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Abstract:

Introduction/purpose: Some sums of the polylogarithmic function asso-
ciated with harmonic numbers are established.

Methods: The approach is based on using the summation methods.

Results: This paper generalizes the results of the zeta function series
associated with the harmonic numbers.

Conclusions: Various interesting series as the consequence of the ge-
neralization are obtained.

Key words: polylogarithmic function, series, harmonic numbers, integra-
tion.

Introduction and preliminaries

The polylogarithm is a function in mathematics which was investigated
intensively by many mathematicians. Many of them used different defini-
tions but the one we use is the standard modern definition. For more in-
formation about the polylogarithm as a function consult the following book
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(Lewin, 1981). Questions about sums and their evaluations trace back to
ancient times. Even the great Euler concerned himself with evaluating the
¢(2) known as the Basel problem, which was later generalized by him in
view of finding a formula for even zeta values. More on various sums and
evaluations can be found here (Hirschman, 2014; Knopp, 1990; Stojiljkovic,
2021; Davis, 2015). We will use the following notation throughout the pa-
per. The first known definition is as follows.

DEFINITION 1. The polylogarithm, see (Lewin, 1981), is defined by a power

series in z, given by
+00 L

. z
Lis(z) = Z R
k=1

This definition is valid for the arbitrary complex order s and for all complex
arguments z with |z| < 1. We will also need the definition given by

Lis(z) = /OZ LiS_il(z)dz.

z

Also, the special case we will use frequently is

Lig(z) = —/OZ ml=2),,

z

For z = 1 we get the Riemann zeta function { which is also a function of the
complex variable s. For more information see (Edwards, 1974; Fabiano,
2020).

+00 1
UJU:C@>:§ZEQ%@)>1
k=1

The second definition is as follows.

DEFINITION 2. The harmonic numbers, see (Olaikhan, 2021), are defined
as follows

11 1
Hy =1+ >4+ ..+
=l g ot

forn > 1 and by definition Hy = 0

The main results of this paper are the following.

>



Theorem 1. Let Lis(z) denote the polylogarithmic function. Then the
following equality holds for |z| < 1

k

ng <Li8(z)—z_..._zs> _

/1 Lis—1(z) — Lis—1(zm) + z2m — z
0

d
1—m m

—Lis—1(2) + =.

Theorem 2. Let Lis(z) denote the polylogarithmic function. Then the
following equality holds for |z| < 1

+o0 2 k

¥4 z
> kHy (Lig(z) —2— — — - — =) =
ot k< 1(Z> z 25 ks)

% (Lis_l(z) — LiS_Q(Z)) +
1 ' Lis_o(2) 4+ Lis_1(2m) — Lis_1(2) — Lis_2(2m)
/

2 1—m

dm

2

Theorem 3. Let Lis(z) denote the polylogarithmic function. Then the
following equality holds for |z| < 1

+oo 22 Zk
> (Lis(z)z% k) =
k=1

1 Lis—1y(2)—2z—(Li(s—1)(2t)—2t 1 Ligs—1y(zm)—zm—(Lis—1)(zmr)—zmr
/1 fo (=1 (2) 1(—t( ) (2t) )dt_fo (s=1)(2m) 1(4( ) (zmr) )drdm
0 (1 —m)?
11, — 2 — (Li _
_/ i(5)(2) — 2 — (Ligs)(2m) zm)dm
0 1-m

_9 (/1 Lis—1(2) — Lis—1(zm) 4+ zm —
0

z .
= m dm — Lis_1(z) —|—z> .

The corollaries of the results are given as follows.

COROLLARY 1. The following equalities come from theorem 1.

“+o00 k
. z z4+In(l—2z
a) E Hy, <L11(Z)—Z—...—kl> :Z£1)’|Z’ <1
k=1

i
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Setting = = § we get
+o00 1I\k
. (1 1 (3)
k=1
We can also derive
+00 Zk 5
c) ;Hk (ng(z) —Z— .= k:2> = —Liy (z — 1) — Lij(2).
By setting = = § we get
+oo 1\k 2
(1 1 )"\ 7

COROLLARY 2. The following equalities come from Theorem 2.

400 22 Zk n(l— =~
)3 kHy (Liz(z)—z—g;_..._(kl> :;121_1>+
k=1

By setting = = 3 we get
+o0 1\2 1\k 2
. (1 L (3) ()"} _5Wln(@2) 1 =«
b);ka<L12<2>—2_ ) =2 i

COROLLARY 3. The following equalities come from Theorem 3.

