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Abstract:

Introduction/purpose: This paper illustrates the existence of a generic Green’s
function for a boundary value problem of arbitrary order that appears in many
phenomena of heat convection, e.g. in the atmosphere, in the oceans, and on
the Sun'’s surface.

Methods: A fixed point theorem in the Leray—Schauder form has been used to
establish the existence of a fixed point in the problem.

Results: The existence of a solution has been shown for an arbitrary order of the
problem. Some practical examples are proposed.

Conclusions: The boundary problem has a solution for an arbitrary order n.

Key words: fixed point, boundary value problem, Leray—Schauder fixed point
theorem.
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The problem

We consider the generic differential equation of order 2n, n > 1, with the
boundary conditions:

Yy (@) =x(z, y(x),y" (x))
y(0) =y (0) = ... =y™(0) = (1)
Yy (1) =y (1) = .. =y Y1) = 0.

This kind of equations occurs, for instance, when studying the problem of
the beginning of thermal instability in horizontal layers of fluid heated from
below. This kind of phenomena could be observed in convection patterns
in several situations, for instance, in the atmosphere, in the oceans, when
considering the coupling with a strong electromagnetic field, or on the Sun’s
surface (Chandrasekhar, 1961). This work will extend the results of (Fabi-
ano et al, 2020), (Ahmad & Ntouyas, 2012) and (Ma, 2000) to an equation
of a generic order 2n.

Introduce the Green’s functions G;(z, s,n) and G, (z, s, n) of problem (1)
where G;(z, s,n) is defined for 0 < x < s < 1 and G, (x, s,n) is defined for
0<s<z<1,(x,8) = Gz, s n);(xs)€0,1] x[0,1], Gy, € C*" over R
such that solve the following equation:

o 2n
<8x> Gir(z,s,n) =0(s —x). (2)
The complete Green’s function is thus obtained by the linear combination
of the above two,

G(x,s,n) =0(s —x)Gy(x,s8,n) + 0(x — s)G,(z,s,n) , (3)
0 is the Heaviside step function. Given the inhomogeneous problem solved
by x — f(z),z €[0,1], f € C over R,
P (z) =f (@)
y20) =y (0) = ... =4 (©0) =0 (4)
Y1) =y D(1) ==y () =0,

<

the Green’s function provides solution to (4) in the integral form

1
y(z) :/0 G(z,s,n)f(s)ds . (5)
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The functions G, (x, s,n) are multivariate polynomials in two variables
x and s of the order 2n — 1 to be sought in the form

n

Gi(x,s,n) =Y _c(k,n)zh1s?F (6)
k=1
and .
Gr(z,s,n) = Zc(k:,n)sk_lx2n_k (7)
k=1

where the coefficient c(k, n) is clearly given in combinatoric terms, £ < n.
Imposing boundary conditions (4) to the Green'’s function, we obtain that

. =...= <8ax> Gi(x,s,n)
and

(&c) Gr(x,s,n) e T <aﬂ?> G’F(xwgvn)

So, we could infer the following results.

For G,(z, s,n) the powers of x range from n to 2n — 1, while for the
powers of s we have the range from 0 to n — 1. For G,.(z, s,n) we find the
same situation when swapping s with «. Therefore, the coefficient c(k, n)
has to be symmetric under this exchange.

We conclude that the coefficient c¢(k,n) of both functions G, (x, s,n) is
given by:

G1(0,5,n) = (i) Gi(, s,n) =0 (8)

=0

x=1 =1

_(=DF f2n—1Y (—1)k
clk,n) = (2n1)!(k:1> T k—Dl2n k) (10)

Notice that |c(k,n)| < 1 for all k,n. This observation will be useful in the
sequel.

The resulting Green’s function G(z, s, n) and its x derivatives are contin-
uous up to order 2n — 2, and present the discontinuity in —1 at order 2n — 1,
because of the Dirac’s § function.

