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Abstract:

Introduction/purpose: Molodtsov introduced the concept of soft sets as a
new mathematical tool for dealing with problems containing uncertainties.
In the literature, different kinds of operations of soft sets are defined and
used in theory and applications.

Methods: This study is based on the paper "A New Operation on Soft
Sets: Extended Difference of Soft Sets" by Sezgin, Ahmad and Mehmood
[Journal of New Theory 27 (2019) 33-42].

Results: In this paper, we define a new operation on soft sets, called
extended symmetric difference and investigate its relationship between
extended symmetric difference and restricted symmetric difference and
some other operations of soft sets.

Conclusion: The author believes that the obtained results represent a
significant improvement of many known results in the existing literature.

Key words: Soft sets, intersection, union, difference, extended
symmetric difference.

Introduction

Problems with uncertainties are a major issue in many fields such as
economics, engineering, environment and so on. One of the theories that
deal with uncertainties is the soft set theory which was introduced by
Molodtsov in 1999 (Molodtsov, 1999) as a new mathematical tool. In the
soft set theory, the problem of setting the membership function does not
arise, which makes the theory easily applied to many different fields
including game theory, operations research, probability theory, and
measurement theory.
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In the literature, different kinds of operations of soft sets are defined
and used in the works on the soft set theory and its applications. Well
known operations of soft sets and their properties are given by Maji et al.
(Maji et al, 2003). However, some of these definitions and their properties
have a few gaps, aspointed out by Ali et al. (Aliet al, 2009) and Yang
(Yang, 2008). To make some modifications to the operations of soft sets
and fill in these gaps, Ali et al. (Ali et al, 2009), Cagman and Enginoglu
(Cagman & Enginoglu, 2010), Pei and Miao (Pei & Miao, 2005), and
Sezgin and Atagun (Sezgin & Atagun,2011) have made contributions.

In 2011, Sezgin and Atagun (Sezgin & Atagun, 2011) discussed the
fundamental theorems about operations of soft sets i.e; union and
intersection of soft sets and other operations, see (Perovi¢ et al, 2008). In
that paper, they defined union and intersection operations of soft sets
both with restricted and extended conditions but defined the difference
operation only with the restricted condition. In 2019, Sezgin, Ahmad and
Mehmood (Sezgin et al, 2019) defined the extended difference operation.

Here in this paper, we have defined a new operation on soft sets
called extended symmetric difference and also proved some of its
properties. Moreover, we have also proved the interesting results which
show the relationships between extended symmetric difference and other
operations. The main objective of this paper is to make the soft set theory
more effective and solid by enhancing the conceptual feature of
operations on soft sets. This paper is one theoretical study of soft sets.

Preliminaries

In this section, we recall some basic notions in the soft set theory.
Let U be an initial universe set and E; be the set of all possible
parameters under consideration with respect to U. The power set of U is
denoted by P(U) and A is a subset of E. Usually, parameters are
attributes, characteristics, or properties of objects in U. In what follows,
Ey (simply denoted by E) always means the universe set of parameters
with respect to U, unless otherwise specified.

Molodtsov (Molodtsov, 1999) defined the soft set in the following
manner:

Definition 2.1. (Molodtsov, 1999) Let U be an initial universe set, E be a
set of parameters, P(U) be the power set of U. A pair (F,E) is called a
soft set over U, where F is a mapping of E into the set of all subsets of
the set U.
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In other words, a soft set over U is a parameterized family of subsets
of U. For e € E, F(e) may be considered as the set of e-elements of the
soft set (F, E) or as the set of e-approximate elements of the soft set.

Definition 2.2. (Maji et al, 2003) For two soft sets (F,A) and (G, B) over
a common universe U, we say that (F,A) is a soft subset of (G,B),
denoted by (F,A) € (G, B), if it satisfies:

A CB,

«for all e € A, F(e) and G(e) are identical approximations.

Similarly, (F,A) is called a soft superset of (G,B) if (G,B) is a soft
subset of (F, A). This relation is denoted by (F,A) 3 (G, B).

Definition 2.3. (Maji et al, 2003) Two soft sets (F,A) and (G, B) over a
common universe U are called soft equal if (F,A) € (G,B) and
(F,A) 3 (G, B).