+o0 22 Zk
a)ZH,? (Lil(z) —ET 5T T T k:) =
k=1
4z +1In(1 - 2) (4 +In(1 — 2)) — 2z Lia (%)
B 2(z—1) ‘

By setting = = 3 we get

+oo 142 1\k 2
DY H (Li(l) (;) - % - (22) - (2’k)> =24 T+ n%(2) ~ In(16).
k=1




Main results

We will need some lemmas in order to proceed further. The following
lemma will be extensively used throughout the paper.

LEMMA 1. The following equality holds for |z| < 1.

+oo E+1

z
27 =Lis_1(2) — 2
s—1 s
P (k+1)
Proof. Follows from the definition of the polylogarithm. O

We will need the following in order to proceed further.
We will need in our analysis Abel’'s summation formula (Bonar & Koury,
2006, p.55),(Lewin, 1981, p.258), which states that if (a,,),>1 and (by)n>1
are two sequences of real numbers and A,, = Y} _; ax, then

Z arbr = Anbpy1 + Z A (b — bry1)
k=1 k=1

We will also be using, in our calculations, the infinite version of the pre-
ceding formula

400 o0
> akbp = lm (Anbni1) + Y Ap(br = brsr):
k=1 k=1

The second lemma will be given.
LEMMA 2. The following identity holds:
> Hy=(n+1)Hpyy—(n+1)
k=1

Proof. We will prove it using the Abel's summation (finite version). By
choosing a, = 1,b, = Hy, we get

i
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ZHk—anH—i—Zk < k—i—l) :anH—Zkf_l:anH—n
k=1

+;k+1:anH—n—i—(HnH—l):(n—i—l)HnH—(n—i—l)

and the proof is done. O

The third lemma that we will need.

LEMMA 3. The following equality holds.

(n+1 n(n+1
Zka_)H”H_(gl)

Proof. We will prove it using the Abel’'s summation (finite version). By
choosing a, = k, b, = H; we get

n(n+1 " k(k+1 1
Zka——)HnH+Z s )(—k+1>_

k=1

:n(n+1)H+1_zn:k:n(n+1)H+1_n(n+1)

2 2 2 4
k=1

and the proof is complete. O

LEMMA 4. The following equality holds for any q and for |z| < 1

z

k+1
lim k7 (Lig(s) — 2 — ) =0
koo <l(z) ‘ (k+1)8> 0

Proof. Let us observe the expression inside the brackets

Zchrl ) Zk+2 Zk+3 Zk+4 N

(Lis(z)—z—-'-— k+ 1) = ]g+2)5+(k+3)5+(k+4)5

G



What we can realise is that every term is less than ;—k therefore, by

k+2 k+3 k+4 k k

<Z z
+“'_E+E+m

k+2r  (k+3)p (ki)

multiplying both sides by k7 and letting the limit go to infinity, we get

. Zk—f—l . k‘zk Zk:
li k9 ( Lig [ e — I O | k9. — = 1i —_—
pm (1<Z> 2 (kﬂ)s)—k;rfm RN =

and this will go to zero independently of s — ¢ — 1 because |z| < 1 and z*
goes faster to zero than any power of the form ks—4-1,

The proof is complete. O

We give our first generalization of the zeta function series.

LEMMA 5. Let Li4(z) denote the polylogarithmic function. Then the following
equality holds for |z| < 1

if(mxﬂ—z—;j—m—Z:):msﬂ@_Lg@)

k=1

Proof. We apply the Abel’'s summation formula with a;, = 1 and b, =

Lis(2) — 2 — & — ... — £ from which we get
too 2 k
z z
L _ - o —
< is(z) — 2z 5 k:3>
k=1
22 Sk Skl T okl
— lim k(L) —r— e — 2 )y S
koo ( I(2) =2 -5 B (kt 1)s> 2o (k+ 1)

Since the first term goes to zero when k£ — 400, Lemma 4 (¢ = 1), we
get

i
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+oo 2 k +oo k41
z z kz
S (w5 5) =X iy
k=1 ( 2 k k=1 (k+1)
Adding and subtracting 1 in the numerator leaves us with two sums

X Lk I Lkt

S —Z —Li,_ — Li,
; (k+ 1)s1 ; k+1yp 1(2) = Lis(2)

because of Lemma 1. The proof is complete.

In the following we give a proof of Theorem 1.

