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Abstract:

Introduction/purpose: The aim of the paper is to establish some coupled fixed
point results in C*-algebra-valued b-metric spaces. Moreover, the obtained re-
sults are used to define the sufficient conditions for the existence of the solutions
of some classes of integral equations.

Methods: The method of coupled fixed points gives the sufficient conditions for
the existence of the solution of some classes of integral equations.

Results: New results were obtained on coupled fixed points in C * -algebra-valued
b-metric space.
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Conclusion: The obtained results represent a contribution in the fixed point theory
and open new possibilities of application in the theory of differential and integral
equations.

Key words: Coupled fixed point, C*-algebra, integral equation.

Basic definitions

In this section, we review some facts of the C*-algebras which are
needed in this paper. The references (Ali Abou Bakr, 2019), (Bai, 2016),
(Bonsal, 1962), (Hussain et al, 2018), (Huang et al, 2018), (Hussain&Mitro-
vi¢, 2017), (Kadelburg et al, 2016), (Kadelburg&Radenovié¢, 2016), (Kong-
ban&Kumam, 2018), (Ma et al, 2014), (Ma&Jiang, 2015), (Mitrovi¢ et al,
2019), (Radenovi¢ et al, 2017), (Radenovi¢ et al, 2019), (Vujakovi¢ et al,
2019), (Zoto et al, 2019), (Wu&Zhao, 2018), (Cao&Xin, 2016) and (Todor-
Cevi¢, 2019) are useful.

We denote A as a unital C*-algebra with the unit 1 4.

Let

Ap={te A:t=1t"}.

We say t € A a positive element, showed it by ¢t = 04 if t € A, and
o(t) € [0,00), where 04 is the zero element in A and o(t) is the spectrum
of ¢.

On the set A;, we have a partial ordering given by v = « if and only if
v —u = 04. Also, we will denote

Ay ={tc A:t =0y}

and
A ={te A:tk=ktforall k € A}.

Definition 1. Assume that X # (. As usual suppose that$ : X x X — Ais
a function fulfilling:

(1) d(u,v) = 04 for each uw and v in X;

(2) 0(v,u) =04 ifv =u;

(3) d(u,v) = 6(v,u) for each uw and v in X;

(4) 6(u,v) = 6(u,t)+6(t,v) foreach u, vandt e X.
Then ¢ is a C*-algebra-valued metric (shortly, C*-AV-M).
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Definition 2. Assume that X # (). Suppose thatb € A’ such that ||b|| > 1.
A function 6, : X2 — A is said to be a C*-algebra-valued b-metric (in short
*-AV-BM) on X if for every u,v,t € A:
(1) 0p(u,v) = 04 for each w and v in X and 6,(u,v) = 0 if u = v;
(2) 517(“7 U) = 5[)(’0, u);

(3) 517(“’7 U) = b[éb(u) t) + 6b(t7 U)]
Then (X, A, &) is a C*-AV-BM space with the coefficient b.

Example 1 (Ma&Jiang (2015)). Assume that X = R and A = M,,(R). Now,
we define

5(u,v) = diag(er|u — vf?, eslu — v, .., ealu — vf?),

where diag denotes a diagonal matrix, and where u,v € R, ¢y, ..., ¢, posi-
tive constants and p € (1, +00). It can be shown that (X, A, §) is a complete
C*-AV-BM. We only prove the third statement of Definition 2. For this we
have:
Ju— P < 2(ju—t]P + |t — o),

then §(u,v) < A[d(u,t) + 6(t,v)] for every u,v,t € X, where A = 2PT € A’
and A > I by 2P > 1. Since |u — v|P < |u —t|P + |t — v|P is impossible for all
u>t>=wv, (X, M,(R),0)is nota C*-AV-M space.

Definition 3. Assume that (X, A, §,) is a C*-AV-BM space. (u,v) € X x X

is called a coupled fixed point (shortly FP) of the function ¢ : X x X — X if
Y(u,v) =u and P(v,u) = v.

For some useful applications, see (Kongban&Kumam, 2018) and (Ali
Abou Bakr, 2019).

Main results
The following theorem is one of our main results.

