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Abstract: 

Introduction/purpose: The Sombor matrix is a vertex-degree-based matrix 
associated with the Sombor index. The paper is concerned with the 
spectral properties of the Sombor matrix. 

Results: Equalities and inequalities for the eigenvalues of the Sombor 
matrix are obtained, from which two fundamental bounds for the Sombor 
energy  (= energy of the Sombor matrix) are established. These bounds 
depend on the Sombor index and on the „forgotten“ topological index.  

Conclusion: The results of the paper contribute to the spectral theory of 
the Sombor matrix, as well as to the general spectral theory of matrices 
associated with vertex-degree-based graph invariants. 

Keywords: Sombor matrix, Sombor energy, Sombor index, vertex-
degree-based graph invariant, spectrum (of matrix).  

Introduction 
In this paper, we are concerned with simple graphs, i.e., graphs 

without directed, weighted, or multiple edges, and without self-loops. Let 
G be such a graph, with the vertex set ( )V G  and the edge set ( )E G . 

Let | ( ) |V G n  and  | ( ) |E G m  be the number of vertices and edges 

of G. By ( )uv E G  we denote the edge of G, connecting the vertices u 

and v. The degree (= number of first neighbors) of a vertex ( )u V G  is 
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3 denoted by ( )d u . If ( )d u r  for all ( )u V G , then G is said to be a 

regular graph or a degree r. 
 

For other graph-theoretical notions, the readers are referred to 
standard textbooks (Harary, 1969), (Bondy & Murthi, 1975). 

In the mathematical and chemical literature, degree-based graph 
invariants of the form 

   
( )

( ) ( ), ( )
uv E G

TI G f d u d v


    (1) 

have been and are currently studied, where ( , )f x y  is an appropriately 

chosen function with the property ( , ) ( , )f x y f y x . The oldest such 
invariants were put forward as early as in the 1970s, and by now their 
number exceeds several dozens (Kulli, 2020), (Todeschini & Consonni, 
2009). Among the newest invariants of this type are the forgotten index 

for which 
2 2( , )f x y x y   (Furtula & Gutman, 2015), and the Sombor 

index  for which 
2 2( , )f x y x y   (Gutman, 2021). Thus, these 

indices are defined as 
 

  
2 2

( )

( ) ( ) ( )
uv E G

F G d u d v


      (2) 

  
2 2

( )

( ) ( ) ( )
uv E G

SO G d u d v


  .  (3) 

Recall that F is often written in the form 
 

  
3

( )

( ) ( )
u V G

F G d u


   

which, of course, is equivalent to (2). 
The first paper on the Sombor index was published only a few 

months ago (Gutman, 2021). Because this graph invariant is based on 
using Euclidean metrics, it promptly attracted the attention of quite a few 
colleagues. As a consequence of this, numerous papers on Sombor 
index have already been published (Alikhani & Ghanbari, 2021), (Cruz & 
Rada, 2021), (Došlić et al, 2021), (Horoldagva & Xu, 2021), (Kulli, 2021), 
and more will appear in the near future. Bearing this in mind, we were 
motivated to investigate the matrix constructed from the Sombor index in 
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1an earlier proposed manner (Das et al, 2018), and to study some of its 
spectral properties. 

Let the vertices of the graph G be labeled by 1,2,…,n. Then the 
(0,1)-adjacency matrix of G, denoted by ( )A G , is defined as the 
symmetric square matrix of order n, whose (I,j)-element is 

  

1 ( )

( ) 0 ( )

0 .
ij

if ij E G

A G if ij E G

if i j


 
 

 

The eigenvalues of ( )A G  form the spectrum of the graph G. For the 
details of the spectral graph theory see (Cvetković et al, 2010). 

Some time ago (Das et al, 2018), it was attempted to combine the 
spectral graph theory with the theory of vertex-degree-based graph 
invariants. For this, using formula (1), an adjacency-matrix-type square 

symmetric matrix ( )FA G  was introduced, whose (I,j)-element is defined 

as 
 

  

 ( ), ( ) ( )

( ) 0 ( )

0 .
F ij

f d i d j if ij E G

A G if ij E G

if i j




 
 

 

The theory based on the matrix ( )FA G  and its spectrum was 

recently elaborated in some detail (Li & Wang, 2021), (Shao et al, 2021). 

