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Abstract:

Introduction/purpose: The aim of this paper is to present the concept of
b(a,.,3,)-hypermetric spaces.

Methods: Conventional theoretical methods of functional analysis.
Results: This study presents the initial results on the topic of b, .-
hypermetric spaces. In the first part, we generalize an n-dimensional
(n > 2) hypermetric distance over an arbitrary non-empty set X. The
b(a.,,,..)-hyperdistance function is defined in any way we like, the only
constraint being the simultaneous satisfaction of the three properties, viz,
non-negativity and positive-definiteness, symmetry and («.,,, 3, )-triangle
inequality. In the second part, we discuss the concept of (a,, ,)-
completeness, with respect to this b, g, )-hypermetric, and the fixed
point theorem which plays an important role in applied mathematics in a
variety of fields.

Conclusion: With proper generalisations, it is possible to formulate

<>


https://orcid.org/0000-0003-4200-6892
https://orcid.org/0000-0002-3057-9784
https://orcid.org/0000-0001-6206-3961
https://orcid.org/0000-0001-8254-6688
https://doi.org/10.5937/vojtehg70-35303

well-known results of classical metric spaces to the case of b, s~
hypermetric spaces.

Key words: b, s,.)-hypermetric spaces, G-metric, fixed point.

Introduction

In human effort to describe the surrounding world, the concept of dis-
tance has long been fundamental. Our intuitive understanding of distance
as an exact value may however differ from its mathematical definition and
its properties. If one is to include the measurement error, encountered in
real life attempt to measure the distance between two objects, the distance
will be defined as an interval. This is, for example, where we may come
across a set-valued distance function. This approach will in fact be our
main motivation for presenting a generalized concept of the distance as a
set-valued function in this paper.

The notion of 2-metric spaces, as a possible generalization of metric
spaces, was introduced by Gahler (Gahler, 1963). The 2-metric d(x, y, z)
is a function of three variables, and Gahler geometrically interpreted it as
an area of triangle with vertices at = , y and z respectively.

B. C. Dhage, in his PhD thesis (1992), introduced the notion of D-metric
(Dhage et al, 2000) spaces that generalize metric spaces. However, most
of the claims concerning the fundamental topological properties of D-metric
spaces are incorrect, as shown in 2003 by Mustafa and Sims (Mustafa &
Sims, 2003). This led them to introduce the notion of G-metric spaces
(Mustafa & Sims, 2006), as a generalization of the metric spaces. In this
type of spaces, a non-negative real number is assigned to every triplet of
elements.

The G-metric spaces were generalized to universal metrics by Dehghan
Nezhad et al, in a series of papers (Dehghan Nezhad & Aral, 2011; De-
hghan Nezhad & Khajuee, 2013; Dehghan Nezhad et al, 2017; Dehghan
Nezhad et al, 2021; Dehghan Nezhad & Mazaheri, 2010). The interpre-
tation of the perimeter of a triangle is applied, but this time on G-metric
spaces. Since then, many authors have obtained fixed point results for G-
metric spaces.

In an attempt to generalize the notion of a G-metric space to more than
three variables, Khan first introduced the notion of a K-metric, and later the
notion of a generalized n-metric space( for any n > 2) (Khan, 2012, 2014),
in 1975. He also proved the common fixed point theorem for such spaces.
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Bakhtin (Bakhtin, 1989) and Czerwik (Czerwik, 1993) generalized the
structure of metric space by weakening the triangle inequality and called it
the b-metric space. In 2017, Kamran et al. (Kamran et al, 2017) introduced
the concept of extended b-metric space by further weakening the triangle
inequality. For more details also see (Agarwal et al, 2015; Debnath et al,
2021; Kirk & Shahzad, 2014; Todorcevic, 2019). Also, for a broader per-
spective on extended b-metric spaces, dislocated b-metric spaces, rectan-
gular b-metric spaces, b-metric like spaces, and applications see (Younis
et al, 2021a,b,c; Younis & Singh, 2021).

The main purpose of this paper is a generalization of universal metric
spaces into b, 3,)-hypermetric spaces of the n-dimension.

REMARK 1. An ordered ring is a (usually commutative) ring R with a total
order < such that for all a, b, and c in R:

i)ifa <b,thena+c=<b+c

ii)if0 <aand 0 <b,then0 < a-b.

We denote R a set of non-negative elements of R, namely Rt := {g €
R:0=<g}.

The concept of a b-metric space is initiated by Bakhtin (Bakhtin, 1989)
and later used by Czerwick (Czerwik, 1993).

DEFINITION 1. (Czerwik, 1993) Let X be a non-empty setand d, : X x X —
[0, +00) be a function satisfying the following conditions:

(b1) dy(x,y) =0 ifand only if z = y,
(b2) dy(x,y) = dy(y, ), for all z,y,z € X,
(b3) dy(x,y) < s(dp(x,2) + dp(2,y)) forall x,y,z € X, where s = 1.