Theorem 1. Assume that (X, A, &) is a C*-AV-BM space and suppose that
Y : X2 — X is a function satisfying

0p (Y (u,v),(t,s)) < a*dp(u,t)a+ a*dp(v, s)a, (1)

for every u,v,t,s € X, in which a € A with ||a|| < \% Then 1 has a unique

coupled FP. Moreover, ¢ has a unique FPin X.
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Proof. Let ug, vy € X. Setu; = ¥ (ug, vo) and v = (v, up). We obtain two
sequences {u,}, {v,} in X such that w,, 11 = ¥ (up,v,) and v,11 = Y(vy, uy)
if we continue the above process. From (1) we have

0y (Un, Unt1) = Op(Y(Un—1,Vn-1), Y (Un, vy)) (2)
= a*éb(un—lv un)a + a*ab(vn—la Un)a
= a*(0p(un—1,un) + 8p(vn-1,vn))a.

Similarly,
5b(vn7?}n+1) == 5b(w(vn—lvun—l)aw(vnaun)) (3)
= a*6p(vn—1,vn)a + @ 0p(un—1, un)a
= CL*((Sb(”Un_l, Un) + 5b(un—1a un))a
Let

5n = 5b(un7un+1) + 5b(vn’vn+1)-

From (2) and (3), we have

On = Op(Un, Unt1) + 0p(Vn, Unt1)
=< a* (0 (Un—1,un) + Op(Vn-1,vn))a + a*(Sp(vn—1,vn) + Op(Un—1,un))a
2(a” (6p(Un—1,un) + Op(Vn—1,vn))a)
< (V2a)* (8 (tn_1, tn) + 6 (vn_1,v,))(V2a)
(V2a)*0,-1(V2a).

Due to the following property: (if t,k € Ay, then ¢t < k implies u*tu =<
u*ku), we can obtain for any n € N,

04 = 0n =< (V20)"6, 1(vV2a) < ... = ((V2a)")"0(v2a)".

If 5o = 0.4, then from (2) of Definition 2 we know (ug, vg) is a coupled FP
of F.
Now, by letting g < 04, we can obtain for m,n € N, n > m

5b(un7 um) j b((sb(una un—l) + 5b(un—la um))
= béb(una unfl) + b25b(un717 Unf2) + b25b(un727 um)
j b(;b(unv un—l) + b25b(un—17 un—2)
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Therefore,

Therefore,

+ 305 (Un—2, Un—3) + - - . + b5y (U1, U
= b6 (Uns Un—1) + b2 (Un—1, Un—2) + . . .

+ bn—m—l(sb (um+27 Um+1) —+ bn—m—ldb (Um+17 um) .

5b(vn’ Um) = b6b(vnu 'Un—l) + b26b(vn—1a Un—2) + ...+

bn—m—léb (Um+27 'Um—l—l) + bn—m—ldb (Um+1a Um) .

5b(un7 um) + 6b(vna 'Um) = b(db(uny un—l) + 5b(vna Un—l))

+ b2 (8 (tn—1, Un—2) + 8 (Vn—1, Un—2))

+.. .l (0p (Um+2, Um+1) + 0p (Vm+2, Um+1))
+ 0" (0 (Ut 1, Um) + 0p (Vimt1, Um))

< bOp_1 + b2 0p_o 4 ...+ bV,

< b((22a)")"0(22a)" T + 02((22a)")" 200 (22a)"
o BT((220)%) 60 (22a)™

< > v R((27a)*) R0 (22 a)"
k=n—1

18 (s wm) + 8o (vn, vm)l| < D (1Bl *[v/2al |60

k=n—1

> bl v2al
k=n—1
b ) 2(n—1)
o Ibllvaape o
1 —[[bl]=*{|v/2al]
|10l

_ 2(n—1)
= Tl v Y2

IN
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1

Since ||a|| < 7

, we have

[1b]]
L — [[Bl[*{|v/2al|?

5b(un7 um) = 5b(una Um) + 5b(vn> Um),

H(Sb(um Um) + 0 (Vn, v || <

V24"~V — 0,

and
5b(vn7 'Um) = 5b(vna Um) + 5b(un7 um),

yields that {u,,} and {v,,} are Cauchy sequences in X, so we can find « and
v in X such that lim,,_, u,, = w and lim,,_., v,, = v. Now, we prove that
Y(u,v) =uand Y(v,u) = v.