Definition 2.4. (Ali et al, 2009) The relative complement of a soft set
(F,A) is denoted by (F,A)" and is defined by (F,A)" = (F",A), where
F":A - P(U) is a mapping given by F"(e) = U\F(e), for all e € A.

Clearly, (F,A)" =U, —5 (F,A) and ((F,A)")" = (F,A). It is worth
noting that in the above definition of complement, the parameter set of
the complement (F,A)" is still the original parameter set A (Ali et al,
2009).

Definition 2.5. (Maji et al, 2003) A soft set (F,A) over U is said to be a
null soft set denoted by @, if for all e € A, F(e) = @ (null set).

Since some researchers are in some conflict about a null soft set
due to its notation, like others (Sezgin & Atagun, 2011), so we prefer to
use @, instead of @ for the null soft set of (F,A) as Ali et al. (Ali et al,
2009) used.

Definition 2.6. (Maji et al, 2003) A soft set (F,A) over U is said to be an
absolute soft set denoted by 4, if for all e € A, F(e) = U.

Note that we use the notation U, instead of A as in (Ali et al, 2009)
throughout this paper.
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Definition 2.7. (Ali et al, 2009) Let (F,A) and (G, B) be two soft sets over
a common universe U such that A N B # @. The restricted intersection of
(F,A) and (G, B) is denoted by (F,A) m (G,B) and is defined as (F,A) m
(G,B)=(H,C),whereC =AnBandforalle e C, H(e) = F(e) N G(e).

Definition 2.8. (Ali et al, 2009) Let (F,A) and (G, B) be two soft sets over
a common universe U such that A n B # @. The restricted difference of
(F,A) and (G,B) is denoted by (F,A) —% (G,B) and is defined as
(F,A) —¢ (G,B) = (H,C), where C=AnB and for all e€C, H(e) =
F(e)\G(e).

Definition 2.9. (Ali et al, 2009) Let (F,A) and (G,B) be two soft sets
over a common universe U such that A n B # @. The restricted union of
(F,A) and (G,B) is denoted by (F,A)Ug (G,B) and is defined as
(F,A)Ug (G,B) = (H,C), where C=ANnB and for all e€C, H(c) =
F(e)uG(e).

Definition 2.10. (Sezgin & Atagun, 2011) Let (F,A) and (G,B) be two
soft sets over a common universe U such that An B # @. The restricted
symmetric difference of (F,A) and (G,B) is denoted by (F,A) A (G,B)
and is defined as (F,A)A (G,B) = ((F,A)Ug (G,B)) —x ((F,A) m
(G,B)) = (H,(C), where C = AnB.

Definition 2.11. (Ali et al, 2009) The extended union of two soft sets
(F,A) and (G, B) over a common universe U is the soft set (H, C), where
C=AUB, andforall e €C;
F(e), e € A\B,
H(e) =<{G(e), e € B\4,
F(e)uG(e) e€e ANB.
We write (F,A) Ug (G,B) = (H,C).

Definition 2.12. (Ali et al, 2009) The extended intersection of two soft
sets (F,A) and (G,B) over a common universe U is the soft set (H, (),
where C = AU B, and for all e € C;
F(e), e € A\B,
H(e) =<{G(e), e € B\4,
F(e)nG(e) e€ ANB.
We write (F,A) Ng (G,B) = (H,C).
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Definition 2.13. (Sezginet al, 2019) The extended difference of two soft
sets (F,A) and (G,B) over a common universe U is the soft set (H,C),
where € = AU B, and for all e € C;
F(e), e € A\B,
H(e) =1G(e), e € B\A4,
F(e)\G(e) e€e ANB.

Thus, the relation is shown by (F,A) ~¢ (G,B) = (H, C).

Extended symmetric difference

For the fundamental properties and theorems related to operations
of soft sets such as restricted union, extended union, restricted
intersection, extended intersection, restricted difference, extended
difference, we refer the readers to the papers Ali et al. (Ali et al, 2009),
Cagman and Enginoglu (Cagman & Enginoglu, 2010), Pai and Miao (Pei
& Miao, 2005), Sezgin and Atagun (Sezgin & Atagun, 2011) and Sezgin,
Ahmad and Mehmood (Sezgin et al, 2019).