The function dy is called a b-metric and the pair (X, dy) is called a b-
metric space.

EXAMPLE 1. (Berinde, 1993) Let X = [,[0,1] be the space of all real

functions ¢(t) with ¢t € [0, 1] such that fol lp(t)|P < oo with 0 < p < 1.
Define d, : X x X — [0, +00) as:

do(9,¢) = </01 |p(t) — (t) ypdt)

Therefore, (X, d;) is a b-metric space with s = 25,
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REMARK 2. (Czerwik, 1993) The class of the b-metric space is larger than
the class of the metric space. When s = 1, the concept of the b-metric
space coincides with the concept of the metric space.

In the following we recall the definition of the extended b-metric space.

DEFINITION 2. (Kamran et al, 2017) Let X be a non-empty set and r : X x
X — [1,+00). A function d, : X x X — [0,400) is called an extended
b-metric if for all x,y, z € X it satisfies the following conditions:

(b1) d.(x,y) =0ifand only if x =y,

(b2) dr(x7 y) = dr(ya Jj);

(b3) dr(x,y) < r(x,y)(dr(z,2) + dr(2,9))-

The pair (X,d,) is called the extended b-metric space.

Main results

The goal of this section is to describe a few properties and the results
of the b(,, 3,)-hypermetric spaces of the dimension n.

b(a,,3.,)-NyPErMetric spaces of the dimension »

Now we first recall and introduce some notation. For n > 2, let X"
denote the n-times Cartesian product X x ... x X and R be an ordered
—_———
n—times
ring. Let P*(R) denote the family of all non-empty subsets of R. We begin
with the following definition.

DEFINITION 3. Let X be a non-empty set and «,, [, : X" — [1,4+0).
Let Uy, 5,) : X® — P*(R") be a function that satisfies the following
conditions:

(U1) U(a"ﬂ")(ml, Ce ,.%'n) = {0}, if.%'l = ... = XTnp,
(U2) U, gy (71, 20) 2 {0}, for all xq, ..., z, with z; # z;, for some
iaj € {L"'an};

(U3) Ua, gy (@15 s 2n) = U, p)(@r,s - 7r,), for every permuta-
tion (71'(1), ,W(n)) Of(l,?, ...7n),

(U4) [U(a"ﬁ”)(xl, Ty yTp—1, xn_l) Q U(a7W37L)(x1, T2y vy Tp—1, .’I}n), for

all z1,...,z, € X,
(210
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(US) Ua, gy (71, T2, -, o0) € an(z1, 72, ...y 20) - Ugg, 8,y (21,0 ..., a)
+ Bu(x1, 72, .. s Tn) - Ugq, gy (@, T2, o), forall zq, ... xn,a € X,

Let A; be the subsets of X, (i = 1,...,n), forany D, D’ € P*(R*) and
a € RT. We define

[U(amﬁn)(Alv"'aAn) = U{Un(l‘l,. . .,.Cl:n) ‘ i €A, i=1,... ,n},

D+D ={d+d|deD,d eD}anda-D={a-d|de D,acR"}.

We shall use the following abbreviated notation: The function U, is
called an ordered b(,,, g,)-hypermetric ring of the dimension n, or more
specifically a b, g,)-hypermetric on X. The pair (X,U,) is called an
b(a,.,8,)-Nypermetric space.

For example, we can place R = Z9 or R}, where Z% := NU {0} =
{0,1,2,...} and RY := [0, +00). In the sequel, for simplicity we assume

that RT™ = Ri. The following useful properties of a b,-hypermetric are
easily derived from the axioms.

REMARK 3. If a, (21,22, ...,2n) = Bu(z1,22,...,2,) = cforc>1and n =
1, then we obtain the definition of a b-metric space (Czerwik, 1993). It is
clear that for ¢ = 1, this b-metric becomes a usual metric.

PRoPOSITION 1. (Example) Let X = [0,1] and aa, B2 : X X X — [1,+00),

with co(x,y) =1+ ﬁ,ﬁg(x,y) =1+ $3_y. Define

Fu,p 1 X x X — P*(RY)
with,

1, 25) ;owye (0], x#y
Flas ) (2,9) = ¢ {0} ;oz,y€f01], z=y
Flass)(¥2) = [1,3) 3 y=0,2z€(0,1]
and also assume A+ B = AU B, forall A,B C P(RY}). Then (X,F(,, s,))
Is a b, s,)-hypermetric space.