From the triangle inequality and (1), we obtain

5b(¢(u7 U)7 u) = b[éb(w(uﬂ U)v Un—i—l) + 5b(un+17 u)]
= b[éb(¢(ua U): ¢(um UTL)) + 5b(un+17 U)]
= bla*p(u, up)a + a*6p (v, vy)a + op(tupt1, u)l,

taking n — oo, we have that §, (¢ (u, v),u) = 04, and consequently ¢ (u, v) =
u. In the same way ¢ (v, u) = v. Therefore, a coupled FP of ¥ is (u,v).
Assume that another coupled FP of ¢ is (v, v"), so

Iy (u, ') = (¥ (u,v), ¥ (u',0) = a”dy(u,w')a + a”dy(v,0)a,
0p(v,0') = & (¥ (v, u), Y (v, ) = a”dy(v,0")a + a”dy(u, u)a,
and hence
Sy (u, 1) + 8p(v,0') = (V2a)* (8 (u, u') + Gy (v, v))(V2a).
The above inequality with ||v/2a|| < 1 yields that
16 (s ") + 8 (v, ') || < |1v/2al (|8 (u, w') + 8 (v, ")

The above inequality holds only when ||, (u, u’) + (v, v")|| = 0, which gives
(u';v") = (u,v). So the coupled FP is unique.
Now, we prove that © = v to show that ) has a unique FP. Note that

(5b(ua U) = 61)(77/)(“? U) + I/J(Ua u)) = a*&b(u, U)a + a*(sb(vv u)aa
and hence

16w, v)1| < [lal 118 (w, )] + []al [*] |6 (v, w)|
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< 2||al /|8 (u, V).

In fact, from ||a|| < % we get ||0y(u,v)|| = 0, thus u = v. O

Lemma 1. (Ma et al, 2014)
1) Ifu e Ay with |[u]| < L, then 14 — u is invertible.
2) Ifu,v € Ay with uv = vu, then uv = 0 4.

3) Ifu,v € A, andt € A, then u < v deduces tu < tv, where A’ =
AN A.

Theorem 2. Assume that (X, A, &) is a complete C*-AV-BM space and sup-
pose that the function v : X?> — X satisfies

5b(w(u7 U)vd’(t? S)) = a5b(¢(%”)7u) + b5b(¢(757 S),t), Vu,v,t,s € X (4)

in which a,b,c,e A’ with ||a|| + |[b]| < 1, ||ac|| + ||bc|| < 1, ||¢|| > 1. Then
has a unique coupled FP. Also, v has a unique FP in X.

Proof. As in Theorem 1, choose {u,} and {v,} in X and set u,+1 =
Y (Up, vyp) @nd vy, 41 = P (vp, uy,). Then from (4),

6b(un, unJrl) = b(w(unfla Unfl)) ¢(Um Un))
aéb(w(un—la Un—l)a un—l) + b(sb(w(una U’I’L)u un)
adp(Un, Un—1) + b3y (Unt1, Un ),

IA

Thus,
(1.A - b)éb(una un+1) = aab(un, unfl)a

Similarly,
(1.A - b)db(vnv ’Un+1) = a(sb(’UTh Unfl)v

Since a,b € A, with ||a]| 4 |[b]| < 1, then 14 — b is invertible and (14 —
b)~la € A, . Therefore

5b(un7 un-i—l) = (1.A - b)ila(gb(unu un—l)p

5b(vnavn+1) = (1A - b)_la5b(vn, Up—1),
Then
110 (i, wn s )| < [1(1a = 0) ™ al [0 (i, un—1)]l,
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1165 (Vs vng 1)1 < 11(La — b) " al (|66 (vn, va—1) ],
It follows from the fact

[lal]

1 —{[o]]

1(1a = b)"all < [|(La =) llllall < Y lIbl[*llal| = <L

k=0

Hence {u, } and {v, } are Cauchy sequences in X'. By the completeness
of X, there are u,v € X such that lim,,_,oc u, = v and lim,_,o, v, = v. As

0y (¢ (u, v), u) 2 cdp(unt1, P (u, v)) + dp(unt1, )]
= cOp(Y(un, vn), P (u,v)) + cdp(unt1, w)
= cadp(Y(Un, vp), Un) + cbop(P(u, v), ) + cdp(Unt1, )
=< cadp(Unt1, un) + cbop(Y(u,v),u) + cdp(tnt1,u),

which deduces that
Sp(Y(u,v),u) < (14 — cb) " teady(tni1, un) + (14 — cb) " Ledy (Uny1, u).