Now we are ready to give the definition of extended symmetric
difference of soft sets and its basic properties.

Definition 3.1. The extended symmetric difference of two soft sets (F, A)
and (G, B) over a common universe U is the soft set (H,C), where C =
AU B, andfor all e € C;

F(e), e € A\B,

H(e) =1G(e), e € B\A,
F(e)AG(e) e€e ANnB.
Thus, the relation is shown by (F,A) A¢ (G,B) = (H,C).

Example 1. Let E be the universe set of parameters, A and B be the
subsets of E such that

E ={ey,e;5e3,e4,6565), A={eeyes6}, B ={eeyes e}

Let (F,A) and (G, B) be two soft sets over the same universe U =
{hq, hy, h3, h,} such that

(F,A) = {(eq,{h1, h3}), (e2,{h1}), (€5, {h2, h4}), (€6, {h1, ha})},

(G,B) = {(e1, {h4}), (€4, V), (es, {h1, h2, hu}), (€6, {hy, h2 D)}
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Now let us determine (F,A) A¢ (G,B) = (H,A U B), where
F(e), e € A\B,
H(e) = {G(e), e € B\4,
F(e)AG(e) e€eANB,
for all e€e AUB. Since A\B = {e,}, B\A ={e,} and AN B = {ey, 5,64},
then,
(F'A) AS (G'B)
= {(e2,{h1}), (€4, U), (e1, {hy1, h3, ha}), (es, {R1}), (€6, {h2, ha})}-

Theorem 3.2. The properties of the extended symmetric difference (Ag)
operation

(@) (F,A) Ag @4 = (F, A).

(b) (F,A) Ag (F,A) = D,.

(¢) (F,A) A¢ (G,B) = (G,B) &g (F, A).

(d) ((F,A) &g (G,B)) Ag (H,C) = (F,A) &g (G, B) Ag (H, ©)).

(e) (F,A) Ag (G,B) = ((F,A) ~¢ (G,B)) Ux ((G,B) ~¢ (F,A4)).

(f) (F,A) Ag (G, B) = ((F,A) Ug (G,B)) ~¢ ((F,A) m (G, B)).

(9) (F,A) Ag (G,B) = ((F,A) Ug (G,B)) ~¢ ((F,A) Ng (G, B)).

Proof.
() Letd, = (S,4) and (F,A) Ag @4 = (F,A) Ag (S,A) = (H,A) where
F(e), e € A\4,
H(e) =<S(e), e € A\4,

F(e)AS(e) e€eANA,
foralle e AU A.
Since S(e) = @ for all e € AU A4, it follows that F(e) A S(e) = F(e) A
@ = F(e). This means that F and H are the same mappings. This
completes the proof.

(b) Let (F,A) &g (F,A) = &4 = (H,A) where
F(e), e € A\4,
H(e) =<F(e), e € A\A,
F(e)AF(e) e€ANA,

foralle e AU A.
Hence, F(e) A F(e) = @ = H(e). This completes the proof.

(c) Let (F,A) A¢ (G,B) = (H,AU B) where
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F(e), e € A\B,
H(e) = {G(e), e € B\A4,
F(e)AG(e) e€eANB,
foralle €e AUB.

Since,
F(e), e € A\B, G(e), e € B\4,
H(e) ={G(e), e € B\A, =<{F(e), e € A\B,
F(e)AG(e) e€eANB, G(e) AF(e) e€BNA,

foralle e AUB = B U A, it follows that (H,B U A) = (G,B) A¢ (F,A).

(d) The proof can be illustrated by similar techniques used to prove (a),
(b) and (c), and is therefore omitted.

