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Abstract:

Introduction/purpose: The Sombor matrix is a vertex-degree-based matrix
associated with the Sombor index. The paper is concerned with the
spectral properties of the Sombor matrix.

Results: Equalities and inequalities for the eigenvalues of the Sombor
matrix are obtained, from which two fundamental bounds for the Sombor
energy (= energy of the Sombor matrix) are established. These bounds
depend on the Sombor index and on the ,forgotten® topological index.

Conclusion: The results of the paper contribute to the spectral theory of
the Sombor matrix, as well as to the general spectral theory of matrices
associated with vertex-degree-based graph invariants.

Keywords: Sombor matrix, Sombor energy, Sombor index, vertex-
degree-based graph invariant, spectrum (of matrix).

Introduction

In this paper, we are concerned with simple graphs, i.e., graphs
without directed, weighted, or multiple edges, and without self-loops. Let

G be such a graph, with the vertex set V(G) and the edge set E(G).
Let [V(G)|=n and |E(G)|=m be the number of vertices and edges
of G. By UV € E(G) we denote the edge of G, connecting the vertices u
and v. The degree (= number of first neighbors) of a vertex UV (G) is
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denoted by d(u). If d(U)=r for all UV (G), then G is said to be a
regular graph or a degree r.

For other graph-theoretical notions, the readers are referred to
standard textbooks (Harary, 1969), (Bondy & Murthi, 1975).

In the mathematical and chemical literature, degree-based graph
invariants of the form

TI(G)= Y f(d(u),d(v)) (1)
uveE (G)
have been and are currently studied, where f(X,Y) is an appropriately
chosen function with the property f(X,y)= f(y,X). The oldest such

invariants were put forward as early as in the 1970s, and by now their
number exceeds several dozens (Kulli, 2020), (Todeschini & Consonni,
2009). Among the newest invariants of this type are the forgotten index

for which f(X,y) =X*+Yy® (Furtula & Gutman, 2015), and the Sombor

index for which f(X,y)=+X*+Yy? (Gutman, 2021). Thus, these
indices are defined as

F(G)= Y [d(u)*+d(v)*] (2)
uveE(G)

SOG)= Y Jd(u)® +d(v)? 3)
uveE (G)

Recall that F is often written in the form

F(G)= ) d(u)’
uev (G)
which, of course, is equivalent to (2).

The first paper on the Sombor index was published only a few
months ago (Gutman, 2021). Because this graph invariant is based on
using Euclidean metrics, it promptly attracted the attention of quite a few
colleagues. As a consequence of this, numerous papers on Sombor
index have already been published (Alikhani & Ghanbari, 2021), (Cruz &
Rada, 2021), (Dosli¢ et al, 2021), (Horoldagva & Xu, 2021), (Kulli, 2021),
and more will appear in the near future. Bearing this in mind, we were
motivated to investigate the matrix constructed from the Sombor index in
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an earlier proposed manner (Das et al, 2018), and to study some of its
spectral properties.
Let the vertices of the graph G be labeled by 1,2,...,n. Then the

(0,1)-adjacency matrix of G, denoted by A(G), is defined as the
symmetric square matrix of order n, whose (/,j)-element is

1 if ijeE(G)
AG), =10 if ijeE(G)
0 if i=j.

The eigenvalues of A(G) form the spectrum of the graph G. For the

details of the spectral graph theory see (Cvetkovi¢ et al, 2010).

Some time ago (Das et al, 2018), it was attempted to combine the
spectral graph theory with the theory of vertex-degree-based graph
invariants. For this, using formula (1), an adjacency-matrix-type square

symmetric matrix A-(G) was introduced, whose (/,j)-element is defined
as

f(d(i),d(j)) if ijeE(G)
A (G); =40 if ijeE(G)
0 if i=]j.
The theory based on the matrix A-(G) and its spectrum was

recently elaborated in some detail (Li & Wang, 2021), (Shao et al, 2021).
In this paper, we examine a special case of A-(G), associated with

the Sombor index SO(G), Eq. (3). We call it the Sombor matrix, denote
it by Ay, (G) , and define via

Jd@2+d(j)? if ijeE@G)
Aso (G)ij =<0 if ij & E(G) (4)
0 it i=j.
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The eigenvalues of A, (G) are denoted by 0;,0,,...,0,, and are

said to form the Sombor spectrum of the graph G. Then, as usual, the
Sombor characteristic polynomial is defined as

¢so (G, 2) = det(i In - Aso (G))
in analogy to the ordinary characteristic polynomial (Cvetkovi¢ et al,
2010)

#(G, ) =det(11, - AG))
where | is the unit matrix of order n. Recall that o;,0,,...,0, are the
zeros of ¢ (G, 1), i.e., satisfy ¢, (G,0,) =0 for 1,2,....,n.

