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Abstract:

Introduction/purpose: This paper considers, generalizes and improves recent re-
sults on fixed points in rectangular metric spaces. The aim of this paper is to
provide much simpler and shorter proofs of some new results in rectangular met-
ric spaces.

Methods: Some standard methods from the fixed point theory in generalized met-
ric spaces are used.

Results: The obtained results improve the well-known results in the literature.
The new approach has proved that the Picard sequence is Cauchy in rectangular
metric spaces. The obtained results are used to prove the existence of solutions
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to some nonlinear problems related to chemical sciences. Finally, an open ques-
tion is given for generalized contractile mappings in rectangular metric spaces.

Conclusions: New results are given for fixed points in rectangular metric spaces
with application to some problems in chemical sciences.

Key words: fixed point, rectangular metric space, contractive map, Green func-
tion.

Introduction and Preliminaries

It is well known that the Banach contraction principle (Banach, 1922) is
one of the most important and attractive results in nonlinear analysis and
mathematical analysis in general. The whole fixed point theory is a signifi-
cant subject in different fields: geometry, differential equations, informat-
ics, physics, economics, engineering, and many others. After solutions are
guaranteed, numerical methodology is established to obtain the approxi-
mated solution. The fixed point of functions depends heavily on considered
spaces defined using intuitive axioms. In particular, variants of general-
ized metric spaces are proposed, e.g. partial metric space, b-metric, partial
b-metric, extended b-metric, rectangular metric, rectangular b-metric, G-
metric, G,—metric, S-metric, S,—metric, cone metric, cone b-metric, fuzzy
metric, fuzzy b-metric, probabilistic metric, etc. For more details on all vari-
ants of generalized metric spaces, see (Budhia et al, 2017), (Collaco &
Silva, 1997).

In this paper, we will discuss some results recently established in (Alsu-
lami et al, 2015) and (Budhia et al, 2017). Firstly, we give the basic notion
of a rectangular metric space (g.m.s or RMS by some authors).

Definition 1. Let X be a nonempty set and letd, : X x X — [0, +oc0) satisfy
the following conditions: for all z,y € X and all distinct u,v € X each of
them different from x and y.

(i) d, (x,y) = 0ifand only if z =y,

(”) dr (l’,y) = dT (y,x) )

(iii) dy (z,y) < d, (z,u) + d, (u,v) + d, (v,y) (Quadrilateral inequality).
Then the function d, is called a rectangular metric and the pair (X,d,) is
called a rectangular metric space (RMS for short).

Notice that the definitions of convergence and Cauchyness of the se-
quences in rectangular metric spaces are the same as the ones found in
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the standard metric spaces. Also, a rectangular metric space (X, d,.) is com-
plete if each Cauchy sequence in it is convergent. Samet et al. (Samet et
al, 2012) introduced the concept of a —)—contractive mappings and proved
the fixed point theorems for such mappings. In (Karapinar, 2014), Karap-
inar gave contractive conditions to obtain the existence and uniqueness of
a fixed point of a — 1) contraction mappings in rectangular metric spaces.
Salimi et al. (Salimi et al, 2013) introduced modified o — v contractive map-
pings and obtained some fixed point theorems in a complete metric space.
Alsulami et al. (Alsulami et al, 2015) established some fixed point theorems
for o —¢p—rational type contractive mappings in a rectangular metric space.

Let ¥ be the family of all functions ¢ : [0, 4+00) — [0,400) such that ¢

+oo

is nondecreasing and ) ¢™ (t) < 4oo for each ¢ > 0. Obviously, if ¢ € U,
n=1

then ¢ (¢) < t foreach ¢ > 0.

Definition 2. (Salimi et al, 2013) Let T be a self mapping on a metric space
(X,d.) and let a,n : X x X — [0,+00) be two functions. It is called an
a—admissible mapping with respect to n if a (z,y) > n(z,y) implies that
a(Tz,Ty) >n(Tz,Ty) forall z,y € X.

Ifn(z,y) =1forall z,y € X, then T is called an a«—admissible mapping.

It is called a triangular a«—admissible mapping if for all z,y, 2 € X holds:
(a(z,y) >1and a(y,z) > 1) implies a (z,z) > 1.

Otherwise, a rectangular metric space (X, d,) is a—regular with respect
to n if for any sequence in X such that o (z,,, xn41) > 7 (2p,xn41) for all
n € Nand z,, — z as n — +oo, then a (zy,, x) > n (zp, ).

