ, ሻݓ ⩾

ଵ

ଶ
 if maxሼ1, ܰ,்ሺݔ, ሻሽݕ ൌ ܰ,்ሺݔ, ݓ ሻ. Forݕ ∈  ݓ࣮

there is a ݕ in ܺ such that such ݃ݕ ൌ ݕ݃ and ݓ ∈ ݕ࣮݃ ൌ
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,ݔConsequently, ݀ሺ݃	.ݕܶ ሻݕ݃ ⩾
ଵ

ଶ
. Now we prove that ܨሺ݃, ܶሻ ് ∅. First 

consider the case when (C1) holds. Since the pair ሺ݃, ܶሻ is                     
ݓ െ	compatible and lim

→ାஶ
݃ሺݔሻ ൌ ݑ for some ݑ ∈ ܺ, the continuity of ݃ at 

ݑ݃ implies that ݑ ൌ and lim ݑ
→ାஶ

݃ሺݔሻ ൌ ,ሻݔሺ݃ሺߙ Now .ݑ݃ ሻݑ݃ ⩾ 1 

andሺߙ∗ െ ݃ሻ െ	admissibility of ܶ imply that ߙሺܶ݃ିଵሺݔሻ, ሻݑܶ ⩾ 1. By      
ݓ െ	compatibility of the pair ሺ݃, ܶሻ, we have ݃ሺݔሻ ∈ ܶሺ݃ିଵሺݔሻሻ, that is 
݃ሺݔሻ ∈ ,ሺ݃ܥ ܶሻ for all ݊ ∈ Գ. Note that 

 
1
2
,ሻݔሺ݃ሺܦ ܶሺ݃ିଵሺݔሻሻሻ ⩽ ݀ሺ݃ሺݔሻ, ݃ሺݔሻሻ ൌ 0 ⩽ ܾ݀ሺ݃݃ିଵሺݔሻ,  .ሻݑ݃

 
Since ሺ݃, ܶሻ is a generalized Suzuki type ሺߙ∗ െ ߰ሻ െ	hybrid pair of 

operators, therefore  
 

,ݔሺ݃ܦ ሻݑܶ
⩽ ,ݔሺܶ݃ିଵܪ ሻݑܶ ⩽ ,ሻݔሺܶ݃ିଵሺߙ ,ݔሺܶ݃ିଵܪሻݑܶ ሻݑܶ

⩽
max ቄ1,

୫ୟ୶൛ௗሺ௫,௨ሻ,ሺ௫,்షభ௫ሻାሺ௬,்௨ሻ,ሺ௫,்௨ሻାሺ௨,்షభ௫ሻൟ

ሺଵାఋሺ௫,்షభ௫ሻାఋሺ௨,்௨ሻሻ
ቅ

߰max ቄ݀ሺ݃ݔ, ,ሻݑ݃ ,ݔሺ݃ܦ ܶ݃ିଵݔሻ, ,ݑሺ݃ܦ ,ሻݑܶ
ሺ௫,்௨ሻାሺ௨,்షభ௫ሻ

ଶ
ቅ

⩽
max ቄ1,

୫ୟ୶ሼௗሺ௫,௨ሻ,ௗሺ௫,௫ሻାሺ௨,்௨ሻ,ሺ௫,்௨ሻାௗሺ௨,௫ሻሽ

ሺଵାௗሺ௫,௫ሻାሺ௨,்௨ሻሻ
ቅ

߰max ቄ݀ሺ݃ݔ, ,ሻݑ݃ ݀ሺ݃ݔ, ݃ݔሻ, ,ݑሺ݃ܦ ,ሻݑܶ
ሺ௫,்௨ሻାௗሺ௨,௫ሻ

ଶ
ቅ .

 

 
On taking limit as ݊ → ∞, we obtain that 
 

,ݑሺ݃ܦ ሻݑܶ ⩽ max ൜1,
,ݑሺ݃ܦ ሻݑܶ

ܾሺ1  ,ݑሺ݃ܦ ሻሻݑܶ
ൠ߰ሺܦሺ݃ݑ, ሻሻݑܶ ൌ ߰ሺܦሺ݃ݑ,  .ሻሻݑܶ

 
If ܦሺ݃ݑ, ሻݑܶ  0, then we have ܦሺ݃ݑ, ሻݑܶ ൏ ,ݑሺ݃ܦ  ሻ, aݑܶ

contradiction. Consequently, ݑ ൌ ݑ݃ ∈ ,ሺ݃ܨ That is .ݑܶ ܶሻ ് ∅. Now let 
(C2) hold, then ݃ଶݔ ൌ ݔ for some ݔ݃ ∈ ,ሺ݃ܥ ܶሻ. By ܶ െ	weakly commuting 
of ݃, we have ݃ݔ ൌ ݃ଶݔ ∈ ݔ݃ Hence .ݔ݃ܶ ∈ ,ሺ݃ܨ ܶሻ. In case (C3) holds, 
lim

→ାஶ
݃ሺݑሻ ൌ ݑ for some ݔ ∈ ܺ and ݔ ∈ ,ሺ݃ܥ ܶሻ. By continuity of ݃, we 

obtain that ݔ ൌ ݔ݃ ∈   .ݔܶ
 
Hence ܨሺ݃, ܶሻ ് ∅.  
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3 Corollary 3.2  Let ሺܺ, ݀ሻ be a b-metric space and ሺ݃, ܶሻ a hybrid pair 
such that ܶ is an ሺߙ∗ െ ݃ሻ െ	admissible. If there exists a ߰ ∈   ସ such thatߖ

1
2
,ݔሺ݃ܦ ሻݔܶ ⩽ ܾ݀ሺ݃ݔ,  ሻݕ݃

implies that 
 

,ݔሺܶ∗ߙ ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ max൛1, ܰ,்ሺݔ, ,ݔሻൟ߰ሺ݀ሺݕ  ሻሻݕ
 

for all ݔ, ݕ ∈ ܺ. Suppose that there exists ݔ ∈ ܺ and ݃ݔଵ ∈   such thatݔܶ
,ݔሺ݃ߙ ଵሻݔ݃ ⩾ 1 and for any sequence ሼݔሽ in ܺ such that ݃ݔ →  we ,ݔ݃
have ߙሺ݃ݔ, ሻݔ݃ ⩾ 1 for all ݊ ∈ Ժା. Then there exists ݔ in ܺ such that 
ݔ݃ ∈ provided that ܶሺܺሻ ݔܶ ⊆ ݃ሺܺሻ and ݃ሺܺሻ is complete. Moreover, if 
there is some ݃ݕ ∈ ݔ݃ such that ݕܶ ് ,ݔሺ݃ߙ and ݕ݃ ሻݕ݃ ⩾ 1, then 

݀ሺ݃ݔ, ሻݕ݃ ⩾
ଵ

ଶ
. Further, ܨሺ݃, ܶሻ is nonempty if the conditions (j1)-(j3) 

Theorem 3.1 hold.  
 