THEOREM 1. Let Lis(z) denote the polylogarithmic function. Then the fo-
llowing equality holds for |z| < 1

+o00 k Le. .
§ : Lis—1(z) — Lis— _

Hy, <Lis(2)—z—---—;s> :/ is-1(2) 11 1(zm) + zm de
k=1 0 —m

—Lis_1(2) + 2.

Proof. By using Abel’s theorem (infinite version) and choosing
ap, = Hy, by, = Lig(z) — z — --- — 2= and Lemma 2 we get

+o0 Zk
> Hy <Lis(z) —z— . — k) =
k=1

P 2kt
— kEI—Poo((k—i_ 1)Hpi — (E+1)) (Lis(z) B T M) +

“+oo
(k4 1) Hpyq — (k+ 1))z
+; (; +1)s '

Since the first term goes to zero when &k — +o0, Lemma 4 (¢ = 2), the
above equals to:

f ((k’ + 1)Hk+1 (k? + ]. k+1 Z Hk+1Z . f Zk+1
£ (k+1)° (k+ 1)1 & (h+1) 1

The second sum follows from Lemma 1. In the first sum we will rewrite
the harmonic number as an integral and interchange the sum and the inte-

<>



gral thanks to Fubini’s theorem:

too Hj 12841 X Lkt 1 _pktl
Zk 137122]{; 1)s—1 1— dm
(k)T k) g m

+
/1 2’0 mk—l—l i
0 k+151 1—m

By rewriting it as two sums, we get

PLER +00 (mz)k+1

/ Zkz 1(lc+1 T 2uk=1 AT
0 1

Using the results from the Lemma 1 leaves us with

_ /1 Lis—1(2) — 2 — (Lis—1(2m) — 2m)
0

= dm.
1—-m m

Which, when substituted above, gives us:

k

+o0 17- .

Lig— — Lig_ —
S 1y (Lis(Z)—z—...—Z>:/ b1(z) “Hhaem) +om =2,
1 ks 0 1-m

—Lis_1(2) + =.

Now we prove Corollary 1, part a).

When s = 1 it can be shown, after a long and tedious calculation, that
the following holds
k

—+00
) z z+In(1—2)
Hi | L -z = | = 1.
; k< i1(2) — 2 k1> po—] 2] <

By setting =z = ; we get b)
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When s = 2 it can be shown, similarly to the case s = 1, that c) part
holds

k

:Z:Hk (Lig(z) - ;) — _Li <Z z 1) CLi(2).

By setting z = % we arrive at d)

+o00 1\k 7_‘_2
> H, <L12 (;) - % — (21@;) =5 ~In().

In the following we give proof of Theorem 2.

THEOREM 2. Let Lis(z) denote the polylogarithmic function. Then the fo-
llowing equality holds for |z| < 1

= 22 2k 1
D kHp (Lis(2) =2 — 52 — .. — = | = = (Lic1(2) — Lis—2(2)) +
! 2s ks 4
1 /1 Lis—2(2) + Lis-1(2m) — Ly 1(2) — Ligo(2m)
2 0 1—-m

Proof. Using the Abel’'s summation with a;, = kH} and b, = Lis(2) — {5 —
... — 2= and Lemma 3 for the a;, part gives

+00 2 k
_ p AN (k(E+DHep k(k+1)
>kt <Lls<z) TET T k) - kEToo< 2 4
. 22 2 2
(=5 G )
f k(k+1D)Hygn  k(E+1)Y 28
2 1 (k+ 1)

k=1

The expression in the brackets goes to zero by Lemma 4, so we are left
with:

1SR kHpy M 18X ekt
2; (k+ 1)1 _4; (k+1)s—1

We will use Lemma 1:
+oo k,zk—H

T Lis—1(z) — Lis(2) -

k=1

<>



As we can see, the second sum is the expression above with s shifted
by —1 and multiplied by %. For the first sum, we will rewrite the harmonic
number into its integral form.

1 f k+12’ +1 1 Jff kokrl 1q_ mk+1d
—_ _— - m =
2 & (k+1)s=1 2 (k+1)5—1 0 l1—m
+oo kszrl |
[ e =

1 s kzkﬂ — Sk k(zm)*

/ =1 (k+1): =LA

2 Jo 1—

Both sums are of the form given above. Therefore, we get

1 /1 Lis_2(2) — Lis_1(2) — (Lis_a(2m) — Lis_1(2m)) im
2 0 1-m '
By incorporating this into the original equality, we get
+oo 2 k
. z z 1. .
;ka (Lls(z) —Em k) = 7 Lis-1(2) — Lis-2(2)) +
1 /1 Lis_o(2) + Lis_1(2m) — Lisz_1(2) — Lis_a(2m) im
2 0 1-m
O
By setting s = 2 it can be shown that Corollary 2 part a) holds
+oo k
. (2)* (2)"\ _1ln(l-2) 1. 2
;ka <L12(z) Pty T T )T L1 —|—2L12 po +

By setting z = ; we arrive at part b)
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i(m(z) ).