The above discussion concludes the proof of the following lemma:

LEMMA 1. Let z — y(z),z € [0,1] be a function of class C*" in R, let
(z,y,2) = x(x,y,2);2 € [0,1], (y, 2) € R? be a function of class C in R and
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let x be a function of class C' inR. Then the Green'’s function of the problem
(4) obeying to equation (2) is given by formulas (3), (6), (7), and (10).

Another property of these Green’s functions is their homogeneity. In
fact, under the scaling transformation (z, s) — (ax, as) for a > 0 one has

Gir(azx,as,n) = 042”*1G17T(x, s,m),

thatis, G, (z, s,n) is homogeneous of degree 2n — 1.

Solution

In this section, we will provide the main result of this work: the solution
of the problem in (1) for a generic n .
Define the integral operator T as follows:

T 1
Ty(x) ::/0 Gr(x,s,n)f(s)der/ Gi(z,s,n)f(s)ds. (11)

According to Lemma 1, this operator provides a solution of problem (4) for
a generic order n provided that it has a fixed point.

We shall make use of the following theorem of (Bekri & Benaicha, 2018)
and (Shanmugam et al, 2019), the Leray—Schauder form of the fixed point
theorem appears in (Isac, 2006), (Deimling, 1985) and (Zvyagin & Bara-
novskii, 2010):

THEOREM 1. Let (E,|| - ||) be a Banach space, let U C E be an open
bounded subset for which 0 € U and let Y : U — E be a completely
continuous operator. Then only one of the following possibilities is true:

1. Y possesses a fixed point z € U

2. there exist an element x € OU and a real number \ > 1 such that
Tr = Az

Therefore, in order to establish the existence of a solution it is necessary
to prove that our integral operator T possesses a fixed point. The following
two theorems are devoted to this problem.

THEOREM 2. Let x — y(x),z € [0,1] be a function of class C*" in R, let
(z,y,2) = x(z,y,2);z €[0,1],(y, 2) € R? be a function of the class C in R
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and |x(z,0,0)| # 0. Suppose that there exist three nonnegative functions
x — (u(z),v(z),w()) € LY0,1] such that

X(, 9, 2)] < u(@)lyl + v(@)|2] + w(@).

Define the kernel

and suppose that

1
A= /0 Kn(s)[u(s) +v(s)]ds < 1.

Then the problem (1) has at least one nontrivial solution x — &(x),z € [0, 1]
of class C*" in RR.

Proof. Define the constant
1
B:/ Kn(s)w(s)ds.
0

From our hypothesis A < 1 and w(s) > 0. Observe that C,,(s) > 0 for
all s € [0,1]. As |x(z,y, 2)| < u(z)|ly| + v(x)|2| + w(x), forall z € [0,1] and
(y, 2) € R? and according to the fact that x(z, 0,0) # 0 forall = € [0, 1], there
exist an interval [a, b] C [0, 1] such that max,c(q 4 [x(z,0,0)| > 0. Therefore,
|x(x,0,0)| > 0 and also w(z) > 0, for some z € [a,b] C [0, 1]. This implies
the inequality fol Kn(s)w(s)ds > f; Kn(s)w(s)ds > 0. We conclude that
A<1land B >0.

Define L := B(1 — A)~! which is positive by construction, and the set
U={yeE:||y|| <L} Assumethaty € OU and XA > 1. As Ty = \y, then
AL = Mly|| = [|Ty|| = max,cp,1) [(Ty)(x)|. Adopting the simplified notation
dp = |x(s,y(s),y"(s)|ds we have:

AL = max |(Ty)(z)| < {/0 Gr(m,s,n)du+/xl Gl(x,s,n)d,u} -

z€]0,1]
n

T 1
Zc(kz,n) {/O Sk_1$2n_kdu+/ xk—ISZn—de} <

k=1
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n

T 1
c(k,n) max {/ k_lx%_kdu—i—/ xk_lsQ”_kdu} =
z€[0,1] T
n 1 1
Zc(k;,n) {/ sFdp —|—/ sgn_kdu} =
P 0 0