Corollary 3.3  Let ሺܺ, ݀ሻ be a b-metric space and ሺ݃, ܶሻ a hybrid pair 

such that ܶ is an ሺߙ∗ െ ݃ሻ െ	admissible. If there exists a ߰ ∈   ସ such thatߖ

 
ଵ

ଶ
,ݔሺ݃ܦ ሻݔܶ ⩽ ܾ݀ሺ݃ݔ,  ሻݕ݃

implies  
,ݔሺܶ∗ߙ  ,ݔሺܶܪሻݕܶ ሻݕܶ ⩽ ߰ሺ݀ሺݔ,  ሻሻݕ

for all ݔ, ݕ ∈ ܺ. Suppose that there exists ݔ ∈ ܺ and ݃ݔଵ ∈   such thatݔܶ
,ݔሺ݃ߙ ଵሻݔ݃ ⩾ 1 and for any sequence ሼݔሽ in ܺ such that ݃ݔ →  we ,ݔ݃
have ߙሺ݃ݔ, ሻݔ݃ ⩾ 1 for all ݊ ∈ Ժା. Then there exists ݔ in ܺ such that 
ݔ݃ ∈ provided that ܶሺܺሻ ݔܶ ⊆ ݃ሺܺሻ and ݃ሺܺሻ is complete. Moreover, if 
there is some ݃ݕ ∈ ݔ݃ such that ݕܶ ് ,ݔሺ݃ߙ and ݕ݃ ሻݕ݃ ⩾ 1, then 

݀ሺ݃ݔ, ሻݕ݃ ⩾
ଵ

ଶ
. Further, ܨሺ݃, ܶሻ is nonempty if the conditions (j1)-(j3) in 

Theorem 3.1 hold.  

Data dependence of fixed point sets and Ulam-Hyers 
stability results 

Consider the following class of functions 
 
Θ ൌ ሼߦ:Թା → Թାsuch	that	ߦ	is	increasing	and	continuous	at	0ሽ. 

 
Let ሺܺ, ݀ሻ be a b-metric space and ܶ: ܺ → ܲሺܺሻ. The fixed point 

problem of ܶ is to find an ݔ ∈ ܺ such that 
ݔ ∈  (4.1) .ݔܶ
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7Inequality (4.1) is also known as fixed point inclusion. The fixed point 

inclusion is said to be generalized Ulam-Hyers stable if there exists a 
function ߦ ∈ Θ such that for each ߝ  0 and for each solution ݑ∗ of the 
inequality 

 
,ݑሺܦ ሻݑܶ ⩽  (4.2) ߝ

   
there exists a solution ݖ∗ of the fixed point problem (4.1) such that 
݀ሺݑ∗, ሻ∗ݖ ⩽  .ሻߝሺߦ

Further, if there exists a ܿ  0 such that ߦሺݐሻ ൌ ݐ for each ݐܿ ∈ Թା, 
then the fixed point problem (4.1) is said to be Ulam-Hyers stable. Let 
 ሺܶሻ and ܷ be the sets of solutions of (4.1) and (4.2), respectively. Forܨ
more on Ulam-Hyers stability of fixed point problems, we refer the 
interested reader to (Ulam, 1964), (Lazar, 2012), (Petru et al, 2011), 
(Rus, 2009), (Hyers, 1941). Let  ሺܺ, ݀ሻ be a b-metric space and ܶ: ܺ →
ሺܶሻܧ ሺܺሻ be a multivalued mapping then݈ܥ ൌ ሼݔ ∈ ܺ: ሼݔሽ ൌ  .ሽݔܶ

Define a multivalued operator ܶஶ: ሺܶሻܩ → ܲሺܨሺܶሻሻ by 
 
ܶஶሺݔ, ሻݕ ൌ ሼݖ ∈ :ሺܶሻܨ there	is	an	ssa	of	ܶat	ሺݔ,  ሽݖ	to	ሻconvergingݕ
 

where ܩሺܶሻ ൌ ሼሺݔ, :ሻݕ ݔ ∈ ܺ, ݕ ∈  .ܶ ሽ is a graph ofݔܶ
A selection of ܶ: ܺ ⟶ ܲሺܺሻ is a single valued mapping ݐ: ܺ → ܺ such 

that ݔݐ ∈ ݔ for all ݔܶ ∈ ܺ. 
 
Definition 4.1 (Rus et al, 2003). Let ሺܺ, ݀ሻ be a metric space and 

ܿ  0. An MWP operator ܶ: ܺ ⟶ ܲሺܺሻ is called aܿ െ	multivalued weakly 
Picard (briefly ܿ െMWP) operator if there exists a selection ݐஶ of ܶஶ such 
that ݀ሺݔ, ,ݔஶሺݐ ሻሻݕ ⩽ ܿ݀ሺݔ, ,ݔሻ for all ሺݕ ሻݕ ∈  .ሺܶሻܩ

 
One of the main results concerning ܿ െ	MWP operators is the 

following: 
 
Theorem 4.2 (Rus, 2001). Let ሺܺ, ݀ሻ be a metric space and 

ଵܶ, ଶܶ: ܺ → ܲሺܺሻ. If ܶ is a ܿ െMWP operator for each ݅ ∈ ሼ1,2ሽ and there 
exists ߣ  0 such that ܪሺ ଵܶݔ, ଶܶݔሻ ⩽ ݔ for all ,ߣ ∈ ܺ. Then 
ሺܨሺܪ ଵܶሻ, ሺܨ ଶܶሻሻ ⩽ ,ሼܿଵݔܽ݉ߣ ܿଶሽ. 

 
Now we prove the following result. 
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3 Theorem 4.3  Let ሺܺ, ݀ሻ be a complete b-metric space and ߙ: ܺ ൈ
ܺ → Թା. Suppose that 

 
g1-: for each ݅ ∈ ሼ1,2ሽ, ܶ : ܺ →  ሺܺሻ are multivalued operators such݈ܥ

that 
 

1
2
,ݔሺܦ ܶݔሻ ⩽ ܾ݀ሺݔ,  ሻݕ

 
implies that 

 
ሺ∗ߙ ܶݔ, ܶݕሻܪሺ ܶݔ, ܶݕሻ ⩽ ,ሼ1ݔܽ݉ ்ܰሺݔ, ,ݔሻሽ߰ሺ݀ሺݕ  ሻሻ (4.3)ݕ

   
 for all ݔ, ݕ ∈ ܺ, ߰ ∈  .ସߖ
g2-: for each ݅ ∈ ሼ1,2ሽ, ܶ is ߙ∗ െ	admissible mapping, 
g3-: there exists ݔ ∈ ܺ and ݔଵ ∈ ܶݔ such that ߙሺݔ, ଵሻݔ ⩾ 1 for 

each ݅ ∈ ሼ1,2ሽ, 
g4-: if there is a sequence ሼݔሽ in ܺ such that ݔ → ,ݔሺߙ then ,ݔ ሻݔ ⩾

1 for all ݊ ∈ Ժା, 
g5-: there exists ߣ  0 such that ܪሺ ଵܶݔ, ଶܶݔሻ ⩽ ݔ for all ,ߣ ∈ ܺ. 
 
Then ݔ݅ܨሺ ܶሻ ∈ ,ሺܺሻ݈ܥ ݅ ∈ ሼ1,2ሽ and each ܶ is an MWP operator such 

that 
 

ሺݔ݅ܨሺܪ ଵܶሻ, ሺݔ݅ܨ ଶܶሻሻ ⩽ ,ଵߣሼݔܾܽ݉  ଶሽߣ
  

where ߣ ൌ ∑ 	ஶ
ୀ ܾ

߰
ሺߣሻ for each ݅ ∈ ሼ1,2ሽ. 