In this paper, we examine a special case of ( )FA G , associated with 

the Sombor index ( )SO G , Eq. (3). We call it the Sombor matrix, denote 

it by ( )SOA G  , and define via 

 

 

2 2( ) ( ) ( )

( ) 0 ( )

0 .
SO ij

d i d j if ij E G

A G if ij E G

if i j

  
 
 

(4) 
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3 The eigenvalues of ( )SOA G  are denoted by 1 2, ,..., n   , and are 

said to form the Sombor spectrum of the graph G. Then, as usual, the 
Sombor characteristic polynomial is defined as 
 
  ( , ) det( ( ))SO n SOG I A G     

in analogy to the ordinary characteristic polynomial (Cvetković et al, 
2010) 

  ( , ) det( ( ))nG I A G     

where nI  is the unit matrix of order n. Recall that 1 2, ,..., n    are the 

zeros of ( , )SO G  , i.e., satisfy ( , ) 0SO iG    for  1,2,…,n.  

 Spectral properties of the Sombor matrix 

Lemma 1. Let 1 2 n        be the eigenvalues of the Sombor 

matrix. Then, 

  
1

0
n

i
i




  

and 

  
2

1

2 ( )
n

i
i

F G


  

where ( )F G is the forgotten topological index, Eq. (2). 

 
Proof. The first equality is a direct consequence of ( ) 0SO iiA G   for 

all 1,2,…,n.  
 
The second equality is obtained from (4) as follows. Suppose that 

the vertices of G are labeled by 1,2,…,n. Then, 
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1       

 2 2

1 1 1

2 2 2 2

( ) ( )

2 2

( )

( ) ( , ) ( , )

2 ( , ) ( , ) 2 ( ) ( ) ( ) ( )

2 ( ) ( ) 2 ( ).

n n n

i SO SO SO
i i j

SO SO
ij E G ij E G

ij E G

Tr A G A i j A j i

A i j A j i d i d j d j d i

d i d j F G


  

 



 

   

    

 

 



 

  
This completes the proof of Lemma 1. 

 
Recalling that the sum of squares of the eigenvalues of the ordinary 

adjacency matrix is equal to 2m, from Lemma 1 we realize that in the 
spectral theory of the Sombor matrix, the forgotten topological index 
plays an analogous role as the number of edges plays in the ordinary 
spectral graph theory. This will be seen from the bounds for the Sombor 
energy, deduced in the forthcoming section (Theorems 1, 2, and 3). 

 

Lemma 2. Let 1  be the greatest eigenvalue in the spectrum of the 

Sombor matrix. Then, 
 

  1

( )
2

SO G

n
   

 
where ( )SO G is the Sombor index, Eq. (3). Equality is attained if and 
only if the graph G is regular. 

 
Proof. According to the Rayleigh-Ritz variational principle, if    is 

any n-dimensional column-vector, then 
 

  1

( )T
SO

T

A G  


 
. 

Setting (1,1,...,1)T  , we get 
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1 1 ( )

2 2

( )

( ) ( ) 2 ( )

2 ( ) ( ) 2 ( )

n n
T

SO SO ij SO ij
i j ij E G

ij E G

A G A G A G

d i d j SO G

  



   

  

 


 

and 

  T n   . 

In the case of regular graphs,  (1,1,...,1)T   is an eigenvector of 

( )SOA G , corresponding to the eigenvalue 1 . To see this, note that if G 

is a regular graph of a degree r, then ( ) 2 ( )SOA G r A G . That 

(1,1,...,1)T   is an eigenvector of ( )A G is a well-known fact 
(Cvetković et al, 2010). Then, and only then, equality in Lemma 2 holds.  

 
By this, the proof of Lemma 2 has been completed. 

Sombor energy and its bounds 

The energy ( )En G  of a graph G is, by definition, equal to the sum 

of the absolute values of the eigenvalues of ( )A G . For the details of the 
mathematical theory of graph energy see (Li et al, 2012). In analogy to 
this, we define the Sombor energy of G as 

  
1

( ) | |
n

SO i
i

En G 


  . 

It is now reasonable to expect that ( )SOEn G  and ( )En G  have 

analogous properties. In what follows, we establish two such results. 
 
Theorem 1. (McClelland-type bound for the Sombor energy) 
If G is a graph on n vertices, and ( )F G   is its forgotten topological 

index, then 

  ( ) 2 ( )SOEn G n F G . 

 
This result is the analogue of the classical McClelland bound for 

graph energy, namely, ( ) 2En G nm (McClelland, 1971). 
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1 
Proof. Start with the inequality whose validity is obvious: 

   2

1 1

| | | | 0
n n

i j
i j

 
 

    (5) 

and take into account Lemma 1 and the definition of ( )SOEn G . The 

McClelland-type upper bound for ( )SOEn G  follows then from (5) by 

direct calculation. 
 Equality in Theorem 1 will hold if and only if 

1 2| | | | | |n       . Graphs that satisfy this equality condition are the 

edgeless graph (for which 0m  ) and the regular graph of degree 1. 
 