1
" clk,n) { / (T 52”—k>du} <
zn:{/ol(sk_l—l—s% FVd } %:l/ stdp = /IC du. (12)

k=1

k=1

k=1

from our hypothesis, |x(z,0,0)| has an upper bound for all € [0, 1]. So,
one has

1
/ A ($)]X(5.0,0)|ds < / Kn(s) [u(s) y(3)] + v(5)]y"(5)] +w(s)] ds <

/ (5 [als) s oo >|+v<s>;g[3§]|y”<s>\+w<s>}dss

/ lcn( )[ ( )‘y( )‘oo‘i‘v(s)‘y”(s)yoo_Fw(s)] ds <
/ Kn(s) [u(s)llyll + v(s)l[yl] + w(s)] ds =

/fc 9+ (s )Hlyllds+/ Kn(s)(s)ds =
Allyl|+B=AL+B. (13)

Using equation (12), we obtain the bound AL < AL + B which implies that

B B
< —_— = _— ]_
)\_A+L A+B(1—A)*1 ,
which contradicts the hypothesis for which A > 1, that is point (2) of Theo-
rem 2.1 is ruled out, while point (1) is fulfilled. Therefore, we conclude that
there exists at least a nontrivial solution &(z) of problem (1). O

Up to this point, we have established the existence of a solution for the
boundary value problem. In the following theorem, we show some param-
eter dependent bounds that actually lead to the existence of a solution.
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THEOREM 3. Let (z,y, 2) — x(z,y,2);2 € [0,1],(y,2) € R2, x is of class
C in R and |x(z,0,0)| # 0. Suppose that there exist three nonnegative
functions x — (u(x),v(z),w(z)) € L0, 1] such that

X (@, v, 2)| < u(@)|y| + v(z)|z] + w(z).

Define

k=1

and suppose that either one of the following conditions holds:
1. There exists a constant ¢ > —2 such that

Y4
S
,0<s<1,

) +008) < S T T T — et 2 =

where

¥(2) d [logI'(z)] and T'(z):= /000 e tt*Ldt.

= 72
2. There exists a constant m > —1 such that

m? +m
1—(m?+m)B(m,2n+1)

u(s) +v(s) < (1=9)™, 0<s<1,

where
L(m)I'(2n+1)

B(m,2n+1) = Tentmt D)

3. There exists a constant a > 1 such that

Uol(U(S) +v(8))“dsr < - (ﬁ)
/01 Kon(s)[u(s) + v(s)]ds < 1.

Then problem (1) has at least one nontrivial solution x — &(z),x € [0, 1] of
class C?" in R.

and
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Proof. In order to prove this theorem, one has to show that the integral
operator (11) has A < 1, A being defined in Theorem 2.
To prove point 1, we proceed as follows:

'k d ! ou(s)s'ds —
/0 n(8)[u(s) + v(s)] S<¢(2 Iy By Sy S / n(s)stds =

2n—1

1 (k+0)
d —
D@+ +1) -l +2) Z/ 5=
1 2n—1 1 B
Y(2n+L+1) (0 +2) &~ k+0+1

1

[¢(2n+f+1)—¢(5+2)]'¢(2n+€+1)*¢(f+2)

=1, (14)

and when ¢ > —2, one has

1
> 0.
YE2n+L+1) —(L+2)
For point 2, we have
1 m?+m !
1-5)"ds =
/0 Kn(s)[u(s)+v(s)]ds < T 2+ m)B(m, 2n+1)/ Kn(s)(1—s)"ds
2n—1
m? +m ma.
1—(m?24+m)B(m,2n+1) Z/ (1= s)"ds =
2n—1
m? +m
1—(m?2+4+m)B(m,2n+1) Zﬂkm
m? +m 1
. — 2 =1 1
1—(m2+m)5(m,2n+1)] [m2+m Blm, 2n + >] - (19
and when m > —1, one has
m?+m

> 0.

1—(m2+m)B(m,2n+1)

In the case of point 3, we make use of Holder inequality for which
Js1f(s)g(s)lds < (fq|f(s)|*ds) Ya ([ 1g(s)|Pds) l/b, whenever f and g are
measurable functions on the domain S'and 1/a + 1/b = 1. We have
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Examples

Example 1
Consider the problem for a genericn > 1

YO () =T 2oV 4 =Wy et
2 8 [(y")° +2]
) 17
y©(0) =y (0) = ...y (0) =0 "
y" (1) =y (1) = ..y D (1) = 0.