For more details on a triangular a—admissible mapping, see (Karapinar
et al, 2013), pages 1 and 2. In this paper, we will use the following result:

Lemma 1. (Karapinaretal, 2013), Lemma 7. LetT be a triangular «—admis-
sible mapping. Assume that there exists xo € X such that o (xo, Txo) > 1.
Define the sequence {x,} by x,, = T"xy. Then

a (T, xn) > 1 forall m,n € NU{0} withm < n.
In (Budhia et al, 2017), the authors proved the following result:

Theorem 1. Let (X,d,) be a Hausdorff and complete rectangular metric
space, and let T : X — X be an a—admissible mapping with respect to
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n. Assume that there exists a continuous function ¢ € ¥ such that
z,y € X,a(z,y) >n(x,y) implies d. (Tz, Ty) < ¢ (M (z,y)),

where

dr (z,Tx)d, (y,Ty)
1+ dr (l‘> y) ’

M (z,y) = max {dr (x,y),dr (z,Tx),d, (y, Ty),

dT (.’L‘, T.’L') dr (yv Ty)

Also, suppose that the following assertions hold:

1. there exists z¢p € X such that « (z¢, Txo) > 1 (zo, T'xo),

2. forall z,y,z € X,(a(z,y) >n(x,y)and a(y,z) > n(y, z)) implies
a(z,2) > n(z,2),

3. either T' is continuous or X is a—regular with respect to 7.

Then T has a periodic point ¢« € X and if a(a,Ta) > n(a,Ta) holds
for each periodic point, then T' has a fixed point. Moreover, if for all z,y €
F (T),we have a(z,y) > n(x,y), then the fixed point is unique.

Taking n (z,y) = 1 for z,y € X, the authors obtained the following coro-
llary:

Corollary 1. Let (X,d,) be a Hausdorff and complete rectangular metric
space, and let T : X — X be an a—admissible mapping. Assume that
there exists a continuous function i) € ¥ such that

z,y € X,a(x,y) > 1implies d, (Tz,Ty) < ¥ (M (x,y))

where

dr (x,Tx)d, (y, Ty)
1+d, (z,y)

)

M (2,) = max {dr (@) +dy (2.T) v (5, T)

d’f' (TII, T{I:) d’f’ (y7 Ty)

Also, suppose that the following assertions hold:

>
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1. there exists zg € X such that a (z¢, Tz¢) > 1,
2. forallz,y,z € X (a(z,y) >1and a(y,z) > 1) implies « (x,2) > 1,
3. either T" is continuous or (X, d,) is a—regular.

Then T has a periodic point ¢« € X and if « (a,Ta) > 1 holds T has a
fixed point. Moreover, if for all z,y € F (T), we have «a (z,y) > 1, then the
fixed point is unique.

Further, taking « (z,y) = 1 for 2,y € X authors obtained the following coro-
llary:

Corollary 2. Let (X,d,) be a Hausdorff and complete rectangular metric
space, and let T : X — X be an a—admissible mapping. Assume that
there exists a continuous function i) € ¥ such that

z,y € X,1>n(z,y)implies d, (Tz, Ty) < (M (z,y))

where

dy (z,Tx)d, (y,Ty)
1+d, (z,y)

9

M (2,y) = max {dr (2,9)dy (@, T2) . dy (4, Ty).

dy (x,Tx)d, (y, Ty)
1+d, (Tz,Ty) ’

Also, suppose that the following assertions hold:
1. there exists zp € X such that 1 > n (zg, Txo),

2. forallz,y,z€ X (1 >n(zx,y)and 1 > n(y,z)) implies 1 > n(z, z),
For ¢ (t) = kt,0 < k < 1 then the authors obtained

Corollary 3. Let (X,d,) be a Hausdorff and complete rectangular metric
space, and let T : X — X be an a—admissible mapping with respect to
n. Assume that

r,y € X, a(v,y) > n(v,y) implies d. (Tx,Ty) < kM (x,y),

where

dr (x,Tx)d, (y,Ty)
1+d, (z,y)

)

M (2,y) = max {dr (@.9)dy (2, T2) dy (5, T)
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dr (2, Tx) dr (y, Ty)

Also, suppose that the following assertions hold:

1. there exists 2y € X such that « (z¢, Txo) > n (z0, Txo)

2. forall z,y,z € X (a(z,y) >n(z,y)and a(y,z) > n(y,z)) implies
a(x,z) >n(x,z2),

3. either T is continuous or (X, d,.) is a—regular.

Then T has a periodic point a« € X and if a(a,Ta) > n(a,Ta) holds,
T has a fixed point. Moreover, if for all z,y € F(T), we have «a (z,y) >
n(z,y), then the fixed point is unique.