like above

) - 0 ca
(14— cb)eal| < [|(1a = eb)[lleal| < 3 lleb]*||eal :1H|\|c|b|| =b
k=0
104 = b) el < 1L = eb) M lllell < S [1eb1¥]Jel :1—H1\ch <t

k=0
Then 6,(¢(u,v),u) = 04 or equivalently ¢)(u,v) = u. In the same way,
Y(v,u) = v. Now if (u/,v") is another coupled FP of ¢, then from (4), we get

(51,(’&, u/) = 5b(¢(ua U)v ¢(ul’ U/))
= ady(u', P (u',v")) + by (u, 1 (u, v)) = 0.4,
Hence 0,(u/,u) = 04, and thenu’ = w. In the same way, we can obtain

that v’ = v. Thatis, (u,v) is the unique coupled FP of ¢). Now, we prove the
uniqueness of FPs of ). Using (4), we obtain

5b(uvv) = 5b(w(uv U)ﬂb(”a u))
= adp(P(u,v),u) + bop(Y(v,u),v)
= adp(u, u) + boy(v,v) = 0.4.

This yields that u = v. O
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Theorem 3. Assume that (X, A, ¢,) is a complete C*-AV-BM space and let
the function F : X?> — X hold

5b(w(u’ U)v ¢(t’ 8)) = a(sb(w(uv v)? t) + béb(w(tv S)’ u)’ Vu,v,t,s € X (5)

where a,b,c € A with ||a]| + |[b|| < 1, |Jac|| + [[be]| < 1, ||e|| > 1. then 1
has a unique coupled FP. Also, v has a unique FP in X.

Proof. Similar to Theorem 2, choose two sequences {u,} and {v,} in X
and set w1 = ¥ (up, v,) and v, = Y(vy, uy). Then from (5) we obtain

b (Uns Unt1) = 0p(Y(Un—1Vn-1), Y (Un, vn))
= adp(V(Up—1,n-1), Upn) + b3 (Y (tp, vn), Un—1)
= adp(Un, upn) + bOp(Un41, Un—1)
= bop(Un41, Un—1)
= eb(Op(Unt1, Un) + Op(tn, Up—1))
= cb0p(Un+1,Un) + cbIp (U, Upn—1),

Thus,
(1g — cb)0p(Un, tunt1) = cbIp (U, Up_1). (6)

By the symmetry in (5),

b (Un+1, un) = 0p(Y(unvn), ¥ (un—1,vn-1))
= adp (Y (tn, vp), Un—1) + by (VY (Un—1,Vn—1), Un)
= alp(Un+1, Un—1) + bIp(Un, uy)
= alp(Un+1, Un—1)
= ca(Op(Un+1, Un) + Op(tn, un—1))
= calp(Un+1,Un) + cadp(tn, Un_1),

that is,
(1a — ca)dp(tn, Unt1) = cady(un, tn—1). (7)
Now, from (6) and (7) we obtain

ca + cb ca + cb

(1A - )5b(unaun+1) =

O (Un s Up—1).
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Since a, b, c € A, with [|ca+cb|| < |lca||+||eb]| < 1, then (14— <2F)~1 €
’_, which together with [3, Lemma 1] yields that

ca + cb)f1 ca + cb
2 2

5b(unaun+1) = (1.A - b(unaun—l)'

Let ¢t = (1.4 _ ca—%—cb)—lca—é—cb, then HtH — ||(1.A _ ca—zi-cb)—lca;—ch < 1.

By using the same argument of Theorem 2, we obtain {u,} which is a
Cauchy sequence in X. Also, one can show that {v, } is a Cauchy sequence
in X. Therefore by the completeness of X, there are u,v € X such that
lim;, 00 u, = uw and lim,,_,, v, = v. Now, we obtain that ¢)(u,v) = v and
(v, u) = v. To do this, we have

b (Y (u, v),u) = cldp(tn+1,¥(u,v)) + 6p(Un+1, u)]
= cOp (Y (un, vp), Y(u,v)) + cop(Unt1,u)
= cadp(Y(Un, vp), w) + cbdp (Y (u,v), up) + cdp(Unt1, )
= cadp(uny1,u) + cbdp((u, v), uy) + cdp(Unt1,u),

and then

1106 (4 (u, ), w)|| < [leal[l|ds (untr, w)|[+[|cb][[[05 (4 (u, ), un) [+ ||l [0 (unt1, w)

by the continuity of the metric and the norm, we get
|’6b(1/}(u7 U), U)H < HCb|H|5b(¢(Ua U)v U)H