Our significant result in this paper is given in the following theorem. The
next theorem will use all the previous results.

THEOREM 3. Let Lis(z) denote the polylogarithmic function. Then the fo-
llowing equality holds for |z| < 1

400 2 k
z z
H? (Lig(z) —2— = — .- ) =

/1 fl Lis—1)(2)—z—(Li(s—1) (2t)— zt)dt fol Li(s_l)(zm)—zm—(Li(s_l)(zmr)—zmr)d
0

r

1— 1—
0 t T dm
1—-m

L Lig, — 2z — (Ligg —
_/ i )(z) z—( i )(zm) zm) -
0 1— m
1 . o . o
5 (/ Lis_1(z) — Lis—1(2m) + z2m Z Li, 1(2) + z) '
0 1 —m
Proof. We will use Abel’'s summation method, choosing
ap = Hy, by = Hy, (Lis(z) —2—&— .- ;—k) with Lemma 2, we will use
the following notation to minimize the clutter in the formulas, let us call
Sy, = Lis(z) — z — & — ... — 2.. By evaluating by — by1 we get
H k+1 S k+1
b — bg1 = b2 k &

k+1p (kD) krperU
By using Abel’s summation we get

lim ((k+1)Hyg1 — (k+1)) Hps 1,41+

k—4o0
+oo szk—i-l S Skl
k+1)Hp — (k+1 —

The expression in the limit goes to zero by Lemma 4. We are left with
the sum

oo 1 oo k41
Hk+1HkZ z ket HkJrl sz
SipH — —_
I e e WL S L ==

<>



+§ +§ kA1
S — s
k=1 k=1 (k+1)

We know the third term from the proof of Theorem 1, the fifth term from
Lemma 5 and the sixth term from Lemma 1. Let us focus on the second
one, sz‘{ Hy.1Sk. This is a separate problem we must deal with. So let
us write

+o00 00 1 —+o0 + Sk
S HeaSe=Y (Hk+ k+1> Sk=" HpSk+)Y_ T
k=1 k=1 k=1 k=1

The first term is known from Theorem 1, but the second one is not, so
we will use again Abel’'s summation method choosing a; = k%q,bk = S.
We get

+oo 1 +oo 1 +o0o 1
k+ SR+ Hk+1 B k+

lim
k—+o0

(Hk—i-l—l)sk—i-l"‘z (Hpp1 — 1) (;Jril)s = ; k1) Z (kZ+ 1)s

k=1 k=1

The first sum is from the proof of Theorem 1 while the second one is
from Lemma 1; therefore, the original second sum is done. Let us deal
with the fourth sum:

+oo k+1 too k+1
Hyz 1 1 z
_— H — =
kzzl (k+ 1)1 kzzl ( FT R ke 1) (k+ 1)1

+oo k+1 +oo k41
Hp 12 +

2 (k+ 1)1 -2 (k+1)s

k=1 k=1

The first sum is from the proof of Theorem 1 while the second one is
from Lemma 1. Therefore, the fourth sum is done. Let us focus on the first
one.

1 1
io Hk+1Hka+1 ¢ Hya (Hk R k+1>

(k11— (k+ 1)1 -
f Hp 2 B Jio U H
(k4 1)s—1 (k+1)

k=1 k=1

k=1

<>
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The second one is from the proof of Theorem 1, but we need to dig
further for the first one

+ +
f HE M 2’0 Hj 120 /1 1— mkHdm B
-1 s—1 _ -
— (k+1)s — (k+1) o l—m
1 +OO Hk+1zk+1 _ +OO Hk+1(m2)k+1
/ k=1 (k1) b=l (D
0 1 —m

The second term is the same as in Theorem 1 when taking z as zm;
therefore, the result follows.