 
 
Proof. From Theorem 2.1, it follows that ݔ݅ܨሺ ܶሻ ് ∅ for each 

݅ ∈ ሼ1,2ሽ. Let ሼݔሽ be a sequence in ݔ݅ܨሺ ଵܶሻ such that ݔ → ݊ as ݖ → ∞. 
This implies that ߙሺݔ, ሻݖ ⩾ 1. Since ଵܶ is ߙ∗ െ	admissible mapping, 
ሺߙ ଵܶݔ, ଵܶݖሻ ⩾ 1. As 

 
1
2
,ݔሺܦ ଵܶݔሻ ൌ 0 ⩽ ܾ݀ሺݖ,  ,ሻݔ

  
so we get  
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48
,ݖሺܦ7 ଵܶݖሻ

⩽ ܾ݀ሺݖ, ሻݔ  ,ݔሺܦܾ ଵܶݖሻ
⩽ ܾ݀ሺݖ, ሻݔ  ሺܪܾ ଵܶݖ, ଵܶݔሻ ⩽ ܾ݀ሺݖ, ሻݔ  ሺߙܾ ଵܶݔ, ଵܶݖሻܪሺ ଵܶݖ, ଵܶݔሻ
⩽ ܾ݀ሺݖ, ሻݔ  maxሼ1, ܰ

భ்
ሺݔ, ,ݔሻሽ߰ଵሺ݀ሺݕ ሻሻݕ

⩽ ൮ܾmax ൞1,
max ൜

݀ሺݖ, ,ሻݔ ,ݖሺܦ ଵܶݖሻ  ,ݔሺܦ ଵܶݔሻ,
,ݖሺܦ ଵܶݔሻ  ,ݔሺܦ ଵܶݖሻ

ൠ

ܾሺ1  ,ݖሺߜ ଵܶݖሻ  ,ݔሺߜ ଵܶݔሻሻ
ൢ߰ଵሺ݀ሺݖ, ሻሻݔ

										ܾ݀ሺݖ, ሻሻݔ

⩽ ൮ܾmax ൞1,
max ൜

݀ሺݖ, ,ሻݔ ,ݖሺܦ ଵܶݖሻ  ݀ሺݔ, ,ሻݔ
݀ሺݖ, ሻݔ  ,ݔሺܦ ଵܶݖሻ

ൠ

ܾሺ1  ,ݖሺܦ ଵܶݖሻ  ݀ሺݔ, ሻሻݔ
ൢ߰ଵሺ݀ሺݖ, ሻሻݔ

										ܾ݀ሺݖ, ሻሻݔ

 

 
 
On taking limit as ݊ → ∞, we obtain that ܦሺݖ, ଵܶݖሻ ⩽ 0, that is, 

ݖ ∈ ଵܶݖ and hence ܨሺ ଵܶሻ is closed.  
 
Similarly, ܨሺ ଶܶሻ is a closed subset of ܺ.  
 
From Corollary 2.2, we conclude that ܶ for each ݅ ∈ ሼ1,2ሽ is an MWP 

operator.  
 
By a similar process as followed in Theorem 2.1 starting from 

ଵݔ ∈ ሺܨ ଵܶሻ and ݔଶ ∈ ଶܶݔଵ, we obtain a sequence ሼݔሽ such that ݔାଵ ∈
ଶܶݔ for all ݊ ⩾ ାଵݔ ,1 ് ,ݔ ,ାଵݔሺߙ ାଶሻݔ ⩾ 1,0 ൏ ,ାଵݔሺܦ ାଵሻݔܶ ⩽
߰ଶሺ݀ሺݔ,  ାଵሻሻ andݔ

 
 

0 ൏ ݀ሺݔାଵ, ାଶሻݔ ൏ ߰ଶ
൫߰ݍሺܿሻ൯ (4.4) 

 
 

for all ݊ ⩾ 1, where ܿ ൌ ݀ሺݔଵ,   .ଶሻݔ
 
Following the arguments similar to those in the proof of Theorem 2.1, we 
conclude that ሼݔሽ is a Cauchy sequence and there is an element ݑ in ܺ 
such that ݔ → ݊ as ݑ → ∞ and ݑ ∈ ଶܶݑ.  
 
Note that  
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3 ݀ሺݔ, ାሻݔ

⩽ ܾ݀ሺݔ, ାଵሻݔ  ܾଶ݀ሺݔାଵ, .ାଶሻݔ . . ܾିଵ݀ሺݔାିଶ, ାିଵሻݔ
										ܾ݀ሺݔାିଵ, ାሻݔ

⩽ ܾ߰ଶ
ିଵ൫߰ݍଶሺܿሻ൯  ܾଶ߰ଶ

൫߰ݍଶሺܿሻ൯. . . ܾିଵ߰ଶ
ାିଷ൫߰ݍଶሺܿሻ൯

										ܾ߰ଶ
ାିଶ൫߰ݍଶሺܿሻ൯

⩽
1

ܾିଶ
ቀܾିଵ߰ଶ

ିଵ൫߰ݍଶሺܿሻ൯  ܾ߰ଶ
൫߰ݍଶሺܿሻ൯. . . ܾାିଶ߰ଶ

ାିଶ൫߰ݍଶሺܿሻ൯ቁ

ൌ
1

ܾିଶ
 	

ାିଶ

ୀିଵ

ܾ߰ଶ
൫߰ݍଶሺܿሻ൯ ⩽

1
ܾିଶ

 	

ାିଶ

ୀିଵ

ܾ߰ଶ
൫߰ݍଶሺߣሻ൯

ൌ
1

ܾିଶ
൮  	

ାିଶ

ୀ

ܾ߰ଶ
൫߰ݍଶሺߣሻ൯ െ 	

ିଵ

ୀ

ܾ߰ଶ
൫߰ݍଶሺߣሻ൯  ܾିଵ߰ଶ

ିଵ൫߰ݍଶሺߣሻ൯൲ .

 

 
That is, 
 

݀ሺݔ, ାሻݔ ⩽
1

ܾିଶ
൮ 

ାିଶ

ୀ

ܾ߰ଶ
൫߰ݍଶሺߣሻ൯ െ

ିଵ

ୀ

ܾ߰ଶ
൫߰ݍଶሺߣሻ൯

 ܾିଵ߰ଶ
ିଵ൫߰ݍଶሺߣሻ൯൲. 

(4.5) 

 
On taking limit as  → ∞, we get 
 

݀ሺݔ, ሻݑ ⩽
1

ܾିଶ
ቌ 	

ஶ

ୀ

ܾ߰ଶ
൫߰ݍଶሺߣሻ൯ െ

ିଵ

ୀ

ܾ߰ଶ
൫߰ݍଶሺߣሻ൯

 ܾିଵ߰ଶ
ିଵ൫߰ݍଶሺߣሻ൯ቍ. 