(e) For the left-hand side of the property, let (F,A) A¢ (G,B) = (H,AU B),

where
F(e), e € A\B,
H(e) =<G(e), e € B\4,
F(e)AG(e) e€ANB,

foralle € AUB.
For the right-hand side of the property, let (F,A) ~¢ (G,B) = (I,AU

B), where
F(e), e € A\B,
I(e) =<G(e), e € B\4,
F(e)\G(e) e€ ANB,
for all e € AU B. Suppose that (G,B) ~¢ (F,A) = (J,AU B), where
G(e), e € B\4,
J(e) =<F(e), e € A\B,
G(e)\F(e), e€e AnB.
Assume that, (I,AUB) U (J,AUB) = (K,(AUB) n (AU B)), where
K(e)=1(e)Uj(e)forallee (AUB)N(AUB) =AUB.
Now, we have
I(e)u]j(e), e€A\B,
K(e) =<51(e)U]j(e), e €B\A,
I(e)uj(e), e€eANB,

F(e) UF(e), e € A\B,
=<:G(e)uUG(e), e € B\A4,
(F(e)\G(e)) U (G(e)\F(e)), e€ANB,
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for all e€e (AUB)U(AUB)=AUB. It shows that H and K are the
identical mapping when we are assuming the attributes of operations
about the set theory. Hence the proof is completed.

(f) For the left-hand side of the property, let (F,A) A¢ (G,B) = (H,AU B),

where
F(e), e € A\B,
H(e) =4G(e), e € B\4,
F(e)AG(e), e€eANB,

for all e€e AuB. For the right-hand side of the property, let
(F,A) Ug (G,B) = (I,AU B), where

F(e), e € A\B,
I(e) =1G(e), e € B\A4,
{F(e)UG(e), e €ANB,
for all e€e AUB. And suppose that (G,B) m (F,A) = (J,An B), where

J(e) =A(e)nB(e) foralle e ANB.
Assume that, (I,AUB) ~¢ (J,ANnB) = (K,(AUB) U (AN B)), where

I(e), e € (AUB\ANB), ;g ¢ E ‘;&'
K(e) =<](e), e€ (ANB)\(AUB), = ](e)’ - ’
I(e)\J(e), e€e (AUB)N (ANB), I(e)'\](e), i A’n B,
i.e.
F(e), e € A\B,
K(e) =4{G(e), e € B\4,
(F(e)uG(e)\(F(e)nG(e)), e€EANB,
F(e), e € A\B,
=<G(e), e € B\4,
F(e)AG(e), e ANB,

for all ee (AUB)U(ANB)=AUB. This leads that H and K are the
identical mapping. Hence this completes the proof.

(g) For the left-hand side of the property, let (F,A) A¢ (G,B) = (H,AU B),
where
F(e), e € A\B,
H(e) =<G(e), e € B\4,
F(e)AG(e), e€eANB,
foralle € AUB.

For the right-hand side of the property, let (G,B) U (F,A) = (,AN
B), where I(e) = A(e) UB(e) foralle € AN B.
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And suppose that (F,A) Ng (G,B) = (J,A U B), where
F(e), e € A\B,
J(e) =<G(e), e € B\A4,
F(e)nG(e), e€e ANB,
foralle € AUB.
Assume that, (I,ANB) ~¢ (J,AUB) = (K,(An B) U (AU B)), where

1(e), e EQ,
I(e), e € (ANB)\(AUB),
K(e) = {J(e), e € (AUB\ANB), = ﬁg ¢c ;‘iﬁ'
I(e)\J(e), ee (AnB)N (AUB), . ’

I(e)\J(e), e€ANB,

l.e.
F(e), e € A\B,
K(e) ={G(e), e € B\4,
(F(e)uG(e)\(F(e)nG(e)), e€eANnB,
F(e), e € A\B,
={G(e), e € B\4,

F(e)AG(e), e€eANB,
foralle€e (AUB)U(ANB)=AUB.

This leads that H and K are the identical mapping.
Hence this completes the proof.

Now we will illustrate Theorem 3.2.(parts (e) and (f)) with a
corresponding example.

Example 2. Let E be the universe set of parameters, A and B be the
subsets of E such that

E ={ej, ey €34 6565}, A={eezes5¢65}, B={eyeyes6€}
Let (F,A) and (G,B) be two soft sets over the same universe U =
{hq, hy, h3, h,} such that

(F,A) = {(e1, {h1, h3}), (€2, {h1}), (es, {h2, ha}), (€6, {he, ha})},

(G, B) = {(e1,{h4}), (€4, U), (es, {hy1, hy, hs}), (€6, {he, R D}
Now let us determine (F,A) A¢ (G,B) = (H,A U B), where