Spectral properties of the Sombor matrix

Lemma l. Let 0, 2 0, 2--- 2 0, be the eigenvalues of the Sombor
matrix. Then,

Zn:ai =0
i=1

and
Y 02=2F(G)
i=1

where F(G)is the forgotten topological index, Eq. (2).

Proof. The first equality is a direct consequence of A, (G); =0 for
all1,2,...,n.

The second equality is obtained from (4) as follows. Suppose that
the vertices of G are labeled by 1,2,...,n. Then,
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307 =Tr(A(G)) = 33 Agli ) Ao (i)

=23 AL )AL =2 Y Jdi)? +d(j)* yd(j)? +d(i)?
ijeE(G) ijeE(G)

=2 Yy [d(i)*+d(j)*|=2F(G).
ijeE(G)

This completes the proof of Lemma 1.

Recalling that the sum of squares of the eigenvalues of the ordinary
adjacency matrix is equal to 2m, from Lemma 1 we realize that in the
spectral theory of the Sombor matrix, the forgotten topological index
plays an analogous role as the number of edges plays in the ordinary
spectral graph theory. This will be seen from the bounds for the Sombor
energy, deduced in the forthcoming section (Theorems 1, 2, and 3).

Lemma 2. Let 0; be the greatest eigenvalue in the spectrum of the
Sombor matrix. Then,

SO(G)
n

0,22
where SO(G) is the Sombor index, Eq. (3). Equality is attained if and
only if the graph G is regular.

Proof. According to the Rayleigh-Ritz variational principle, if Q is
any n-dimensional column-vector, then

.
I MOT- S

Q Q
Setting Q=(1,1,...,1)" , we get
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Q' AL(G) Q=YY A,6), =2 Y A,G),

i=1 j=1 ijeE(G)
=2 > Jd(i)? +d(j)? =2S0(G)
ijeE(G)

and
Q' Q=n.
In the case of regular graphs, Q= (11,...,1)" is an eigenvector of

A (G), corresponding to the eigenvalue 0, . To see this, note that if G

is a regular graph of a degree r, then A (G)=+2r A(G). That

Q=(1..1)" is an eigenvector of A(G)is a well-known fact
(Cvetkovi¢ et al, 2010). Then, and only then, equality in Lemma 2 holds.

By this, the proof of Lemma 2 has been completed.

Sombor energy and its bounds

The energy EN(G) of a graph G is, by definition, equal to the sum

of the absolute values of the eigenvalues of A(G). For the details of the

mathematical theory of graph energy see (Li et al, 2012). In analogy to
this, we define the Sombor energy of G as

Eny (G) = ilo-i l.

It is now reasonable to expect that Eny, (G) and En(G) have
analogous properties. In what follows, we establish two such results.

Theorem 1. (McClelland-type bound for the Sombor energy)
If G is a graph on n vertices, and F(G) is its forgotten topological

index, then
Eny, (G) <{2nF(G).

This result is the analogue of the classical McClelland bound for
graph energy, namely, En(G) <+/2nm (McClelland, 1971).
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Proof. Start with the inequality whose validity is obvious:
n n 2
> (lail=lo;l) =0 (5)
i=1 j=1
and take into account Lemma 1 and the definition of Eng, (G). The

McClelland-type upper bound for Eng (G) follows then from (5) by

direct calculation.
Equality in Theorem 1 wil hold if and only if

|o, |=|lo, |=---=| o, |. Graphs that satisfy this equality condition are the
edgeless graph (for which m =0 ) and the regular graph of degree 1.
Theorem 2. (Koolen-Moulton-type bound for the Sombor energy)

Let G be a graph on n vertices, with Sombor and forgotten indices
SO(G) and F(G), respectively. Then

(@225 - 2re)-( 20000

which is the analogue of the Koolen-Moulton bound (Koolen & Moulton,
2001), namely

En(G) 32—m+\/(n —1){2m—(2—mj2} :
n n

Proof. We follow the reasoning from the paper (Koolen & Moulton,
2001), modified for the Sombor energy. In an analogous way as in the
proof of Theorem 1, our starting point is

n n
>>(lail-lo;l) 20
i=2 j=2

from which it foIIost

Yo 1< \20-DF ()

where
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2F°(G) =Y 07 =2F(G) - ;.

This yields
Ens(G)-0; [ /(n-D[ 2F(G) - 5]

and

En,, (G)< o, +\/(n ~)[2F(G) -7 (6)

since 0, >0,
Consider the function

w(X) < x+\/(n—1)[2F(G)—x2] .

It monotonously decreases in the interval (a, b) where

a:,/ZFrfG) and b=,2F(G).