The following two lemmas are a rectangular metric space modification of
a result which is well known in the metric space, see, e.g, (Radenovic¢ et al,
2012), Lemma 2.1. Many known proofs of fixed point results in rectangular
metric spaces become much more straightforward and shorter using both
lemmas. Also, in the proofs of the main results in this paper, we will use
both lemmas:

Lemma 2. (Kadelburg & Radenovi¢, 2014a), (Kadelburg & Radenovic,
2014b) Let (X,d,) be a rectangular metric space and let {z,} be a se-
quence in it with distinct elements (x,, # x,, forn # m). Suppose that
dy (Tp, Tnt1) @and d, (xy, x,42) tend to 0 as n — +oo and that {z,,} is not a
Cauchy sequence. Then there exists ¢ > 0 and two sequences {m (k)} and
{n(k)} of positive integers such that n (k) > m (k) > k and the following
sequencestendtoc ask — +oo :

{dr (@) 2mw) } o {dr (@ngey 11 2mw) b {dr (a0 Tmeey-1)

{dr (s tme 1)} {dr (@ngey41s @my 1) }-

Lemma 3. Let {n+1},enug0y = {T%ntnenvioy = {70} nenuioy » T0%0 =
xo be a Picard sequence in a rectangular metric space (X, d,) induced by
the mapping T : X — X and the initial point zo € X. If d, (v, Tp41) <
dy (xp—1,2,) forall n € N then x,, # x,, whenever n # m.

T
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Proof. Let z,, = z,,, for some n,m € N with n < m. Then x,,,1 = Tz, =
Txp = xme1- Further, we get

Ay (Tpy Tpg1) = dp (T, Tint1) < dp (-1, Tm) < oo < dp (Tpy Trg1)

which is a contradiction. [J
In some proofs, we will also use the following interesting as well as sig-
nificant result in the context of rectangular metric spaces:

Proposition 1. (Kirk & Shahzad, 2014), Proposition 3. Suppose that {q,}
is a Cauchy sequence in a rectangular metric space (X,d,) and suppose
lim;, 400 dr (¢, q) = 0. Then lim,,_, o dy (qn,p) = d; (q,p) forall p € X. In
particular, {q,} does not converge to p if p # q.

Main results

In this section, we generalize and improve Theorem 2 and all its coro-
llaries. The obtained generalizations extend the result in several directions.
Namely, we will use only one function o : X x X — [0,+00) instead of
two a and n as in (Budhia et al, 2017), Definition 2.3. and Definition 3.1.
This is possible according to the (Mohammadi & Rezapour, 2013), Page 2,
after Theorem 1.2. Note that we assume neither that the rectangular metric
space is Hausdorff, nor that the mapping d, is continuous.

The authors (Alsulami et al, 2015), page 6, line 6+, say that the
sequence {z,} in a rectangular metric space (X,d,) is a Cauchy if
lim,, 400 dy (T, Tpk) = 0, for all k € N. However, it is well know that this
claim is dubious. Therefore, we also improve the proof that the sequence
{z,} is Cauchy

Ouir first new result in this paper is the following:

Theorem 2. Let (X, d,) be a complete rectangular metric space and let T' :
X — X be a triangular a—admissible mapping. Assume that there exists
continuous function ) € ¥ such that

r,y € X, a(x,y) > 1implies d, (Tx,Ty) < (M (z,y)), (1)

where

dr (x,Tx)d, (y,Ty)
1+d, (z,y)

)

M (2,y) = max {dr (@.9)dy (2, T2) dy (5, T)

<>



dr (2, Tx) dr (y, Ty)

Also, suppose that the following assertions hold:

1. there exists 2y € X such that « (z¢, Txg) > 1,
2. either T' is continuous or (X, d) a—regular.

Then T has a fixed point. Moreover, if
forall z,y € F (T') implies o (z,y) > 1,
then the fixed point is unique.
Proof. Given zy € X such that
a(xg,Tro) > 1. (2)

Define a sequence {xz,} in X by z, = Tx,,—1 = T"x for all n € N. If
xpyr1 = xp for some k € N, then Txy, = xy, i.e., xy is a fixed point of T
and the proof is finished. From now on, suppose that z,, # =z, for all
n € NU{0} . Using (2) and the fact that 7" is an a—admissible mapping, we
have

a(xy,x) = a(Txg, Try) > 1.

By induction, we get
a(xp, ne1) > 1foralln € NU{0}.

In the first step, we will show that the sequence {d, (z,, z,+1)} is nonin-
creasing and d, (z,,, xn+1) — 0 @as n — +oo. From (1), recall that

dy (xna xn—l—l) =d, (T-rn—ly Txn) < ¢ (M (wn—ly xn)) s (3)
where

M (wn—la xn) = max {dr (xn—ly wn) ,dy ((L'n—la xn) ydy (CEn, xn—l—l) )

dr (wn—la wn) dr (xna xn—&—l) dr (xn—la xn) dr (xny xn—H) }
1+ dr (xn—ly CCn) ’ 1+ dr (xnv xn-l—l)

< max {dr (xn—lv xn) s d (xru xn+1)} .