(4.6) 

 
By Lemma 1.6, ∑ 	ஶ

ୀ ܾ
߰ଶ

ሺݐሻ converges for any ݐ ⩾ 0, there exists 
ଶߣ ⩾ 0 such that ∑ 	ஶ

ୀ ܾ
߰ଶ

ሺߣሻ ൌ  ଶ and henceߣ
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7

݀ሺݔ, ሻݑ ⩽
1

ܾିଶ
ቌߣଶ െ

ିଵ

ୀ

ܾ߰ଶ
൫߰ݍሺߣሻ൯  ܾିଵ߰ଶ

ିଵ൫߰ݍଶሺߣሻ൯ቍ. (4.7) 

For ݊ ൌ 1, we get ݀ሺݔଵ, ሻݑ ⩽ ݔ ଶ. Thus forߣܾ ∈ ሺܨ ଵܶሻ, there exists 
ݑ ∈ ሺܨ ଶܶሻ such that ݀ሺݔ, ሻݑ ⩽ ݖ ଶ. Similarly for eachߣܾ ∈ ሺܨ ଶܶሻ, we get 
ݒ ∈ ሺܨ ଵܶሻ and ߣଵ ⩾ 0 such that ݀ሺݖ, ሻݒ ⩽  ଵ. It follows from Lemma 1.4ߣܾ
that  

ሺܨሺܪ ଵܶሻ, ሺܨ ଶܶሻሻ ⩽ ܾmaxሼߣଵ,  .ଶሽߣ
 
Now we discuss the Ulam-Hyers stability results. 
 
Theorem 4.4 Let ሺܺ, ݀ሻ be a b-metric space and ܶ: ܺ →  .ሺܺሻ݈ܥ

Assume that all the hypotheses of Corollary 2.3 hold. Then we have 
 
h1-: The fixed point inclusion (4.1) is ߞ

ିଵ െ	generalized Ulam-Hyers 
stable for ݅ ൌ 1,2, provided that for each ݔ ∈ ݖ ሺܶሻ there existsܨ ∈ ܷ such 
that ߙሺݔ, ሻݖ ⩾ 1, where ߞଵ, :ଶߞ Թା → Թା defined by ߞଵሺݐሻ ൌ ݐ െ
ܾଶ߰ሺݐሻ, ሻݐଶሺߞ ൌ ݐ െ  ሻ are strictly increasing, onto and continuous atݐሺ߰ݐܾ
ݐ ൌ 0. 

h2-: If ܧሺܶሻ ് ∅, then the fixed point inclusion (4.1) is ߞ
ିଵ െ

	generalized Ulam-Hyers stable for ݅ ൌ 3,4, provided that for ݔ ∈  ሺܶሻܧ
there exists ݖ ∈ ܷ such that ߙሺݔ, ሻݖ ⩾ 1, ,ଷߞ :ସߞ Թା → Թା defined by 
ሻݐଷሺߞ ൌ ݐ െ ܾ߰ሺݐሻ, ሻݐସሺߞ ൌ ݐ െ  ሻ are strictly increasing, onto andݐሺ߰ݐ
continuous at ݐ ൌ 0. 

h3-:  (Estimate between the fixed point sets of two multivalued 
mappings) If ܵ: ܺ → ݔ ሺܺሻ is such that for݈ܥ ∈ ݖ ሺܵሻ there existsܨ ∈  ሺܶሻܨ
with ߙሺݔ, ሻݖ ⩾ 1 and for ݔ ∈ ݖ ሺܶሻ there existsܨ ∈ ,ݔሺߙ ሺܵሻ withܨ ሻݖ ⩾ 1, 
and ܪሺܵሺݔሻ, ܶሺݔሻሻ ⩽ ݔ for all ߣ ∈ ܺ, then ܪሺܨሺܵሻ, ሺܶሻሻܨ ⩽ ݔܽ݉

ୀଵ,ଶ
ߞ
ିଵሺܾଶߣሻ 

where ߞ is same as in (h1) for each ݅ ൌ 1,2. 
h4-: (Estimate between the fixed point sets of two multivalued 

mappings) If ܵ: ܺ → ݔ ሺܺሻ is such that for݈ܥ ∈ ݖ ሺܵሻ, there existsܨ ∈  ሺܶሻܧ
with ߙሺݔ, ሻݖ ⩾ 1 and for ݔ ∈ ݖ ሺܶሻ there existsܧ ∈ ,ݔሺߙ ሺܵሻ withܨ ሻݖ ⩾ 1, 
and ܪሺܵሺݔሻ, ܶሺݔሻሻ ⩽ ݔ for all ߣ ∈ ܺ, then ܪሺܨሺܵሻ, ሺܶሻሻܨ ⩽ ݔܽ݉

ୀଷ,ସ
ߞ
ିଵሺܾߣሻ 

where ߞ is same as in (h2)  for each ݅ ൌ 3,4. 
h5-: (Well-posedness of the fixed point problem with respect to b-

metric ݀) If for any sequence ሼݔሽ in ܺ, there exists a unique point 
∗ݔ ∈ ,ݔሺߙ ሺܶሻsuch thatܧ ሻ∗ݔ ⩾ 1 and ݈݅݉→ାஶܦሺݔ, ሻݔܶ ൌ 0, then 
݈݅݉→ାஶ݀ሺݔ, ሻ∗ݔ ൌ 0. 
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3 h6-: (Well-posedness of the fixed point problem with respect to        
b-metric ܪ) If for any sequence ሼݔሽ in ܺ, there exists a unique point 
∗ݔ ∈ ,ݔሺߙ ሺܶሻ such thatܧ ሻ∗ݔ ⩾ 1 and ݈݅݉→ାஶܪሺሼݔሽ, ሻݔܶ ൌ 0, then 
݈݅݉→ାஶ݀ሺݔ, ሻ∗ݔ ൌ 0. 

h7-: (Limit shadowing property of the multivalued operators) If for 
any sequence ሼݔሽ in ܺ, there exists a unique point ݔ∗ ∈  ሺܶሻ withܧ
,ݔሺߙ ሻ∗ݔ ⩾ 1 and ݈݅݉→ାஶܦሺݔ, ሻݔܶ ൌ 0, then there exists a sequence 
of successive approximations ሼݕሽ such that ݈݅݉→ାஶ݀ሺݔ, ሻݕ ൌ 0. 

 
Proof. (h1) From Corollary 2.3, ܶ is an MWP operator and hence 

∗ݔ ሺܶሻ is nonempty. Ifܨ ∈  ሺܶሻ, then by given condition there exists aܨ
∗ݕ ∈ ܷ such that ߙሺݔ∗, ሻ∗ݕ ⩾ 1. The ߙ∗ െ	admissibility of ܶ gives that 
,∗ݔሺܶߙ ሻ∗ݕܶ ⩾ 1. Since ݕ∗ ∈ ܷ, for any given ߝ  0, we have ܦሺݕ∗, ሻ∗ݕܶ ⩽
  Note that .ߝ

1
2
,∗ݔሺܦ ሻ∗ݔܶ ൌ 0 ⩽ ܾ݀ሺݔ∗,  .ሻ∗ݕ

 
Then 
 

      (u-3) 

݀ሺݔ∗, ሻ∗ݕ ⩽ ,∗ݔሺܦܾ ሻ∗ݔܶ  ,∗ݔሺܶܦܾ ሻ∗ݕ ൌ ,∗ݔሺܶܦܾ ሻ∗ݕ
⩽ ܾଶሺܪሺܶݔ∗, ሻ∗ݕܶ  ,∗ݕሺܶܦ ሻሻ∗ݕ
	⩽ ܾଶሺߙሺܶݔ∗, ,∗ݔሺܶܪሻ∗ݕܶ ሻ∗ݕܶ  ሻߝ

⩽ ܾଶ ൬max ൜1,
݀ሺݔ∗, ሻ∗ݕ

ܾሺ1  ,∗ݔሺߜ ሻ∗ݔܶ  ,∗ݕሺߜ ሻሻ∗ݕܶ
ൠ߰ሺ݀ሺݔ∗, ሻሻ∗ݕ  ൰ߝ

⩽ ܾଶ ൬max ൜1,
݀ሺݔ∗, ሻ∗ݕ

ܾሺ1  ݀ሺݔ∗, ሻ∗ݔ  ,∗ݕሺܦ ሻሻ∗ݕܶ
ൠ ߰ሺ݀ሺݔ∗, ሻሻ∗ݕ  ൰ߝ

⩽ ܾଶ ൬max ൜1,
݀ሺݔ∗, ሻ∗ݕ

ܾ
ൠ߰ሺ݀ሺݔ∗, ሻሻ∗ݕ  ൰ߝ .