Therefore, inequality (6) remains valid if on the right-hand side of
w(X), the variable x is replaced by the lover bound for o; , from Lemma
2. This results in Theorem 2.

Theorem 3. Let G be a bipartite graph on n vertices, with Sombor
and forgotten indices SO(G) and F(G), respectively. Then

002220 -2 2r(@)-2 2201

which, again is analogous to another Koolen-Moulton bound (Koolen &
Moulton, 2003):

En@G) <M 4 2(n—2){m—(2—mj } |
n n

Proof. Theorem 3, valid for bipartite graphs, is deduced in an

analogous manner as Theorem 2, by starting with
n-1 n-1

S (lal-1o;1) 20

i=2 j=2

and by taking into account that for bipartite graphs | o; |=| &, |.
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CMNEKTP U SHEPIMA COMBOPCKOW MATPULbI

UeaH N'yTmMaH

KparyeBaukuii yHUBEpCUTET, €CTECTBEHHO-MaTeMaTUYeCKnii akynbTeT,
r. Kparyesau, Pecnybnuka Cepbus

PYBPUKA T'PHTU: 27.00.00 MATEMATUKA,;

27.29.19 KpaeBble 3agaym 1 3agayn Ha COGCTBEHHbIE
3HaveHns anst 0ObIKHOBEHHbIX
auddepeHLmanbHbIX ypaBHEHUA U CUCTEM
ypaBHEHUN

BWO CTATbW: opurmHanbHas Hay4Has ctaTes

Pe3swome:

Besederue/yerns: Combopckass Mampuya ebieedeHa u3 uHoekca Combopa
Ha OCHOBaHUU CmerneHu 8epuwuH. B OaHHOU cmambe rpedcmasrieHbl
criekmparibHble ceolicmea coMbopPCKOU Mampuukbl.

Pesynbmamsi: [lonydyeHbl pageHcmea U HepaseHcmea CObCMEEHHbIX
3HadyeHull combockol Mampuubl, U3 KOMOpbIX 6bleedeHbl 0ea
pyHOaMeHmMarbHbIX O2paHUYeHUs coMbOpPCKol 3SHepeuu (= 3Hepauu
combopckol mampuubl). [aHHble OgpaHu4YeHusi 3asucsim om uHOekca
Combopa u om mak Ha3bleaeMoz0 «3abbimoz20» MmOorono2u4ecKoao
UHOekca.

Bbigo0bl: Pe3ynbmamel uccriedosaHusi, rpedcmasrneHHble 8 OaHHOU
cmambe, 8HOCSIM 6K/ad 8 crekmparsbHyl0 meoputo combopckol
Mampuybl, @ makxe 8 O0bWy CreKmpasbHyl0 Meopur Mampuu,
cesi3aHHbIX C UHBapuaHmamu epagho8, OCHOBaHHbIX Ha cmeneHu
8EPLIUH.

Knouesnle criosa: Combopckas mampuua, sHepaus Combopa, UHOeKc
Combopa, uHeapuaHmbl 2pagha, 3asucsujue om cmerneHu 6eplUUH,
criekmp (Mampuupl).
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CMNEKTAP U EHEPITMJA COMBOPCKE MATPULE

UeaH N'yTmMaH

YHusepautet y Kparyjesuy, lNpupoaHo-maTteMaTuyku bakynrteT,
KparyjeBau, Penybnuka Cpbuja

OBJIACT: maTemaTuka
BPCTA UJ1AHKA: opuvrmHanHu Hay4Hu pag

Caxemak:

Yeod/uurb: Combopcka mMampuuya 3asucHa je 00 cmerieHa 4eoposea, a
useedeHa je u3 combopckoe uHOekca. Y paly cy npukalaHe HEeKe H-eHe
criekmparsiHe ocobuHe.

Pesynmamu: [JobujeHe cy jeOHakocmu U HejeOHaKocmu 3a COrcmeeHe
gpedHocmu combopcke Mampuue. M3 mwux cy u3eedeHe Ose
gyHOameHmMarsHe epaHuue 3a coMbOpPCKy eHepeaujy (eHepauja combopcke
mampuue). Ose epaHuuye 3asuce 00 comMbopckoz uHOekca, Kao u 00
mako3eaHoe ,,3abopasrbeHo2 ” mornoowKo2 UHoeKca.

Sakrbyyak: Pesynmamu usnoxeHu y paly npedcmasrbajy OO0npuHOC
criekmparsiHoj meopuju combopcke Mampuue, Kao U onuimoj meopuju
criekmapa mMampuya 3asucHUX 00 cmereHa 4eopoea.

KmmyuyHe peuyu: combopcka Mampuya, comMbopcka eHepauja,
combopcku UHOEKC, UHBapujaHme 3agucHe 00 cmerneHa 4eopoea,
criekmap (Mampuue).
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