G
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Now from (3) follows

dr (T, Tnt1) < Y (max {d; (Tn—1,2n) , dr (Tn, Tni1)}) - 4)

If max {d, (zp—1,%n),dr (Tn,Tn+1)} = dp (Tn, xny1), We get a contradic-
tion. Indeed, (4) implies

dr (xna xn+1) < 'QD (dr (xna $nJrl)) < dr (xna ZEnJrl) .

Therefore, we get that d, (z,, zp+1) < dy (n—1,2,). This means that
there exists lim,, o0 dy (Tn, Tp+1) = df > 0. If & > 0, then from (3) follows

d* d*
* < * * * T T
d, < (max{dr,dr,dm 1 +d$’ T })

< (max{d;,d’}) < d,

YT

which is a contradiction. Hence lim,,_, o d; (25, p11) = 0.

Further, we will also show that lim,,_,  d, (25, xn12) = 0. Firstly, we
have that o (zy,—1,2,) > 1,i.€., a (zpn—1,2nt1) > 1, because T is a triangular
a—admissible mapping. Therefore,

dr (1‘7“ xn+2) = dr (Txn—la Txn—‘rl) < w (M (xn—h xn—l—l)) s

where

M (xnfla $n+1) = max {dr (xnfla xn+1) 7dr (xnfla :L'n) 7dr (l'nJrl» $n+2) s

dy (xnfla xn) dy (xn+17 xn+2) dy (xnfla xn) dy ($n+17 $n+2) }
1+d, (l'nfb anrl) ’ 1+d, (:L'na :En+2)
H d'r n—1;s ndr n+1,tn42
Since (x1+df(z)wgfx:+j w2) < (Tn—1,%n) dr (Tpa1, Tnaz) and

dr(Tn—1,20)dr (Tni1,Tni2)
T S dr (Bn-1,2n) dr (Tny1, Tni2) We get that

M (xn—la xn+1) < max {d'r (-rn—ly xn—l—l) ,dy (xn—la xn) s

dr ($n+17 xn—&—Z) 7d7“ (xn—lv xn) dr ($n+17 xn+2)}

that is,

M (xn—la xn—l—l) < max {d’r (xn—h xn—&—l) 7dr (xn—lv xn) 7d12ﬂ ($n—1; xn)}

G



< max {dr (ivnfl, $n+1) ydy (xnfla xn)} .

The last relation follows from the fact that d, (x,,—1,x,) — 0as n — +oo.
Hence, for some n; € N, we have that

dy (xna xn+2) < max {dr (xnfla $n+1) ,dr (xnfla xn)} y

whenever n > ny. Since, d, (x,—1,2,) — 0 @as n — +oo it is not hard to
check that also d, (z,, xn42) — 0a@s n — +oo.

In order to prove that the sequence {z,, } is a Cauchy one, we use Lemma
6. Namely, since according to Lemma 1, a (z,), Tme)) > 1 if m(k) <
n (k) , then, by putting in (1) z = x,), ¥ = T (i), We obtain

d (xn(k)+1axm ) < ¢( ( JJm(k:))) ) (5)
where
M (p(h), Tim(ry) =
= max {dr (Tn(ky Tm@k)) + dr (Tn(r)s Tngy 1) > & (Ton(iys Tomiy+1) -
dr (Znk)s n(k)+1) B (Tmk)s Tmr)+1)  dr (Tngrys Ty 41) r (Tme)s Ty +1)
L+ dr (Tn(k)s Tm(r) ) 1+ dr (T ()15 T(hy+1)

0-0 0-0
k_:ooM(:cn(k),xm(k)) :max{e 0,0, —— S 1+5} =e.

Now, taking in (5) the limit as k£ — 4o follows

e<¥(e) <e,

which is a contradiction. The sequence {z, } is hence a Cauchy one. Since
(X,d,) is a complete rectangular metric space, there exists a point z* € X
suchthatz,, — z*asn — +oo. If T'is continuous, we getthat x,,. 1 = Tz, —
Tz* as n — +oo. Let Tz* # x*. Since d, (zpn, xnt1) < dy (Tp—1,x,) for all
n € NU{0}, then, according to Lemma 7, we have that all z,, are distinct.
Therefore, there exists ny € N such that z*, Tx* ¢ {z,},, . Further, by
(iii) follows: -

dy (%, Tx*) < d, (2", 20) + dv (Tn, Tny1) + dr (Tpt1, Tx"),

whenever n > nq, taking the limit, we obtain d, (z*,Tz*) = 0, i.e. z* = Tz*,

which is a contradiction.
a7
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In the case that (X,d,) is a—regular, we get the following: Since
a(xy,z*) > 1forall n € N, then from (1) follows