 

 

If max ቄ1,
ௗሺ௫∗,௬∗ሻ


ቅ ൌ 1, then we have ݀ሺݔ∗, ሻ∗ݕ ⩽ ܾଶሺ߰ሺ݀ሺݔ∗, ሻሻ∗ݕ   .ሻߝ

If ߞଵሺ݀ሺݔ∗, ሻሻ∗ݕ ൌ ݀ሺݔ∗, ሻ∗ݕ െ ܾଶ߰ሺ݀ሺݔ∗,  ሻሻ, then from the above∗ݕ
inequality we get ߞଵሺ݀ሺݔ∗, ሻሻ∗ݕ ⩽ ܾଶߝ and hence ݀ሺݔ∗, ሻ∗ݕ ⩽ ଵߞ

ିଵሺܾଶߝሻ. 
Consequently, the fixed point inclusion (4.1) is ߦ െ	generalized Ulam-
Hyers stable, where ߦ ൌ ଵߞ

ିଵ. 
 

 If max ቄ1,
ௗሺ௫∗,௬∗ሻ


ቅ ൌ

ௗሺ௫∗,௬∗ሻ


, then ݀ሺݔ∗, ሻ∗ݕ ⩾ ܾ. From (4.1) we obtain  

 
that  
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7

 ݀ሺݔ∗, ሻ∗ݕ ⩽ ܾଶ ቀ
ௗሺ௫∗,௬∗ሻ


߰ሺ݀ሺݔ∗, ሻሻ∗ݕ   ቁߝ

 ⩽ ܾ݀ሺݔ∗, ,∗ݔሻ߰ሺ݀ሺ∗ݕ ሻሻ∗ݕ  ܾଶߝ 
 ⩽ ܾ݀ሺݔ∗, ,∗ݔሻ߰ሺ݀ሺ∗ݕ ሻሻ∗ݕ  ܾଶߝ. 
 
Now if ߞଶሺ݀ሺݔ∗, ሻሻ∗ݕ ൌ ݀ሺݔ∗, ሻ∗ݕ െ ܾ݀ሺݔ∗, ,∗ݔሻ߰ሺ݀ሺ∗ݕ  ሻሻ, then from∗ݕ

the above inequality we get ߞଶሺ݀ሺݔ∗, ሻሻ∗ݕ ⩽ ܾଶߝ and hence ݀ሺݔ∗, ሻ∗ݕ ⩽
ଶߞ
ିଵሺܾଶߝሻ. Consequently, the fixed point inclusion (4.1) is ߦ െ	generalized 

Ulam-Hyers stable, where ߦ ൌ ଶߞ
ିଵ. 

(h2) Let ܧሺܶሻ ് ∅, and ݔ∗ ∈  ሺܶሻ thenܧ
 

݀ሺݔ∗, ሻ∗ݕ ൌ ,∗ݔሺܶܦ ሻ∗ݕ ⩽ ܾሺܪሺܶݔ∗, ሻ∗ݕܶ  ,∗ݕሺܶܦ  .ሻሻ∗ݕ
 
Following the arguments similar to those in the proof of (h1), the 

result follows.  
(h3) Let ݔ∗ ∈ ∗ݕ ሺܵሻ, then there exists aܨ ∈ ,∗ݔሺߙ ሺܶሻ such thatܨ ሻ∗ݕ ⩾

1. By ߙ∗ െ	admissibility of ܶ we get ߙሺܶݔ∗, ሻ∗ݕܶ ⩾ 1. Note that 
 

1
2
,∗ݕሺܦ ሻ∗ݕܶ ൌ 0 ⩽ ܾ݀ሺݔ∗,  .ሻ∗ݕ

 
Then by the given assumption on ܶ, we obtain that 
 
 ݀ሺݔ∗, ሻ∗ݕ ⩽ ,∗ݔሺܦܾ ሻ∗ݔܵ  ,∗ݔሺܵܦܾ  ሻ∗ݕ
 ൌ ,∗ݔሺܵܦܾ ሻ∗ݕ ⩽ ܾଶሺܪሺܵݔ∗, ሻ∗ݔܶ  ,∗ݔሺܶܦ  ሻሻ∗ݕ
 ⩽ ܾଶሺܪሺܵݔ∗, ሻ∗ݔܶ  ,∗ݔሺܶܪ ሻሻ∗ݕܶ ⩽ ܾଶሺߣ  ,∗ݔሺܶܪ  ሻሻ∗ݕܶ
 ⩽ ܾଶሺߣ  ,∗ݔሺܶߙ ,∗ݔሺܶܪሻ∗ݕܶ  ሻሻ∗ݕܶ

 ⩽ ܾଶ ቀߣ  max ቄ1,
ௗሺ௫∗,௬∗ሻ

ሺଵାఋሺ௫∗,்௫∗ሻାఋሺ௬∗,்௬∗ሻሻ
ቅ ߰ሺ݀ሺݔ∗,  ሻሻቁ∗ݕ

 ⩽ ܾଶ ቀߣ  max ቄ1,
ௗሺ௫∗,௬∗ሻ

ሺଵାௗሺ௫∗,௫∗ሻାሺ௬∗,்௬∗ሻሻ
ቅ ߰ሺ݀ሺݔ∗,  ሻሻቁ∗ݕ

 ⩽ ܾଶ ቀߣ  max ቄ1,
ௗሺ௫∗,௬∗ሻ

ሺଵାௗሺ௫∗,௫∗ሻାሺ௬∗,்௬∗ሻሻ
ቅ ߰ሺ݀ሺݔ∗,  ሻሻቁ∗ݕ

 ⩽ ܾଶሺߣ  ߰ሺ݀ሺݔ∗,  .ሻሻሻ∗ݕ
 

If max ቄ1,
ௗሺ௫∗,௬∗ሻ


ቅ ൌ 1, and 

,∗ݔଵሺ݀ሺߞ ሻሻ∗ݕ ൌ ݀ሺݔ∗, ሻ∗ݕ െ ܾଶሺ߰ሺ݀ሺݔ∗,  ,ሻሻሻ∗ݕ
then from the above inequality we get ߞଵሺ݀ሺݔ∗, ሻሻ∗ݕ ⩽ ܾଶߣ. Consequently, 
for every ݔ∗ ∈ ∗ݕ ሺܵሻ, there exists aܨ ∈ ,∗ݔሺܶሻ such that ݀ሺܨ ሻ∗ݕ ⩽
ଵߞ
ିଵሺܾଶߣሻ. Similarly, it can be proved that for every ݕ∗ ∈  ሺܶሻ, there existsܨ
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3 a ݔ∗ ∈ ,∗ݔሺܶሻ such that ݀ሺܨ ሻ∗ݕ ⩽ ଵߞ
ିଵሺܾଶߣሻ. Hence by Lemma 1.4, we 

obtain that 
,ሺܵሻܨሺܪ ሺܶሻሻܨ ⩽ ଵߞ

ିଵሺܾଶߣሻ. 
  