Proof. 1t is sufficient to show that F,, 5, is satisfied in all properties
(U1),(U2),...,(U5) . The proofs of (U1),...,(U4), follow immediately
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from the definition of F,,, 5,). We only need to show thatF,, 5,) is satisfied
in

F(ag,ﬁg)(xa y) C aQ(:’Ua y)'F(ag,Bz)(J:a Z) + ,82($, y)']F(a2,62)(Z’ y)a VIE, Y,z € X.
We distinguish the following cases:

(i) Let z,y € (0,1] For z € (0,1], we have
F(QQ,BQ)(x7y) g QQ(I, y)‘]F(OtQ,Bz)(x’ Z) + /62(m7y)']F(a2,52)(Z’y) If and

only if

[17 xly) g (12 + x—}ry)[o, 1) 1+ (1 + F5)0,5;) if and only if
if and onIy if [1, xi) C (ﬁgf)[o, v)ifand only if 2 <2+ +y.

If = = 0, then Fla, ) (,y) € ao(w,y)Fia,ps,)(x,0) +

B2(7,y) . F(a,,8,)(0,9)

if and only if [1, i) C(1+ ﬁy)[o D+ (+ m)[ ) if and only if
[1,25) S

(1 52.)((0, 1)+ (0, 1)) fand only f[1, 1) C (422 =)
ifandonlyif2 <2+ 2 +y.

T+y T T+y ’xy
(i) Forz € (0,1 and y = 0, let z € (0, 1],
F(as,8,)(7,0) € aa(z,0).F(qo, g,) (2, 2) + Ba(,0).F(q, g,)(2,0) if and only
if
[1,1) € (B3)[0, 35) + ()0, 1) ifand only if [1, ) € (2££)([0, ) +
[0,1))ifand onlyif [1, 1) C (£t )[0 ztl)ifand only if 2z < (z+1)(z +
2).

(iii) Let x,y € [0,1], = = y. Obviously, F(,, g,) is satisfied in (U5).

Hence (X, F(q4,,)) IS @ b(a, 5,)-hypermetric space. O

PROPOSITION 2. Let (X, Uy, 3,)) be a b, s, -hypermetric space, then for
any xi1, ..., zn,a € X it follows that:

(1) IfU an,ﬁn)(xl’ oy xpn) = {0}, thenzqy = ... = x,,

(2) Ut 5,) (@15 2n) D705 U, 8,y (@15 e 71, 75),
(3) Uta,, ) (@1, s 2n) € 3701 U, 5. (25, @, oy 0),

(4) U(%“m)(:cl,xg, ey 2) € (0 — l)U(a”ﬁ")(xl, ey T1,X2).

PrRoPosITION 3. Let (X,U(,, 5,)) be a b, 3, -hypermetric space, then
{O} - [U(Dln,,@n)(w17 ,l‘n) for all Ti,...,Tn € X.

Cm
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Proof. By condition (U4) of the definition of a b, 3,)-hypermetric space,
we have

{0} = U(%ﬂ")(:vl, ...,l‘l) - U(an,ﬁn)(xla ,:L‘n)
[

PROPOSITION 4. Every b, g,)-hypermetric space (X,U,, g,)) defines a
b(as,3,)-hypermetric space (X, U, 3,)) as follows:

[U(ozz,,b’g)(xa y) = U(an,ﬂn)(wv Yy ... 7y) + U(a,“,B,L)(y? Tyonny JJ);VJ}, (TS X.

Proof. Note that (U1),...,(U4) trivially hold. We only need to show that
Ula,,5,) is satisfied in

U(ag,ﬁz)(m7y) - a2(x7y)'U(a2,[32)<$7 Z) + 62(.’1],y).U(a2752)(Z,y),vaﬁ, Y,z € X.

By setting
ag(z,y) = max{an(z,y,....,y), an(y, z, ..., z)}
and
/82(.'137 y) = ma’x{/@n(w7 y7 cey y)? /Bn(ya .T7 ey .’IZ’)}
This completes the proof. O

PROPOSITION 5. Let e be an arbitrary positive real number, and (X, d) be a
metric space. We define an induced b, s, -hypermetric

. * (0
?062752) X x X — P*(RY)

(d(z,y) —e,d(z,y) +e) U{0}; = #y,d(z,y) > e
Ule, )@ ) = (d(z,y) —e,d(z,y) +¢) NRY; z#y,d(z,y) <e
{0}; x=yord(z,y) =e.

Then (X, Ufaz’ 52)) Is a by, p,)-hypermetric space.

Quotient b, 5 )-hypermetric space

Let (X, U(q,,8,)) b€ @b, g, -hypermetric space and X be a partition of
X. For each point p € X, we denote p a point in X containing p, and we
denote the equivalent relation induced by the relation by ~.