dy (Txy, Tx™) < (M (zp,z")), (6)
where

M (zy, 2*) = max {d, (xn,z%) ,d; (Tn, Tp+1) ,dr (2%, Tx™),

— dy (2%, Tx").
n—-+0o00

dy (T, Tpt1) dr (2%, Tx*) dy (T, Tpt1) dr (2%, T2*)
1+ dy (2, z*) T 1+dr (g, T¥) }
By taking in (6) the limit as n — +o0 and by using Proposition 8 and the con-
tinuity of the function ¢, we get d, (z*, T'z*) < ¢ (d, (z*, Tx*)) < d, (z*,Tx*)
if 2* £ Tx*., which is a contradiction. Hence, z* is a fixed point of T..
Now, we show that the fixed point is unique if « (z,y) > 1 whenever
xz,y € F(T). Indeed, in this case, by contractive condition (1), for such
possible fixed points z,y we have

dy (I‘,y) =d, (Tvay) §¢(M (:va))’ (7)
where

dr (x,Tx)d, (y,Ty)

M (2,y) = max {dr (@.9)dy (2, T2) dy (5, T)

1+d, (z,y)
dy (x,Tz)d, (y, Ty)
0-0 0-0
—max{dr(x,y),O,O,l_H),l_i_O}—dr(x,y).

Hence, (7) becomes

d?” (:U?y) S ¢ (d'r‘ (-T7y)) < dr (‘T)y) 9
which is a contradiction. The proof of Theorem 9 is complete. [J

Remark 1. In the proof of case 2 on Page 96, the authors used the fact that
the rectangular metric d,. (see condition (3.12)) is continuous, which is not
given in the formulation of (Budhia et al, 2017), Theorem 3.2.
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By putting in (1) instead of M (z,y), one of the following sets
{dr (z,9)}, max{d, (z,y),d, (z,Tz),dr (y,Ty)},

max dT (JJ, TJJ) dT (y7 Ty) dr (.’E, TIE) dT (ya Ty)
1+d, (z,y) = 1+4+d, (Tz,Ty) ’

immediately follows as a consequence of Theorem 9.

Corollary 4. Let (X, d,.) be a complete rectangular metric space and let T :
X — X be a triangular a.—admissible mapping. Assume that there exists a
continuous function i) € ¥ such that

z,y € X,a(z,y) > Limplies d, (T'z,Ty) < ¢ (d, (2,y)). (8)
Also, suppose that the following assertions hold:

1. there exists z¢p € X such that a (z¢, Txzg) > 1,
2. either T'is continuous or (X, d,.) is a—regular.

Then T has a fixed point. Moreover, if for all z,y € F(T), we have
a(z,y) > 1, then the fixed point is unique.

Corollary 5. Let (X, d,) be a complete rectangular metric space and let T :
X — X be a triangular a—admissible mapping. Assume that there exists a
continuous function ) € ¥ such that for z,y € X,

a(xz,y) > 1yields d, (Tx,Ty) < ¢ (max {d, (z,y),d, (x,Tz),d, (y,Ty)}) .
9

Also, suppose that the following assertions hold:

1. there exists z¢p € X such that a (z¢, Txzg) > 1,
2. either T' is continuous or (X, d,.) is a—regular.

Then T has a fixed point. Moreover, if for all z,y € F(T), we have
a(z,y) > 1, then the fixed point is unique.

Corollary 6. Let (X, d,.) be a complete rectangular metric space and let T :
X — X be a triangular a—admissible mapping. Assume that there exists a

G
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continuous function i) € ¥ such that for x,y € X, a(x,y) > 1

yields d, (TfC,Ty)Si/J(maX{dT (z,Ta) C(f (v.Ty) dy (2, T) dy (3, Ty) >

1+d,(z,y) = 1+d, Tm ,Ty)
(10)
Also, suppose that the following assertions hold:

1. there exists 2y € X such that a (z¢, Txzg) > 1,
2. either T'is continuous or (X, d,.) is a—regular.

Then T has a fixed point. Moreover, if for all z,y € F(T), we have
a(x,y) > 1, then the fixed point is unique.

In the book (Ciri¢, 2003), Ciri¢ collected various contractive mappings in
the usual metric spaces, see also (Rhoades, 1977) and (Collaco & Silva,
1997). The next three contractive conditions are well known in the existing
literature:

o Ciri¢ 1: Ciri¢’s generalized contraction of first order: there exists k; €
[0,1) such that for all z,y € X holds:

d(z,Tx) +d(y, Ty) d(z,Ty)+d(y,Tz)
2 ’ 2

d(Txz,Ty) < k1 max {d(xa Y)
(11)

e Ciri¢ 2: Ciri¢’s generalized contraction of second order: there exists
ko € [0,1) such that for all z,y € X holds:

d(z,Ty)+d(y, Tx)
2

d(Tx,Ty) < ky max {d (,9),d(z, Tx),d(y,Ty),

(12)

In both cases, (X,d) is a metric space, T' : X — X is a given self-
mapping of the set X.