If max ቄ1,
ௗሺ௫∗,௬∗ሻ


ቅ ൌ

ௗሺ௫∗,௬∗ሻ


, then for ߞଵሺ݀ሺݔ∗, ሻሻ∗ݕ ൌ ݀ሺݔ∗, ሻ∗ݕ െ

ܾ݀ሺݔ∗, ,∗ݔሻ߰ሺ݀ሺ∗ݕ   ሻሻ we get∗ݕ
,ሺܵሻܨሺܪ ሺܶሻሻܨ ⩽ ଶߞ

ିଵሺܾଶߣሻ. 
Consequently, 

,ሺܵሻܨሺܪ ሺܶሻሻܨ ⩽ max
ୀଵ,ଶ

ߞ
ିଵሺܾଶߣሻ. 

 
(h4) This can be proved on the similar lines as in (h3) using the 

definition of ܧሺܶሻ. 
 
(h5) If ሼݔሽ is a sequence in ܺ, there exists a unique ݔ∗ ∈  ሺܶሻ suchܧ

that ߙሺݔ, ሻ∗ݔ ⩾ 1 and lim→ାஶܦሺݔ, ሻݔܶ ൌ 0. Then there exists ݑ ∈  ݔܶ
such that lim→ାஶܦሺݔ, ሻݔܶ ൌ lim→ାஶ݀ሺݔ, ሻݑ ൌ 0. Since ܶ is         

∗ߙ െ	admissible, ߙሺܶݔ, ሻ∗ݔܶ ⩾ 1. As 
ଵ

ଶ
,∗ݔሺܦ ሻ∗ݔܶ ൌ 0 ⩽ ܾ݀ሺݔ,  ሻ, by∗ݔ

given assumption we have  
 ݀ሺݔ, ሻ∗ݔ ⩽ ܾሺܦሺݔ, ሻݔܶ  ,ݔሺܶܦ  ሻሻ∗ݔ
 ⩽ ܾሺܦሺݔ, ሻݔܶ  ,ݔሺܶܪ  ሻሻ∗ݔܶ
 ⩽ ܾሺܦሺݔ, ሻݔܶ  ,ݔሺܶߙ ,ݔሺܶܪሻ∗ݔܶ  ሻሻ∗ݔܶ
 ⩽ ܾሺܦሺݔ,  ሻݔܶ

 max ቄ1,
ௗሺ௫,௫∗ሻ

ሺଵାሺ௫,்௫ሻାሺ௫∗,்௫∗ሻሻ
ቅ ߰ሺ݀ሺݔ,  ሻሻቇ∗ݔ

 ⩽ ܾሺܦሺݔ,  ሻݔܶ

 max ቄ1,
ௗሺ௫,௫∗ሻ

ሺଵାሺ௫,்௫ሻሻ
ቅ߰ሺ݀ሺݔ,  ሻሻቇ∗ݔ

 ⩽ ܾ ൬ܦሺݔ, ሻݔܶ  max ቄ1,
ௗሺ௫,௫∗ሻ


ቅ ߰ሺ݀ሺݔ,  .ሻሻ൰∗ݔ

 If max ቄ1,
ௗሺ௫,௫∗ሻ


ቅ ൌ 1, then we have 

 
݀ሺݔ, ሻ∗ݔ െ ܾ߰ሺ݀ሺݔ, ሻሻሻ∗ݔ ⩽ ,ݔሺܦܾ  .ሻݔܶ

 

That is, ߞଷሺ݀ሺݔ, ሻሻ∗ݔ ⩽ ,ݔሺܦܾ ሻ. Similarly, if maxݔܶ ቄ1,
ௗሺ௫,௫∗ሻ


ቅ ൌ

ௗሺ௫,௫∗ሻ


, we get ߞସሺ݀ሺݔ, ሻሻ∗ݔ ⩽ ,ݔሺܦܾ ݅ ሻ. This implies for eachݔܶ ∈ ሼ3,4ሽ 

we get ݀ሺݔ, ሻ∗ݔ ⩽ ߞ
ିଵሺܾܦሺݔ, ݊ ሻሻ. On taking limit asݔܶ → ∞ and 

using the continuity of ߞ at 0, for each ݅ ∈ ሼ3,4ሽ we get the desired result.  
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48
7(h6) follows from (h5) as ܦሺݔ, ሻݔܶ ⩽ ,ሽݔሺሼܪ  .ሻݔܶ

 
(h7) From (h5) it is clear that lim→ାஶ݀ሺݔ, ሻ∗ݔ ൌ 0. Since ݔ∗ ∈  ,ሺܶሻܧ

so there exists a sequence of successive approximations defined by 
ݕ ൌ ,ݔfor all ݊ such that lim→ାஶ݀ሺ ∗ݔ ሻݕ ൌ lim→ାஶ݀ሺݔ, ሻ∗ݔ ൌ 0. 

Existence and stability of solutions of differential 
inclusions 

Let ݈ܥሺԹሻ be collection of nonempty closed and convex subsets of 
Թ and ܨ:Թ →  .ሺԹሻ a lower semicontinuous multivalued mapping݈ܥ
Consider the initial value problem 

 
ሻݐᇱሺݔ ∈ ,ሻ൯ݐሺݔ൫ܨ forݐ ∈ ,ܬ
ሻݐሺݔ ൌ ݐforݔ ൌ ܽଵ,
ݔ ∈ ,ሻܬሺܥ

 (4.8) 

 
where ܬ ൌ ሾܽଵ, ܽଶሿ and ܥሺܬሻ is a Banach space of absolutely continuous 
real valued functions defined on ܬ. Since Թ with usual metric is 
paracompact, ܨ is a lower semicontinuous multivalued mapping with 
ݑ ሻ closed and convex for eachݑሺܨ ∈ Թ, by Michael’s Theorem (Michael, 
1956), there exists a continuous function ݂:Թ → Թ such that ݂ሺݑሻ ∈  ሻݑሺܨ
for all ݑ ∈ Թ. 

Now consider the following initial value problem 
 

ሻݐᇱሺݔ ൌ ݂൫ݔሺݐሻ൯, forݐ ∈ ,ܬ
ሻݐሺݔ ൌ ݐforݔ ൌ ܽଵ,
ݔ ∈ .ሻܬሺܥ

 (4.9) 

   
Note that the solution of problem (4.9) is a solution of problem (4.8). 

Integrating from ܽଵ to ݐ, we obtain 
 

න 	

௧

భ

ݏሻ݀ݏᇱሺݔ ൌ න 	

௧

భ

݂൫ݔሺݏሻ൯݀ݏ, 

that is, 
 

ሻݐሺݔ ൌ ݔ  න

௧

భ

݂ሺݔሺݏሻሻ݀ݏ, forݐ ∈  (4.10) .ܬ
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3 On the other hand, if (4.10) holds then (4.9) holds. Thus (4.9) and 
(4.10) are equivalent. 

