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Abstract:

Introduction/purpose: The paper presents numerous vertex-degree-based
graph invariants considered in the literature. A matrix can be associated to
each of these invariants. By means of these matrices, the respective
vertex-degree-based graph energies are defined as the sum of the
absolute values of the eigenvalues.

Results: The article determines the conditions under which the considered
graph energies are greater or smaller than the ordinary graph energy
(based on the adjacency matrix).

Conclusion: The results of the paper contribute to the theory of graph
energies as well as to the theory of vertex-degree-based graph invariants.

Keywords: energy (of a graph), vertex-degree-based graph invariant,
vertex-degree-based graph energy.

Introduction

This paper is concerned with simple graphs, i.e. with graphs without
multiple, directed, or weighted edges, and without loops. Let G be such a

graph with n vertices, labeled as V,,V,,...,V,. Two vertices connected by
an edge are said to be adjacent. The degree of the vertex V,, denoted by

deg(V,) , is the number of the first neighbors of V. .

The energy of a graph G was defined in 1978 as (Gutman, 1978), (Li
et al, 2012)

E=E(G) :iw
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where A, 4,,..., 4, are the eigenvalues of the adjacency matrix of G.

Recall that the adjacency matrix A(G) is a symmetrix square matrix of the
order n, whose (i,j)-entry is

1 if v; and v, are adjacent
A(G); =10  if v, and v, are not adjacent
0 ifi=]j
In the mathematical (Cruz et al, 2015), (Das et al, 2018), (Furtula et
al, 2013), (Liu et al, 2019), (Rada & Cruz, 2014), (Zhong & Xu, 2014) and
chemical (Todeschini & Consonni, 2009) literature, several dozens of
vertex-degree-based graph invariants (usually referred to as “topological

indices”) have been introduced and extensively studied. Their general
formula is

VDBI =VDBI(G)= Y F(deg(v,),deg(v,))

I<i<j<n

where F(X,Y) is some function with the property F(X,y)=F(y,X).In
particular,

If F(X,y)=X+Y, then VDBI = first Zagreb index;
if F(X,Y)=Xy, then VDBI = second Zagreb index;

if F(X,Y)=|X—Y]|, then VDBI = Albertson index,
1( x
if F(X,y)= E(;*‘%} , then VDBI = extended index;

if F(X,Y)=(Xx—Y)?, then VDBI = sigma index,
if F(X,y)=1//xy , then VDBI = Randi¢ index:

if F(X,y)=2/(X+Y), then VDBI = harmonic index;

if F(X,Y)=(x+Yy—2)/(xy), then VDBI = ABC index;
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if F(x,y)= \/xiy then VDBI = reciprocal Randié¢ index;

if F(x,y)=1/ \/m then VDBI = sum-connectivity index;

if F(X,y)= \/m then VDBI = reciprocal sum-connectivity index;
it F(X,Yy)=X"+Y?, then VDBI = forgotten index;

if F(X,y)= ZM / (X+Y), then VDBI = geometric-arithmetic index;

if F(X,y)=(x+Yy)/ (ZM) , then VDBI = arithmetic-geometric index;
and

if F(X,y)=xy/(x+Y),then VDBI = inverse sum indeg index.

There are several more such graph invariants; see in (Das et al,
2018), (Kulli, 2020), where also bibliographic data can be found.

For each function F(X,Y) and each graph G, a symmetric square
matrix @ = ®(G) of the order n can be defined, whose (i j)-entry is

F (deg(v;),deg(v;)) if v, and v, are adjacent

®(G); =40 if v; and v, are not adjacent
0 if =]
Recall that if Vv, and Vj are adjacent, then

deg(v;) >1, deg(v;) 21.
The respective vertex-degree-based graph energy (of the graph G)

is equal to the sum of absolute values of the eigenvalues of ® = ®(G).
We will denote it by E. = E(G).

For some of the above given functions F(X,Y), the condition

0<F(X,¥)<1 holds for all X>1,y>1. Such are the functions
pertaining to the Randi¢, harmonic, sum-connectivity, and geometric-
arithmetic indices. For some of the above given functions, F(X,y)>1
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holds for all X>1, Y>1. Such are those related to the first and second

Zagreb, extended, forgotten, and arithmetic-geometric indices, as well as
for some reciprocal and inverse indices. For such functions, we prove the
following:

Theorem 1.
(@) If 0<F(X,y)<lholdsforall X>1, y>1, and if G is a bipartite
graph, then E. (G) < E(G).
(b) If F(X,y)>1holds forall X>1, y>1, and if G is a bipartite
graph, then E. (G) > E(G).
The equality cases will be considered later.

In order to prove Theorem 1, we need some preparations.