Since ||cb|| < 1, it implies that |[0,(¢(u, v),u)|| = 0, and then ¢ (u, v) = w.
In the same way, ¥ (v, u) = v, which implies that (u, v) is a coupled FP of 1.
By the same reasoning in Theorem 2, we obtain © = v, which means that
1 has a unique FP in X. O

Existence and uniqueness
Consider the next equation:

x(m) = /S(Tl(m,n) + To(m,n))(a(n,z(n)) + B(n,z(n))dn + J(m), m € £
(8)

for the Lebesgue measurable set of £ in which m(&) < co.
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In what follows, we always let X = L°>°(£) denote a class of essentially
bounded measurable functions on £, where £ is a Lebesgue measurable
set such that m(&) < oc.

Now, we consider the functions 77, T5, «, 8 fulfill the following assump-
tions:

(i) 11 from £ x &€ to RZ0, Ty from £ x £ to R=Y. Also, two integrable

functions o and g are from £ x Rto R, and J € L>(¢);

(if) there exists ¢ € (0, 5) such that
0 S OC(m,.fL‘) - a(m,y) < €<$ - y)
and
forme&and z,y € R;
(”I) SUPpeg fg(TI(ma TL) - TQ(m7 n))dn <L

Theorem 4. Suppose that assumptions (i)-(iii) hold. Then the integral equa-
tion (8) has a unique solution in L> ().

Proof. Let X = L>(€) and B(L?(€)) be the set of bounded linear operators
on a Hilbert space L?(£). We endow X with the b-metric §, : X x X —
B(L?(€)) defined by

51)(0575) = M|o¢—[3\1”
where M,_g» is the multiplication operator on L2(&). Hence
(X,B(L*(£)),8) is a complete C*-AV-BM space. Define the self-mapping
U:X XX Xby

¥(z,y)(m) = /ng(m,n)(a(n,x(”)) + B(n,y(n)))dn
+ To(m, n)(e(n, y(n)) + B(n, x(n)))dn + J(m),
for all m € £. Now, we have
6b(\II($7 y)7 \I/(’LL, ’U)) = M\‘Il(a:,y)—\ll(u,v)\P .

We obtain,

(W (2,y) = ¥(u,0))(m)|” = \/ng(mW)(Oé(nvw(n))+5(n,y(n)))dn
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%-ABWMWWMW+MWMWM—AEMMWWMW

+—5mwm»Mn—fommXvam»+Mmummmw

— (| [ Titm )@l () — aln, u(m) + B y(0) — B, v(0)))da
£

+ | | Ta(m,n)(a(n,y(n)) — a(n,v(n)) + B(n, 2(n)) — B(n, u(n)))dnl)”
£

IN

([ Titm.m)lan.a(n)) = aln u(m) + A(ny(n)) = A (o) an
= [ Talm ot 0)) = (o) + Al ) = B u(m) )

IN

(suplllz(n) — u(n)| + £ly(n) — v(n)[] x /(Tl(m, n) — Ta(m,n))dn)?
neé &

IN

([l = ufloe 4 €lly — vl|oc] sup /(Tl(m’n) — Ty(m,n))dn)”
me& JE

(z = ulloo + €lly = v]loc)?
Ul = ulloo + {1y = vlloo)”.

IN N

Therefore,

106(W (z, ), U (u, )| = [ M@ (@,y) - (uw) ]
= sup (My(z,y)—w(uw)r P> P)

llell=1
= sup [ [(W(ay) = Bla,0))(m)]Pp(m)(m)dm
lgll=1.J¢
su m)[? T — ul]oo — |]oo)P
< s [ otm) el ulo + vl

Ul = ulloo + £y — vlloo)?

<(
< L(|]7 — ulfoo + ||y — v[|oo)P-

Seta = Vl1p(12(e)), thena € B(L(€)) and ||a]| = [V{] < 75 Hence by
applying Theorem 1, we get the desired result. O
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