Suppose that ݂:Թ → Թsatisfies the following hypotheses: 

 	
௧
భ
݂ሺݔሺݏሻሻ݀ݏ ൌ 0, for ݐ ∈ ሻݐሺݔ if and only if ܬ ൌ ݐ ሻ for allݐሺݔ ∈  .ܬ

 
There exists a nonnegative real number ܮ such that               

ሺܽଶܮ െ ܽଵሻ ൏
ଵ

మ
, where ܾ is b-metric constant and for all ݑ, ݒ ∈ Թ, the 

relation ‖݂ሺݑሻ െ ݂ሺݒሻ‖ ⩽ ሻݐሺݑ‖ܮ െ  .ሻ‖ holdsݐሺݒ
Define ܶ: ܺ → ܺ, where ܺ:ൌ  ሻ byܬሺܥ
 

ܶሺݔሺݐሻሻ ൌ ݔ  න

௧

భ

݂ሺݔሺݏሻሻ݀ݏ, forݐ ∈  (4.11) .ܬ

  
 Let ݀: ሻܬሺܥ ൈ ሻܬሺܥ → Թା be defined as 
 

݀ሺݔ, :ሻݕ ൌ max
௧∈

ሻݐሺݔ‖ െ  .ሻ‖ଶݐሺݕ

  
Then ሺܥሺܬሻ, ݀ሻ is complete b-metric space. Define ߙ: ሻܬሺܥ ൈ ሻܬሺܥ →

Թା by 
 

,ݔሺߙ ሻݕ ൌ ቄ݇ forݔ ് ,ݔ ݕ ് ,where݇ݕ ⩾ 1,
0 otherwise.

 

  
Let ߰:Թା → Թା be defined as ߰ሺݐሻ: ൌ ܮ

ଶሺܽଶ െ ܽଵሻݐ. Clearly, ߰ ∈ Ψସ. 
First we show that mapping ܶ is ߙ∗ െ	admissible. As ߙሺݔ, ሻݕ ⩾ 1 

implies that ߙሺݔ, ሻݕ ൌ ݇. For ݔ ് ݕ  andݔ ്  , from (i1-) we haveݔ
ݔܶ ് ݕܶ  andݔ ് ,ݔሺܶ∗ߙ It follows that .ܬ  onݔ ሻݕܶ ൌ ݇ ⩾ 1 and hence ܶ 
is ߙ∗ െ	admissible. Now, by (i2-) for all ݔ, ݕ ∈ ܺ, 

 

݀ሺܶݔ, ሻݕܶ ൌ max
௧∈

ቯ න 	

௧

భ

݂ሺݔሺݏሻሻ݀ݏ െ න 	

௧

భ

݂ሺݕሺݏሻሻ݀ݏቯ

ଶ

 

																																												⩽ max
௧∈

න 	

௧

భ

∥ ݂ሺݔሺݏሻሻ݀ݏ െ ݂ሺݕሺݏሻሻ݀ݏ ∥ଶ 
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7

																																												⩽ max
௧∈

න 	

௧

భ

ܮ
ଶ ∥ ሻݏሺݔ െ ሻݏሺݕ ∥ଶ  ݏ݀

											⩽ ܮ
ଶmax
௧∈

න 	

௧

భ

max
௦∈

∥ ሻݏሺݔ െ ሻݏሺݕ ∥ଶ  ݏ݀

																																															ൌ ܮ
ଶ݀ሺݔ, ሻmaxݕ

௧∈
න 	

௧

భ

ݏ݀ ൌ ܮ
ଶሺܽଶ െ ܽଵሻ݀ሺݔ, ሻݕ ൌ ߰ሺ݀ሺݔ,  .ሻሻݕ

 
By Corollary 2.3, we obtain the solution of problem (4.9) which 

provides the solution of problem (4.8) as well. Define the mappings 
,ଵߞ :ଶߞ Թା → Թା by  

ሻݐଵሺߞ  ൌ ݐ െ ܾଶܮ
ଶሺܽଶ െ ܽଵሻݐ ൌ ݐ െ ܾଶ߰ሺݐሻ, 

ሻݐଶሺߞ  ൌ ݐ െ ܮܾ
ଶሺܽଶ െ ܽଵሻݐଶ ൌ ݐ െ  ,ሻݐሺ߰ݐܾ

 
where ߰ሺݐሻ ൌ ܮ

ଶሺܽଶ െ ܽଵሻݐ. Clearly the mapping ߞଵ is strictly increasing 
and onto. Consequently, all the axioms of Theorem 4.4 hold with 
mapping ߞଵ. Hence the fixed point inclusion (4.8) is ߞଵ

ିଵ െ	generalized 

Ulam-Hyers stable. Now 
ௗ

ௗ௧
ሻݐଶሺߞ  0 if 1 െ ܮ2ܾ

ଶሺܽଶ െ ܽଵሻݐ  0. As 

ܮܾ
ଶሺܽଶ െ ܽଵሻ ൏ 1, hence the fixed point inclusion (4.8) is                     

ଶߞ
ିଵ െ	generalized Ulam-Hyers stable if ݐ ൏

ଵ

ଶ
. 

Let ܨ: ܬ ൈ Թ ൈ Թ →  ሺԹሻ be a lower semicontinuous multivalued݈ܥ
mapping. Consider the initial value problem 

 
ሻݐᇱሺݔ ∈ ,ݐሺܨ ,ሻݐሺݔ ݐሺݔ െ ݄ሻሻ, forݐ ∈ ,ܬ
ሻݐሺݔ ൌ ݐforݔ ∈ ሾܽଵ െ ݄, ܽଵሿ,
ݔ ∈ ,ሻܬሺܥ

 (4.12) 

 
where ݄ is a positive real number. Then there exists a selection ݂ such 
that ݂ሺݏ, ,ݑ ሻݒ ∈ ,ݏሺܨ ,ݑ ,ݑ ሻ for allݒ ݒ ∈ Թ and ݏ ∈ ሾܽଵ െ ݄, ܽଵሿ, see 
(Michael, 1956). Note that any solution of the problem 

 
ሻݐᇱሺݔ ൌ ݂൫ݐ, ,ሻݐሺݔ ݐሺݔ െ ݄ሻ൯, forݐ ∈ ,ܬ
ሻݐሺݔ ൌ ݐforݔ ∈ ܽଵ െ ݄, ܽଵሿ,
ݔ ∈ ሻܬሺܥ

 (4.13) 

 
is a solution for problem (4.12). Further, (4.13) is equivalent to 
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ሻݐሺݔ  3 ൌ ݔ   	
௧
భ
݂ሺݏ, ,ሻݏሺݔ ݏሺݔ െ ݄ሻ݀ݏ, forݐ ∈  ,ܬ

ሻݐሺݔ  ൌ ݐforݔ ∈ ܽଵ െ ݄, ܽଵሿ. 
 