Theorem 2. (Koolen-Moulton-type bound for the Sombor energy) 
Let G be a graph on n vertices, with Sombor and forgotten indices 

( )SO G and ( )F G , respectively. Then 
 

 

2
2 ( ) 2 ( )

( ) ( 1) 2 ( )SO

SO G SO G
En G n F G

n n

       
   

 

 
which is the analogue of the Koolen-Moulton bound (Koolen & Moulton, 
2001), namely 

 

2
2 2

( ) ( 1) 2
m m

En G n m
n n

       
   

. 

 
Proof. We follow the reasoning from the paper (Koolen & Moulton, 

2001), modified for the Sombor energy. In an analogous way as in the 
proof of Theorem 1, our starting point is 

   2

2 2

| | | | 0
n n

i j
i j

 
 

   

from which it follows 

  
*

2

| | 2( 1) ( )
n

i
i

n F G


   

where 
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  * 2 2
1

2

2 ( ) 2 ( )
n

i
i

F G F G 


   . 

This yields 

  
2( ) | | ( 1) 2 ( )SO i iEn G n F G        

and 

  
2( ) ( 1) 2 ( )SO i iEn G n F G         (6) 

since 1 0  . 

Consider the function 

 2( ) ( 1) 2 ( )x x n F G x       . 

It monotonously decreases in the interval (a, b) where  

  
2 ( )F G

a
n

        and       2 ( )b F G . 

Therefore, inequality (6) remains valid if on the right-hand side of 

( )x , the variable x  is replaced by the lover bound for i , from Lemma 

2. This results in Theorem 2. 
 
Theorem 3. Let G be a bipartite graph on n vertices, with Sombor 

and forgotten indices ( )SO G and ( )F G , respectively. Then 

2
4 ( ) 2 ( )

( ) ( 2) 2 ( ) 2SO

SO G SO G
En G n F G

n n

       
   

 

which, again is analogous to another Koolen-Moulton bound (Koolen & 
Moulton, 2003): 

 

2
4 2

( ) 2( 2)
m m

En G n m
n n

       
   

. 

Proof. Theorem 3, valid for bipartite graphs, is deduced in an 
analogous manner as Theorem 2, by starting with 

   
1 1 2

2 2

| | | | 0
n n

i j
i j

 
 

 

   

and by taking into account that for bipartite graphs | | | |i n  . 
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СПЕКТР И ЭНЕРГИЯ СОМБОРСКОЙ МАТРИЦЫ 

Иван Гутман 

Крагуевацкий университет, естественно-математический факультет,  
г. Крагуевац, Республика Сербия 
 
РУБРИКА ГРНТИ: 27.00.00 МАТЕМАТИКА; 
                               27.29.19 Краевые задачи и задачи на собственные    
                                              значения для обыкновенных                          
                                              дифференциальных уравнений и систем  
                                              уравнений 
ВИД СТАТЬИ: оригинальная научная статья 
 

Резюме: 

Введение/цель: Сомборская матрица выведена из индекса Сомбора 
на основании степени вершин. В данной статье представлены 
спектральные свойства сомборской матрицы. 

Результаты: Получены равенства и неравенства собственных 
значений сомбоской матрицы, из которых выведены два 
фундаментальных ограничения сомборской энергии (= энергии 
сомборской матрицы). Данные ограничения зависят от индекса 
Сомбора и от так называемого «забытого» топологического 
индекса. 

Выводы: Результаты исследования, представленные в данной 
статье, вносят вклад в спектральную теорию сомборской 
матрицы, а также в общую спектральную теорию матриц, 
связанных с инвариантами графов, основанных на степени 
вершин. 

Ключевые слова: Сомборская матрица, энергия Сомбора, индекс 
Сомбора, инварианты графа, зависящие от степени вершин, 
спектр (матрицы). 
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1СПЕКТАР И ЕНЕРГИЈА СОМБОРСКЕ МАТРИЦЕ  

Иван Гутман 

Универзитет у Крагујевцу, Природно-математички факултет,  
Крагујевац, Република Србија 
 

ОБЛАСТ: математика 
ВРСТА ЧЛАНКА: оригинални научни рад 

Сажетак: 

Увод/циљ: Сомборска матрица зависна је од степена чворова, а 
изведена је из сомборског индекса. У раду су приказане неке њене 
спектралне особине.  

Резултати: Добијене су једнакости и неједнакости за сопствене 
вредности сомборске матрице. Из њих су изведене две 
фундаменталне границе за сомборску енергију (енергија сомборске 
матрице). Ове границе зависе од сомборског индекса, као и од 
такозваног „заборављеног” тополошког индекса. 

Закључак: Резултати изложени у раду представљају допринос 
спектралној теорији сомборске матрице, као и општој теорији 
спектара матрица зависних од степена чворова. 

Кључне речи: сомборска матрица, сомборска енергија, 
сомборски индекс, инваријанте зависне од степена чворова, 
спектар (матрице). 
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