F(e), e € A\B,
H(e) =<G(e), e € B\4,
F(e)AG(e) e€eANB,
foralle € AUB.
Since A\B = {e,}, B\A = {e,} and AN B = {e;, e5, ¢}, then,
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(F,A) A (G, B)
= {(e2, {11 }), (s, U), (e1,{h1, h3, ha}), (es,{h1}), (€6, {2, ha})}.
On the other side, we can easily determine that it is
g(F 1A) ~¢ (G, B)) = {(e2, {M1}), (es, U), (e1, {h1, h3}), (€5, B}), (€6, {Ra})},
an
((G,B) ~¢ (F,A)) = {(ez,{h1}), (€4, U), (e1, {h4}), (€5, {1 }), (€6, {ha D)}
Based on Definition 2.9. we have that
((F,A) ~¢ (G,B)) Uz ((G, B) ~¢ (F, A))
= {(e2,{h1}), (€4, U), (e, {hy, h3, hs}), (es, {R1}), (€6, {ho, ha})}-
Therefore, (F,A) A¢ (G,B) = ((F,A) ~¢ (G,B)) Uz ((G,B) ~¢ (F,A)).
Similarly, we can easily determine that it is
((F,A) Ug (G, B))
= {(e2,{h1}), (es, U), (e1, {h1, h3, ha}), (es, {1, ha, ha}), (e, {he, ho, ha D},

and
((F' A) m (G'B)) = {(61, (D)' (65'{h2'h4})' (e6'{h1})}'
Based on Definition 2.13. we have that
((F,A) Ug (G,B)) ~¢ (F,A) m (G,B))
= {(e2, {h1}), (€4, U), (e1,{hy, h3, hy}), (es,{h1}), (€6, {ha, haD)}-
Therefore, (F,A) A¢ (G,B) = ((F,A) Ug (G,B)) ~¢ ((F,A) m (G, B)).

Conclusion

In this paper, we have illustrated a brief analytical review of
operations of soft sets. We have defined the extended symmetric
difference of soft sets and also proved some of its properties. Moreover,
we have shown the relationship between extended symmetric difference
and some other operations of soft sets.
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HOBAA OMEPALIMA HAL MATKWMNMHO>XXECTBAMMW:
PACLUMPEHHAA CUMMETPUYECKAA PASHOCTb MAMKMNX
MHOXECTB

Hexad C. CmosiHosuY

KparyeBaukuin YHUBEPCUTET, €CTeCTBEHHO-MaTeMaTUYeckuin hakynbTeT,
r. Kparyesau, Pecnybnuka Cepbus

PYBPWKA TrPHTW: 27.00.00 MATEMATWKA:
27.17.00 Anrebpa;
27.17.21 CTpyKTYyphI

BWO CTATbW: opurmHanbHas Hay4yHas cTaTbs

Pesome:

BeedeHue/uennb: [H.A. Monodyos npedcmasun KOHUENUUI Ms2KuX
MHOXEeCm8 8 Ka4ecmee Ho8020 MamemMamu4ecko2o UHcmpymeHma onsi
peweHusi 3aday, codepxauwux HeoripedeneHHocmu. B numepamype
onpederneHbl pasfiuyHbie 8ulbl onepayuli Had MSe2KUMU MHOXecmeamu,
Komophbie UCIOrnb3ymcs 8 meopuu U Ha rpakmuke.

Memoosi: [aHHasi cmambsi ocHogaHa Ha uccriedosaHuu Ce3auHa,
Axmada u Mexmyda «Hoeas onepayusi Ha0 Ms2KUMU MHOXecmeamu:
pacwupeHHasi pa3Hocmb Msi2kux MHoxecmey [Journal of New Theory
27 (2019) 33-42].

Pesynbmamel: B daHHOU cmambe rpedcmassieHa Hoeasi oriepayusi
Had  MseKUMU  MHOXecmeamu, Hasbigaemasi  pacWupeHHOU
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CUMMeMmpPUYECKOU pasHOCMbIO, @ Mmakxe pe3yibmamal UcCiedo8aHusi
83aUMOCBSs3U Mex0y paclupeHHOU CUMMempudYecKol pa3HoOCMbio U
O2paHU4YeHHOU CUMMEeMmPUYECKOU pasHOCMbO U  HEKOMOPbIMU
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