This problem satisfies all requirements of Theorem 2. In fact, one has

a « 4

(x,y,2) = T2 v 1 nay %
x(z,y, 5V S F10
together with
(03 (0% 2
u(e) = 5 o) = o w(z) = s

For a generic « > 0, following Theorem 3, hypothesis 1, we have that
(u(z),v(x),w(z)) € L'[0,1] are nonnegative functions. Moreover,

IX(@,y, 2)| < u(@)lyl + v(@)|z] + w(z)

for all z € [0, 1] and for all (y, 2) € R.
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Setting a = ¢ one has to consider the inequality

1
Y2n+L+1) — (0 +2)

—1|zt>0 (18)

for all z € [0,1]. In the parameter space («, ¢,n), the above inequality is
satisfied, for instance, for the case a = ¢ = n, whenever

1<n<12. (19)

In this case, the existence of a nontrivial solution ¢(z) € C?7[0,1] is
guaranteed for problem (17).

Example 2
Consider the problem for a genericn > 1

y) (z) :i(l —x)%ycosy + 3i2(1 — )% tanh y” + cosh x
yO0) =y (0) = ... =y (0) = 0 (20)
Y (1) =y (1) = L=y D) =0

This problem satisfies all requirements of Theorem 2. In fact, one has

1 1
x(z,y,2) = 1(1 —x)%cosy + 3—2(1 — )%z tanh z + cosh z

together with

, w(z) = coshz.

For a generic a > 0, from hypothesis 2 of Theorem 3, we have that
(u(z),v(z),w(z)) € L0, 1] are nonnegative functions. Moreover,

IX(@,y, 2)| < @)yl + v(@)]2] + w(z)

for all z € [0, 1] and for all (y, 2) € R.
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Setting a = m, one has to investigate the following inequality:

m? +m
1—(m2+m)B(m,2n+1)

“1-1—2)™ >0 (21)

for all € [0, 1]. In the parameter space («, m,n), the above inequality is
satisfied, for instance, for the case a = m = n, whenever

n>1. (22)

In this case, the existence of a nontrivial solution &(z) € C?M[0,1] is
guaranteed for problem (20).

Example 3
Consider the problem for a genericn > 1

« 3

@) () =L Y hy+ S ()20 4 oo
Yy =g g by ) e 23
y(0) =y (0) = ...y (0) =0 ~
y (1) =y (1) = ..y =0,

This problem satisfies all requirements of Theorem 2. In this example,

« 3 «

x(@,y,2) = %yfﬁ tanhy + %z%** +e”+3
together with
o a
U(ﬂj) = %7 ’U(LI}) — %, U)(,CC) = eF + 3.

For a generic a > 0, following assumption 3 of Theorem 3, we have that
(u(z),v(x),w(z)) € L'[0,1] are nonnegative functions. Moreover,

IX(@,y, 2)] < @)yl + v(@)]2] + w(z)

forall z € [0,1] and (y, z) € R2.
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We have
u(z) +v(x) = 2%,

that leads to the relation

( ! ) S (24)
aa+1 2m—1 (L) 3
k=1 kb+1
Setting a = b = 2, inequality (24) becomes:
(1>2§ S
2a +1 2"—1< 1 )5 C(§>§)_C(§a2n+§)
k=1 2k+1
where
= 1
((sq) =Y
—~(k+q)

is the Hurwitz zeta function, defined for s # 1 and ®(¢) > 0. In our problem,
it is always well defined since ¢ > 0 and s = 1/2.