In (Ciri¢, 2003), Ciri¢ introduced one of the most generalized contractive
conditions (so-called quasicontraction) in the context of a metric space as
follows:

o Ciri¢ 3: The self-mapping 7' : X — X on a metric space (X, d) is called
a quasicontraction (in the sense of Ciri¢) if there exists k3 € [0,1) such that
for all z,y € X holds:

d(Tx,Ty) < ksmax{d(z,y),d(z,Tx),d(y, Ty),d(x,Ty),d(y,Tx)}.

(13)
>



Since,

d(z,Tx) +d(y,Ty)
2

<max{d(z,Tx),d(y, Ty)}

and
d(z,Ty) + d(y, Tx)

2
it follows that (11) implies (12) and (12) implies (13).
In (Ciri¢, 2003), Cirié proved the following result:

<max{d(z,Ty),d(y,Tz)}

Theorem 3. Each quasicontraction T on a complete metric space (X, d)
has a unique fixed point (say) z. Moreover, for all x € X, the sequence
{172} 120 Tz = x converges to the fixed point z as n — +oo.

n=0"
Now we can formulate the following notion and one open question:

Definition 3. Let (X, d,) be a rectangular metric space and let o : X x X —
[0, +00) be a mapping. The mapping T : X — X is said to be a modified
triangular o —admissible mapping if there exists a continuous function € ¥
such that

z,y € X,a(x,y) > 1implies d, (Tx,Ty) < ¢ (M (z,y)), (14)
where M (z,y) is one of the sets:

dy (z,Tx) + d. (y, Ty) d, (x,Ty) +d, (y, Tx) }
2 ’ 2

masx {dr (2,1),

d’l” 7T dr ,T
wac{ad, (0,0) 0. 2) 79 0T 0T

max {d, (x,y),d, (z,Tx),d. (y,Ty) ,dr (x,Ty) ,d, (y, Tx)} .

An open problem

A suggestion for further research - it is logical to ask the following ques-
tion:

Problem 0.1. Let T' be a modified triangular c—admissible mapping defined
on a complete rectangular metric space (X, d,) such that T is continuous
or (X,d,) is a—regular. Show that T' has a fixed point.

o
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Applications

In this section, we will focus on the applicability of the obtained results.

An application to chemical sciences

Consider a diffusing substance placed in an absorbing medium between
parallel walls such that §;,0, are the stipulated concentrations at walls.
Moreover, let Q2(r) be the given source density and = (r) be the known ab-
sorption coefficient. Then the concentration »(r) of the substance under the
aforementioned hypothesis governs the following boundary value problem

{ '+ E(r)x=Qr) ;rel01]=1 (1)

#(0) = 01, 2(0) = da,

Problem (1) is equivalent to the succeeding integral equation

[1]

1
Ar) =i+ (2= B+ [ O(nw) (=) - S@(=), rel0.1), @
0
where O(r,w) : [0,1] x R — R is the Green’s function which is continuous
and is given by

r(l —w) 0<r<w«<l,
S R A I Sy @)

Suppose that C'(I,R) = X is the space of all real valued continuous
functions defined on I and let X be endowed with the rectangular b-metric
d, defined by

dy (3¢, ") = [|(>¢ = >7) |,

where ||| = sup{|»(r)| : » € I}. Obviously (X,d,) is a complete rectan-
gular metric space.

Let the operator = : X — X be defined by

[1]

1
#(r) = 2(r) = 61 + (02 — d)r —l—/o O(r,w) (Uw) — Z(w)x»(w)) .

Then s* is a unique solution of (2) if and only if it is a fixed point of =.
The subsequent Theorem is furnished for the assertion of the existence of

a fixed point of =
(220



Theorem 4. Consider problem (2) and suppose that there exists p > 0 and
a continuous function =(w) : I — R such that the following assertion holds:

a(x(w),x*(w)) > 1= 0<|Z(w)x(w) — Z(w)»"(w)| < »"(w) — »(w).

Then the integral equation (2) and, consequently, the boundary value prob-
lem (1) governing the concentration of the diffusing substance has a unique
solution in X .

Proof. Clearly, for s« € X andr € I, the mapping = : X — X is well defined.
Also Z'is triangular a-admissible.

1
<= sup [ 00 )i,
rel0,1] JO

Since fol O(r,w)dw = % and so sup,cg 1 fol O(r,w)dw = %.