_ d
(k+ 1)1 0 1—r "

f Hy 1 (zm)kt! /1 Lis_1(zm) — zm — (Lis—1(zmr) — zmr)
k=1

While the first one we have directly from the proof of Theorem 1

 Hyp1H /1 Lis1)(2) — 2 — (Ligy(2t) — 21)
0

s—1 = _
P k:+1 1-—1¢

Therefore, by putting all together, we obtain

oo k+1
Hk_HHkZ 1Hk:+1 Hyz
SiH. A
; (k+151 Z k k+1+z k+1 Z(k+1)s—1+
+00 H2 k+1 —+00 k+ Hk+1

I k1
S = kil - H,S
Z’“ Zk+1)s ;(k-ﬁ-)_ ;( (Z’“H
f Zk+1Hk+1 B Ji SR+l N +oo Skl Hp1 B Z Hyi1z k+1 -
~ ) D)) T Ry <k+1>8*1
+00 k+

> ) R L

k=

We can see that four of the terms will cancel themselves; then we plug
the polylogarithm expressions we have got and establish the equality.

—+00
¥:r: (Lis(z) - % B Z) -
k=1

<>



-
dm

1 Ligs—1y(2)—z—(Li(s—1)(2t)—2t) 1 Li(s—1)(zm)—2zm—(Li(s—_1)(zmr)—zmr
/1 fo (s=1) 1(—t( ) ( dt — fO (s—v(2m) 1(_r( ) (zmr) ) d
0 1 —m
'Ligg)(2) — 2 — (Li(s) (2m) — zm)
_/0 1-m

5 /1 Lis_1(2) — Lis_1(2m) 4+ zm — z
0 ]. —m

dm—

dm — Lis_1(2) + z) )
And the proof is done. O

By setting s=1 in theorem 3 we arrive at Corollary 3 part a)

22 Zk
ZHk, (Lll _Z_ﬁ _k>:

B 4z+1n(1 —2)(4+1In(1 - 2)) — 2z Lia (=

)
2(z—1) '

By setting z = % we arrive at part b) of Corollary 3
+o00 142 1\k
o (o (LY oG G s
;Hk (Ll(l) <2 B B 2 2+ 12 —Hn ( ) 111(16).

Some examples of series

The usage of the previously derived theorems will be displayed in the
following examples. Equipped with the series in a closed form we have de-
rived, we can get many series via incorporating the values from the domain
which is |z| < 1. By letting z = \/52‘1 in Corollary 1 part c), Corollary 2 part
a) and Corollary 3 part a) we get, respectively

= C(VE-1\ V5-1 (V5L
;Hk <L12< 2 ) — 2 — .. — 22 ) =

10“2< >““< )

R C(VE-1Y V51 (S*
;ka (ng < 9 ) 9 22 — ... 22 > =

o
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1-VEH (VBT In (53 —V5)) +2(v5 —3)csch ' (2)*

4(v/5 - 3) 20
+oo . \/5_1 \/5_1 (\/5—1)2 (\/5—1)19
;H,f(hl( 5 )- R =

_ 10(\;_3) ((\/5— a2 — 20 + 20\@) +

V5 -3

More interesting sums can be obtained incorporating in the value z =
3—v5
2.

Lt (m <;(47 — 21%5)) + cosh™! @)2 +(V5-1) csch1(2)2)

By setting z = % in Corollary 1 part c), Corollary 2 part a) and Corol-
lary 3 part a), we get, respectively

2 C(3-vB\ 3-5 (3505
;Hk (le < 9 ) - 9 — .. — 22 ) =

_ 7L2 _ lcsch_l(Q) (2 + csch_1(2))
15 2
ka P EESE) B ERCH )
k 2 2 2 ]{72
k=1
1 .

(2 —2V5 + (1+ \/5) Sinhfl(Q) + CSChfl(Q)(E) +v5+ 4csch*1(2))) ~30
-~ . (3-V3\ 3-5 3=V/5)k
ZH13<L12< 5 >— 5 —...—(22)>:
k=1

((\/5 )2+ 15(2(v5 — 1) — 2(1 + v/B) esch L (2) + csch*1(2)2)> .

16

1
30
The numerical values of Li, at the points z = ¥5-1 _¥5=1 _ 1445 cgn

be found here (Lewin, 1981). Many more series can be obtained by sub-
stituting different values.

T



Conclusions

1. To assure the accuracy of the results, we verified all the numerical
series identities through Wolfram Alpha.

2. Further questions can be asked regarding the sums with harmonic
numbers of an arbitrary order as to, whether it is possible to find more of
them of the form H% for some fixed k.

3. In this paper, we generalized the results given in (Furdui, 2016) as the
polylogarithm is a generalization of the zeta function since Lis(1) = ((s).
We can obtain many more series by varying the two parameters z and s.
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