In the parameter space («,n), setting a = n, for instance one obtains
that inequality (25) is satisfied whenever

1<n<T. (26)
Letting o = n? we obtain that inequality (25) is satisfied whenever
n > 1. (27)

For the above choice of parameters, the existence of a nontrivial solution
&(x) € C*]0,1] is guaranteed for problem (23).
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Hukona ®abuaHo?, Baxud I'IapBaHex6
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dunnan MNinan-a-rep6, r. MnaH-3-repo,
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PYBPUKA TPHTWU: 27.00.00 MATEMATUKA:

27.29.19 KpaeBble 3agaum w 3agadn Ha
cobCTBEHHbIE 3HayeHus ans
06GbIKHOBEHHbIX AnddepeHLmanbHbIX
YpPaBHEHUI N CUCTEM ypaBHEHUN,

27.29.21 AnanuTtu4yeckas Teopus
06GbIKHOBEHHbIX AnddepeHLmanbHbIX
YPaBHEHU N CUCTEM ypaBHEHUN,

27.39.00 ®yHKUMOHaNbHbBIN aHan13

BWL CTATbW: opurmHanbHas Hay4Has ctaTbs

Pesrome:

BeedeHue/uenb: B daHHOU cmambe rpusedeHo cyujecmeosa-
Hue npousesodsuiel ¢pyHkyuu lpuHa Ona peweHus Kpaeeol 3a-
dayu rnpou3eosibHO20 ropsidka, Komopasi acmpevyaemcsi 60 MHO-
2UX 5I8M1eHUSIX Mernsioeoll KOHBEKLUU KakK 8 amMocghepe, 8 OKe-
aHax, mak u Ha rnoeepxHocmu CosnHua.

Memookl: B cmambe npumeHeHa meopema Hernoo08UXHOU moy-
ku Jlepe - LLlaydepa, ¢ uenbio nodmeepx0eHusi CyuecmeosaHusi
HernodsuxHol moyku 8 daHHoU 3adaqe.

Pesynbmamei: [JokazaHo cywiecmeosaHue peleHusl o rnpous-
80/IbHOMY MopPsiOKy U rpednazaromcsi HeKOmopble npakmuye-
CKU€ rpumepsbl.

Bbigo0bl: Kpaesas 3adada umeem peuleHue o rnpou3eoribHOMY
n-My MopsoKy.

Knrouesbie crioga: HernodsuxxHasi moyka, Kpaesasi 3adadya, meo-
pema flepe — lllaydepa o0 Hernod8uUXXHOU MoYKe.

PELLEHE MPOBINEMA NTPAHNYHE BPEOHOCTW OMWTEN
PEOA KOJE KOPUCTW TEOPEMY HEMNOKPETHE TAYKE
TUMA LERAY-SCHAUDER

Hukona ®abuaHo?, Baxud MNapeaHex®
@ HesaBWCHW UcTpaxueay, Pum, Utanuwja, ayTop 3a npenucky,

5 Wcnamcku yHusepanTeT Asapa, Oferbere 3a MaTeMaTuky,
OrpaHak M'nax-E-MNxap6, MNnan-E-MNxap6,
Wcnamcka Peny6nuka UpaH

OBJIACT: maTemaTtuka
BPCTA UJTAHKA: opurmHanHu Hay4Hu pag,
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Caxxemak:

Yeod/uurs: Y pady ce rnipukasyje nocmojare 2eHepuyke [puHo-
ge ¢byHKyuje 3a rpobrem spaHu4YHe 8pedHOCMU MPOU380SbHO2
peda Koju ce jasrba KOO MHO2UX 10jaga KOH8eKUuUje morisiome y,
Ha npumep, ammMmocghepu, okeaHUMa U Ha rnogpwuHu CyHuya.

Memode: Kopucmu ce meopema HerNnokpemHe madyke murna
Leray-Schauder kako 6u ce ymepOusio nocmojaH-e HernokpemHe
mayke y HageOeHoM rpobremy.

Pesynmamu: [Npuka3aHo je pewere 3a npoussosbaH ped npo-
briema. lNpednoxeHuU cy HEKU rnpakmuy4HU rnpumepu.

Bakrbyyak: paHu4HU pobreM uma pewere 3a MPou38osbHU
n-mu peo.

KrbyyHe peyu: HerlokpemHa madka, npobrem epaHu4yHe 8pedHo-
cmu, meopema HerokpemHe mayke muna Leray-Schauder.
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