Hence for all s, »* € X, we obtain

dy(Es,Ex") <

where

M (52, 5") = max {d, (3, 5") ,d, (5¢,T),d, (3", T"),

&>
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dy (50, T5)dy (55, T5*) dy (3¢,T3)dy (5, T ")
1+ dy (5, 5%) " 14dy (T, T*)

Taking (M (s, *)) = g, we obtain

Ao (T2, T3 < w(M (2, %*))

Hence, all the hypotheses of Theorem 2 are contented. We conclude
that = has a unique fixed point » in X, which guarantees that the integral
equation (2) has a unique solution and, consequently, the boundary value
problem (1) has a unique solution. O

Application to a class of integral equations for an unknown
function

We present the application of the existence of a fixed point for a genera-
lized contraction to the following class of integral equations for an unknown
function w:

b
u(t) = g(t) + / x(t,2)f (2, u(2)dz,  t€ [a,b], 4)

where f : [a,b] x R = R, K : [a,b] X [a,b] — [0,00), g : [a,b] — R are the
given continuous functions.

Let X be the set C|a, b] of real continuous functions defined on [a, b] and
letd, : X x X — [0,00) be equipped with the metric defined by

dr(u,v) = sup fu(t) —v(t)]. ()

a<t<b

One can easily verify that (X, d, ) is a complete rectangular metric space.
Let the self map T': X — X be defined by

b
Tu(t) = g(t) +/ x(t, 2)f(z,u(2))dz, t€ [a,b], (6)

then u is a fixed point of 7" if and only it is a solution of (4). Also, we can easily
check that T is triangular a-admissible. Now, we formulate the following
subsequent theorem to show the existence of a solution of the underlying

integral equation.
240



Theorem 5. Assume that the following assumptions hold:

(1) supacicy [, Ix(,2)ldz < s
(2) Suppose that for all x,y € R,

1
a(z(t),y(t) 2 1= |f(z ) = f(z,9)| < Slz(t) —y(®)].
Then integral equation (4) has a solution.

Proof. Employing conditions (1) — (2) along with inequality (4), we have

dp(Tur, Tuz) = sup [Tui(t) — Tua(t)]
a<t<b

:am@@+Lkwaﬂmmmw—@®+Ax@@ﬂmmmwﬂ

a<t<b
= sup {| [ (xt.1 1 e) ~ o2 o
< sup { [t | bf@mﬂ@) f(zrun(a))| =)
= as;;gb/ Ix(t, 2z |dz fzyui(2) — f(z,u2(z2)) dz}

=< sup / Ix(t, 2z |dz fzu1(2)) — f(z,uz(z ‘dz}

a<t<b
2Lhma—mww4

1 b
< — sup |uq(t) — ua(t)|dz
_2@_axlaﬁ%!ﬂ) 2 (1)
1
=5 s fur(t) — wat)
a<t<b

i.e d.(Tuy, Tug) = %(dr(ul,UQ)) < M Which amounts to say that

M(ul, UQ>

dr (Tul, TUQ) S 9 y

where

M (uy,uz) = max {d, (u1,u2) ,dy (v1, Tur) , dy (u2, Tug) ,

o
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dr (ul, Tul) dr (UQ, TUQ) dr (ul, Tul) dr (UQ, TUQ)
1+d, (u1,u2) " 1+dy (Tuy, Tuz)

Taking ¢ (M (u1,uz2)) = 5, the above inequality turns into

dr(Tuy, Tuz) < w(M(ul,uz))

Thus, all the hypotheses Theorem 2 are satisfied and we conclude that T’
has a unique fixed point z* in X, which amounts to say that integral equation
(4) has a unique solution which belongs to X = Cla, b]. O
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PYBPUKA TPHTW: 27.00.00 MATEMATUWKA:
27.25.17 Metpuyeckas Teopus yHKUMN,
27.33.00 UHTerpanbHble ypaBHEHUS,
27.39.29 MpubnmxeHHble MeToabl
(PYHKLMOHANbLHOrO aHanmsa
BWA CTATbW: opurnHanbHas Hay4Has ctaTtbs

Pesrome:

BeedeHue/uyenb: B OaHHoU cmambe obcyx0aromcs, CyMMupy-
romces u ynyywiaromcesi He0asHue pe3yribmamsl O HeNnoO8UXHbIX
moykax 8 NpsIMOy20/IbHbIX MEMPUYECKUX MpocmpaHcmeax. Lle-
b0 QaHHOU cmambu senissiemcsi npedcmaerneHue 20pa3do 6o-
Jiee Mpocmbix U KOPOMKUX 00Ka3amesibCime HEKOMOPbIX HOBbIX
pesynbmamos 8 obniacmu npsiMoy20/1bHbIX Mempu4YecKUX po-
cmpaHcme.

Memodbi: B cmambe npumeHeHbl cmaHOapmHbie Memodbl meo-
puu HernoO8UXHOU MOYKU 8 0606WEHHbBIX MEMPUYECKUX Mpo-
cmpa+Hcmeax.