Preliminary considerations
Let
P(x)=> ¢ x"
k>0

be a polynomial with all zeros real. Then its energy satisfies (Mateljevic
et al, 2010)

1% dx ? . ?
E(P)==[=1In [z(—l)kc%x”j +(§:(—1)"02k+1x2k 1)
T 0 X k>0 k>0

If the zeros of P(x) are symmetric w.r.t. x=0, i.e., if C,.,, =0 for all
k>0, then

2 ¢dx
E(P) =;£7|n > (<D e, x*

k>0

As well known, a graph is bipartite if and only if it does not contain
cycles of odd size. The characteristic polynomial of a bipartite graph is of
the form

H(G, ) =D Cp X"

k>0
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Analogously, the characteristic polynomial of ® = ®(G) conforms
to the relation

0 (G, x) = ci/x" ™
k=0

The respective energies are then

2 ¢dx
E(G) :—I—ZIHZ(—l)kCZKXZk (1)
Ty k=0
and
2 ¢dx
E.(G)== j —In ) (D e x* 2)
T 0 X k>0

Proving Theorem 1

We apply the Sachs coefficient theorem (Cvetkovi¢ et al, 2010),
(Gutman, 2017a). Recall that a Sachs graph is a graph consisting of
vertices of degree one and/or two, i.e., all its components are isolated
edges and/or cycles.

The application of the Sachs theorem to the coefficients of @- (G,x)

yields:
CéE) — Z (_1)p(5) 2q(5) W(S)
€Sy (G)
where s is a Sachs graph and S,, (G) is the set of all (2k)-vertex Sachs

graphs that are as subgraphs contained in the graph G, and where
p(s) = number of components of s,
q(s) =number of cyclic components of s, and
w(s) = weight of s.

The weight of s is equal to the product of the weights of all edges
contained in the cycles of s, times the product of the squares of the
weights of the isolated edges of s. The weight of a particular edge is

equal to the respective element of the matrix ®(G). For the proof of
Theorem 1(a), it is only important that W(S) <1.
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Let G be a bipartite graph, and let the Sachs graph S€S,, (G)

contain a isolated edges, B cycles of the size 4i+2, and y cycles of the
size 4i.Then,

pS)=a+Y. B+
and

2k =20+ (4i+2)5+) (4i)y;.

Therefore,

p(s)+k:2(a+2(i+l),8i +Zi7‘ja+27‘

implying
p(s)+k=27 (mod 2).

In view of the above, the contribution of the Sachs graph s to the
term

(=1)PO 29 w(s) is:
positive if s contains no cycles of size divisible by 4,
negative if s contains an odd number of cycles of a size divisible by 4,

and
positive if s contains an even number of cycles of a size divisible by 4.

Suppose first that Z}fi is zero or even. Then, the contribution of the
i

Sachs graph S€S,,(G)to E-(G), Eq. (2), is positive, and because of
W(S) <1, it is not greater than the respective contribution of s to E(G),
Eq. (1). In this case, E-(G)<E(G), with equality if all non-zero
elements of ®(G) are equal to unity.

There remains a case when Z}fi is an odd integer. Then, s has at
i

least one cycle whose size is divisible by 4. Let, for the sake of simplicity,
this be a single 12-membered cycle, whose edges are

€,6,,6;5,€,,65,6;,€,,65,64,€,,€,,,€,. Then, in addition to s, there exist
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two more Sachs graphs S',S"€S,, (G)in which instead of the
12-membered cycle, there are 6 isolated edges, €,€;,€;,€,,€4,€, and
€,,€,,€5,€5,€,,€,, respectively. The total contribution of the three
Sachs graphs S, 8',5" € S,, (G) is then

-2 ﬁ w(e)+ f[ w(e, )" + ﬁ w(e,)’

plus the (necessarily positive) contribution coming from the other
(mutually identical) fragments of S, S',S". The above expression is equal
to

EH W(eZn—l) B H W(ezi )j

which is non-negative. Because of W(€) <1, this term is also less than
or equal to unity.
Thus, also in this case, the joint contribution of the Sachs graphs

S,s',s" to E.(G) is positive but not greater than their contribution to
E(G).

This completes the proof of Theorem 1(a).

The proof of Theorem 1(b) is analogous. Note that the special case
of Theorem 1(b), pertaining to extended energy, was earlier
communicated in (Gutman, 2017b).

Discussion

If the graph G is not bipartite, then it contains odd cycles. Then, of
course, some Sachs graphs also contain odd cycles. Consequently,

some of the coefficients C,, ; and Céﬂl are non-zero. Besides, the sign

of the coefficients C,, and Céf)cannot be predicted in the general case.