We suppose that ݂ satisfies the following hypotheses: 
 

 	
௧
భ
݂ሺݏ, ,ሻݏሺݔ ݏሺݔ െ ݄ሻሻ݀ݏ ൌ 0, for ݐ ∈ ݔ if and only if ܬ ൌ  .ܬ  onݔ

 
‖݂ሺݐ, ,ଵݑ ଵሻݒ െ ݂ሺݐ, ,ଶݑ ‖ଶሻݒ ⩽ ଵݑ‖ሺܮ െ ‖ଶݑ  ଵݒ‖ െ   ,ଶ‖ሻݒ
 

for all ݑଵ, ,ଶݑ ,ଵݒ ଶݒ ∈ Թ, where ܮሺܽଶ െ ܽଵሻ ൏
ଵ

ସమ
 and ܾ is a metricconstant. 

Define the operator ܶ: ܻ → ܻ, where ܻ:ൌ ሾܽଵܥ െ ݄, ܽଶሿ ൈ Թ ൈ Թ by 
 

ܶሺݔሺݐሻሻ ൌ

ە
۔

ۓ
ݔ  න

௧

భ

݂ሺݏ, ,ሻݏሺݔ ݏሺݔ െ ݄ሻሻ݀ݏ, forݐ ∈ ,ܬ

ሻݐሺݔ ൌ ݐforݔ ∈ ܽଵ െ ݄, ܽଵሿ.

 (4.14) 

 
From the definition of ߙ, the admissibility of ܶ follows. Now by (i4-) for 

all ݔ, ݕ ∈ ܻ, we have 
 

݀ሺܶݔ, ሻݕܶ ൌ max
௧∈

∥ න 	

௧

భ

݂ሺݏ, ,ሻݏሺݔ ݏሺݔ െ ݄ሻሻ݀ݏ െ න 	

௧

భ

݂ሺݏ, ,ሻݏሺݔ ݏሺݕ െ ݄ሻሻ݀ݏ ∥ଶ 

⩽ max
௧∈

න 	

௧

భ

∥ ݂ሺݏ, ,ሻݏሺݔ ݏሺݔ െ ݄ሻሻ݀ݏ െ ݂ሺݏ, ,ሻݏሺݔ ݏሺݕ െ ݄ሻሻ݀ݏ ∥ଶ 

																					⩽ max
௧∈

න 	

௧

భ

ܮ
ଶ ∥ ሻݏሺݔ െ ሻݏሺݕ ∥ଶ ሺ2ଶሻ݀ݏ 

																					ൌ ܮ4
ଶmax
௧∈

න 	

௧

భ

∥ ሻݏሺݔ െ ሻݏሺݕ ∥ଶ  ݏ݀

																						⩽ ܮ4
ଶሺܽଶ െ ܽଵሻ߰ሺ݀ሺݔ,  ,ሻሻݕ

 
where ߰ሺݐሻ ൌ ܮ4

ଶሺܽଶ െ ܽଵሻݐ. By Corollary 2.3, we obtain the solution of 
problem (4.13) which is also being the selection is the solution for (4.12). 
If ߞଵሺݐሻ ൌ ݐ െ 4ܾଶܮ

ଶሺܽଶ െ ܽଵሻݐ and ߞଶሺݐሻ ൌ ݐ െ ܮ4ܾ
ଶሺܽଶ െ ܽଵሻݐଶ, then the 
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7fixed point inclusion (4.12) is ߞଵ

ିଵ െ	generalized Ulam-Hyers stable. Now 
ௗ

ௗ௧
ሻݐଶሺߞ  0 if 1 െ ܮ8ܾ

ଶሺܽଶ െ ܽଵሻݐ  0. As 4ܾܮ
ଶሺܽଶ െ ܽଵሻ ൏ 1, hence the 

fixed point inclusion (4.12) is ߞଶ
ିଵ െ	generalized Ulam-Hyers stable if 

ݐ ൏
ଵ

ଶ
. 
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7РЕШЕНИЯ И УСТОЙЧИВОСТЬ ДИФФИРЕНЦИАЛЬНЫХ 

ВКЛЮЧЕНИЙ ПО УЛАМУ-ХАЙЕРСУ, ВКЛЮЧАЯ 
РАЗНОВИДНОСТИ МНОГОЗНАЧНЫХ ОТОБРАЖЕНИЙ ПО 
СУДЗУКИ В b-МЕТРИЧЕСКИХ ПРОСТРАНСТВАХ  

Муджахид Абаса, Басит Алиб, Талат Назирв, Небойша М.  Дедовичг, 
Бандар Бин-Мохсинд, Стоян Н. Раденовичe 
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   г. Лахор, Исламская  Республика Пакистан  
в Университет COMSATS в Исламабаде, кафедра математики,   
   Кампус в г. Абботтабад, Исламская  Республика Пакистан; 
   Университет Южной Африки, кафедра математических наук,  
   Научный кампус, г. Йоханнесбург, Южно-Африканская Республика 
г Нови-Садский университет, Сельскохозяйственный факультет, 
  Департамент сельскохозяйственного машиностроения,  
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РУБРИКА ГРНТИ: 27.00.00 МАТЕМАТИКА;   
                               27.25.17 Метрическая теория функций,  
                               27.39.27 Нелинейный функциональный анализ   
ВИД СТАТЬИ: оригинальная научная статья 

Резюме: 

Введение/цель: В данной статье представлены совпадения и 
общие неподвижные точки многозначного отображения типа 
Судзуки в b-метрических пространствах.  

Методы: Обсуждаются предельные свойства, корректность и 
устойчивость решенийзадачс неподвижной точкой таких 
отображений по методу Улама-Хайерса. 

Результаты: Получена верхняя граница расстояния Хаусдорфа 
между неподвижными точками множеств. В качестве 
доказательства полученных результатов, в статье приведено 
несколько примеров. 

Выводы: Применение полученных результатов доказывает 
существование дифференциальных включений. 

Ключевые слова: b-метрические пространства, многозначные 
отображения, неподвижная точка и задачи, Улам-Хайерс 
стабильность, начальная задача. 
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3 РЕШЕЊА И УЛАМ-ХИЕРОВА СТАБИЛНОСТ 
ДИФЕРЕНЦИЈАЛНИХ ИНКЛУЗИЈА, УКЉУЧУЈУЋИ СУЗУКИЈЕВЕ 
ВРСТЕ ВИШЕЗНАЧНОГ ПРЕСЛИКАВАЊА НА b-МЕТРИЧКИМ 
ПРОСТОРИМА 

Муџахид Абаса, Басит Алиб, Талат Назирв, Небојша М.  Дедовићг, 
Бандар Бин-Мохсинд, Стојан Н. Раденовићђ 
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ОБЛАСТ: математика  
ВРСТА ЧЛАНКА: оригинални научни рад 

Сажетак: 

Увод/циљ: У раду су представљене коинцидентне и заједничке 
фиксне тачке Сузукијеве врсте вишезначног пресликавања на       
b-метричким просторима. 

Методе:  Анализирана су гранична својства, добра постављеност 
и Улам-Хиерова стабилност решења за фиксни проблем 
вишезначних пресликавања. 

Резултати: Добијена је горња граница Хауздорфовог растојања 
између фиксних тачака скупова. Наведени су примери који 
подржавају добијене резултате. 

Закључак: Применом представљених резултата установљена је 
егзистенција диференцијалне инклузије. 

Кључне речи: b-метрички простори, вишезначно пресликавање, 
фиксна тачка и проблеми, Улам-Хиерова стабилност, почетни 
проблем. 
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