Pesynbmamei: lNony4yeHHbIe pe3ynibmambsi daHHO20 uccriedosa-
HUS yrydwarom u3gecmHbie pesyribmamsi cyujecmsyrouwed nu-
mepamypbi. bnasodapsi Hosomy nodxody OokaszaHa rnocriedo-
eamernibHocmb Kowu-lNukapa 8 npsiMoy20/ibHbIX Mempu4YecKux
npocmpaHcmeax. [lony4deHHble pe3yrnbmambl MakXe Ucrosb-
3yromcsi Onsi 0okazamernbcmea 3K3UCMeHUualbHbIX peuweHul
HEKOMOpPbIX HeMUHelHbIX 3adad, OMHOCAWUXCA K XUMUYECKUM
Haykam. B koHUe cmambu 3adaemcsi OmKpbIMbili 80rpPOC 8 C8si-
3U ¢ 0606WEHHBIMU CXXambIMU OmMObpaXkeHUsIMU 8 rPsIMOY20sb-
HbIX MEMPUYECKUX NpOCmpaHcmeax.

Bbigo0bi: B cmambe npueedeHbl HO8ble pe3yribmambl, Kacaro-
wuecst meopuu HernoOBUXXHbLIX MOYEK 8 MPSIMOY20/IbHbIX Mempu-
YecKUX npocmpaHcmeax, MPUMEHEHHbIE 8 peueHUU HEKOMOPbIX
npobriem 6 obriacmu XUMUYECKUX HayK.

Knrouesnle criosa: HerodsuxxHasi moyka, npsiMoy20/ibHoe Mem-
pu4eckoe rnpocmpaHcmeo, cxamoe omobpaxeHue, hyHKYUS
pbuHa.
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HAMOMEHE O HEKUM PE3YNTATUMA O HEMOKPETHUM
TAYKAMA Y MPABOYTAOHM METPUYKMM MNMPOCTOPUMA
CA NMPUMEHAMA 'Y XEMWNJU

Mydacup JoyHnuc?®, Hukona dabuaHo®, 3aud M. dapann®,

3opan [. Mutposuh', CmojaH H. PageHoBuh?

& YHMBEP3UTETCKM UHCTUTYT 3a TexHomnorujy - PITIB,
Operbene 3a npuMmeneHy matematuky, bonan, M. I, Unguja

5 HesaBucHN ucTpaxusay, Pum, Utanuja

® YuuBepauTeT Tamap, Megarowwku gakynTer,
Operbene 3a MaTeMaTuyke Hayke, Tamap, Penybnuka JemeH
" YHuBepauTeT y Barboj Jlyun, ENekTpoTexHuykn dakynTer,
Bansa Jlyka, Penybnuka Cpncka, bocHa un XepueroBuHa,
ayTop 3a Npenucky
A YHusepauTeT y Beorpagy, MawwmHcku akynTer,
Beorpag, Peny6nuka Cpbuja

OBNACT: matemaTtuka
BPCTA YJTIAHKA: opurnHanHu HayyHu pag

Caxxemak:

Yeod/uurs: Y oeom pady ce pasmampajy, yonuimasajy u nobosb-
waeajy HedagHuU pe3ysimamu O HerOKPemHUM madykama y OKeu-
py npasoye2aocHuUx Mempuykux ripocmopa. Lurs ogoe pada je Oa
npy>xu MHO20 jeOHocmasHuje u kpahe 0okase 0 HEeKUM HO8UM pe-
3ynmamuma y rnpasoyeaoHUM Mempu4yKuM rpocmopuma.

Memode: Kopucme ce cmaHdapdHe memode u3 meopuje Hero-
KpemHe madke y 2eHepanu308aHUM MEMPUYKUM pocmopuma.

Pesynmamu: [obujeHu pe3ynmamu robosbwasajy 0o6po ro-
3Hame pe3ynmame y numepamypu. Kopucmehu Hosu npucmyn
Ookazsyje ce Oa je lNukapose HU3 Kowujes y okeupy rpasoyeao-
HUX Mempuykux npocmopa. LobujeHu pe3ynmamu Kopucme ce
3a 0oka3 e23ucmeHyuje pewera HeKUxX HesluHeapHUX rnpobrie-
Ma Koju ce rnpuMerbyjy y XxeMujckum Haykama. Ha kpajy ce daje
JjeOHO 0meopeHo numakr-e 3a 2eHepasiu3osaHa KOHmMpaKmueHa
rpecriukasarsa y rpasoy2aoHUM Mempu4KuM rpocmopuma.

Bakrbyyqak: Jamu cy Hosu pesyrimamu 3a HEeroKpemHe madke y
rpasoy2acHUM MEeMPUYKUM rpocmopuma ca npuMeHoOM Ha Heke
rnpobrieme y XxeMUjCKUM HayKaMma.

KrbyyHe peuu: HernokpemHa madka, rpaeoy2aoHu MempuyqKu
pocmop, KOHMpPakmMuUeHo npecsiukasarbe, [puHosa hyHKyuja.
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