For these reasons, it is not easy to extend Theorem 1 to non-bipartite
graphs, and we leave this for some later moment or some more skilled
colleague.
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From the definitions of E(G) and E.(G), it is evident that the
equality E- (G) = E(G) will hold if all non-zero elements of the matrix

®(G) are equal to unity. Whether this is an “if and only if’ condition
remains a (difficult) open problem.
In the case of regular graphs, for which deg(v,)=r,i=2,...,n,

the relation between E(G) and E.(G)is significantly simplified.
E-(G)=E(G) holds for the extended, geometric-arithmetic, and
arithmetic energies. In addition, E.(G)=2rE(G) holds for the first

Zagreb energy, E(G)=r’E(G)for the second Zagreb energy,

1
E. (G) = 2r’E(G)for the forgotten energy, Eq(G)= . E(G) for the

Randi¢ and harmonic energies, etc. Interestingly but evidently, the
Albertson and sigma energies of regular graphs are equal to zero. On the
other hand, for the class of stepwise irregular graphs (Gutman, 2018),
the Albertson and sigma matrices coincide with the adjacency matrix,
and for such graphs the Albertson and sigma energies are equal to the
ordinary graph energy.
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BSAMMOCBA3b 3HEPTMN TPA®OB C 3HEPIVMEN CTEMEHW
Y310B

UeaH N'yTmaH

Kparyesaukuin yHusepcuteT, EcTecTBeHHO-MaTemMaTnieckmi akynbTeT,
r. Kparyesau, Pecny6nuka Cepbus

PYBPUKA TPHTW: 27.00.00 MATEMATUKA,;

27.29.19 KpaeBble 3agayn 1 3agavn Ha cobCTBEHHbIE
3HayveHus1 Ansi 06bIKHOBEHHbIX
anddpepeHumnanbHbIX ypaBHEHUI U CUCTEM
ypaBHeHU

B CTATbW: opurmHanbHasa HayyHas ctatbsl
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Peswome:

Besederue/uernb: Ha ocHosaHuUu aHanusa cyuwecmeyrowel numepamyphbl,
8 cmambe npedcmasseHbl MHO204YUCIIEHHbIE UH8apuaHmbl epaghos,
3asucuMble om cmerneHu y3nos. K kaxdoMmy u3 amux UH8apuaHmos
MOOKIIroYaemesi coomeemcmasyrowasi Mampuua, C MoMOWb0 KOmopou
cyumbligaemcs sHepeusi epagha, Kak CymMma abCoMmOMmHbIX esUYUH
€c06CMBeHHbIX 3HaYeHUl OaHHbIX Mampul.

Pesynbmambi: B cmambe onpedesnieHbl ycriosusi, npu  KOmopbIX
8bIYUCIIEHHbIE 3HEpauu 2pacha bbiu bornbwe unu MeHbuwe cpedHel
9Hepauu epagha (Ha OCHOBaHUU MampuUbl CMEXHOCMLU).

Bbigodbl: Pesynbsmamsi OaHHOU cmambu 6HOcSm eknad 8 meoputo
SHepauu epaghos, a makKkKe 8 meopur UHBapuaHmMos 2pagos,
OCHOBaHHbIX Ha cmerneHu y3/108.

Kntouesble cnosa: sHepausi (epagha); uHeapuaHmbI, 3asucsuue om
cmereHu y31108; 3Hepausi, 3a8UCAU,asi Om cmerneHu y3os.

PENAUMIE W3SMERY EHEPIMJE TPA®A W EHEPIMJA
3ACHOBAHWX HA CTEMNEHNMA UBOPOBA

UeaH N'yTmaH

YHusepautet y Kparyjesuy, lNpupogHo-maTteMaTuykn bakynrterT,

KparyjeBau, Penybnuka Cpbuja

OBJIACT: maTtemaTtuka
BPCTA UJ1IAHKA: opurMmHanHu Hay4Hu pag

Caxemak:

Yeod/yurb: Y pady cy nipukasaHe 6pojHe, y numepamypu riocmojehe,
epaghoscke UHBapujaHme 3asucHe 00 cmeneHa 4Yeoposa. Osum
UHBapujaHmama rpudpyxyjy ce odzosapajyhe mampuue, rMPeko Kojux ce
uspadyHaea eHepeuja Kao 36uUp arcorymHux epedHOCmU COMCMEEHUX
8pedHOCMU 08UX Mampuua.

Pesynmamu: OdpeheHu cy ycriosu nod Kojuma cy ucriumueaHe eehe,
OOHOCHO Mar-e eHepauje 00 0bu4He eHepeuje epacha (3acHosaHe Ha
Mampuuyu cycedcmea).

Sakrbyyak: Pad OdornpuHocu meopuju epaghO8CKUX eHepauja, Kao U
meopuju epagho8CKUX UH8apujaHmMU 3a8UCHUX 00 cmereHa 4eoposa.

KrbyuHe peudu: eHepeuja (epagha), uHeapujaHme 3agucHe 00 cmerieHa
4ysopoea, eHepauje 3asucHe 00 cmerneHa 48oposa.
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