>



DEFINITION 4. Let (X,U,, 5,)) be a by, s,)-hypermetric space. Let
pi,...,pn € X, and consider pi,....p, € X. A quotient b, s.)-
hypermetric of points of X induced by U, 3,) is the function

@(amﬁn) : )A(:n — P*(Rg_)
given by N
U(an,ﬁn)(ﬁla v 7571) - ﬂ U(amgn)(pl, e ,pn).
Pi€Di
PROPOSITION 6. The quotient b, s, -hypermetric induced by U, 3. IS
well defined and is a b, 5, -hypermetric on X.

Proof. I[Nj(a"ﬁ") is satisfied in all properties (U1), till (U4),

Ua,,8.) @015+ 5Pn) € U, 3,150, -+ 9) + Uga,, 3.)(@, D2, - - -, Dn)

ﬂ U(%ﬁn)(pl’ .yDn) C
p;€P;
ﬂ <U(Oén,ﬁn)(pl7 G- ,Q) + U(“mﬁﬂ)(Qava cee ,pn)>
p;eP;
q€q

= ﬂ U(an,ﬁ")(pla q,... 7q) + ﬂ U(an,ﬁn)(Qaan s 7pn>
PiEﬁi pieﬁi
q€q q€q

= ﬂ <U(an,gn)(p1,q,---,q)+U(an,5n)(q,p2,---,pn)>.
pieﬁi
q€q

O

Let (X, U, 3.)) be a b, s, -hypermetric space of a dimension n >
2. For any arbitrary a in X, define the function Uy, , 5, ,) on X" ! by
U(a'rL—ly/B'nfl)(xl’ ce ,1'“_1) = U(amﬁ”)(xl, ey -1, a).
Then we have the following result.
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PROPOSITION 7. The function U, , s, ,) define a b, , g, ,)-hypermetric
on X.

Proof. We will verify that U, , 3, ,) satisfies the five properties of a
b -hypermetric. O

an—176n—1)

PRoPOSITION 8. Let IT : X — Y be an injection from a set X to a set
Y. fUpq,p5,) : Y" = P*RY) is a b, g, -hypermetric on the set Y.
Then U, g,) : X" = P*(RY}), given by the formula U,,, g.y(x1,...,2s) =

U(anﬁn)(ﬂ(ml),...,H(a:n)) forall x1,...,2, € X, is a b(a,3,)-hypPErMetric
on the set X.

PROPOSITION 9. Let (X, U, 3,)) be any b, g, -hypermetric space and

n

A € RY. Then (X, U(Aan 5,)) is also a b, ,)-hypermetric space where
U?an,ﬁn)(‘rl’ sy ) = {AN[0,N)|A € Uy, g,y (15, 70) }-

So, on the same X many intances of the b, g, -hypermetric can be
defined, as a result of which the same set X is endowed with different
metric structures. Another structure in the next proposition is useful for
scaling the b, 3,)-hypermetric, so we need the following explanation.

For any non-empty subset A of R?, and A € Rt we define aset \- A to
beX-A:={X-alac A}

ProposITION 10. Let (X,U,, 3,)) be any b, s, -hypermetric space.
Let A be any positive real number. We define [Uf\an Bn)(xl’ cey ) =

AU, 8.) (1, sz0).  Then (X, U(Aamﬂn))is also a b, g, -hypermetric
space.

A sequence {z,,} ina b, 3, -hypermetric space (X, U, 3,)) is said to
converge to a point s in X, if for any € > 0 there exists a natural number N
such that for every my,...,m, 1 > N

U(an,ﬁn)(‘rm17 sy xmn71 ) S) g [07 6)7

then we shall write

lim U(an,ﬁn)(mmﬁ s Ty, s S) = {O}

M yeeeyMyy —1 —>400
()



We shall say that a sequence {z,,} has a cluster point x if there exists
a subsequence {x,,, } of {z,,} that converges to x.

PrRoPOSITION 11.Let (X,U,, 45,)) and (X', U(am 5.)) be two b, 5.
hypermetric spaces. Then a function T : X — X' is b, g,)-continuous
atapointz € X, ifand only ifitis b,, g, -sequentially continuous at x; that
is, whenever sequence {x,,} is b, g,)-convergent to x one has {T(z.,)}
is Ua, p,)-convergent to T'(z).

DEFINITION 5. Let (X, Uy, 3,)) be @b, g, -hypermetric space, and A C X.
The set Aisb(,, s,)-compact if for every b, g,\-sequence {x,, } in A, there
exists a subsequence {xy, } of {x,,} such that b, s, -convergences to

some xg € A.

PROPOSITION 12. Let (XU, 5,)) and (XU, ) be two b, g,)-
hypermetric spaces and T' : X — X' a b(,, g,)-continuous function on
X. If X is b, g, -compact, then T'(X) is b, g,)-compact.

DEFINITION 6. Let (X,U(,, g,.)) be a b, 3,)-hypermetric space, then for
zg € X, r >0, the b, g,)-hyperball with the centre x, and the radius r is

BU((,(HYBH)(J:O’T) = {y € X: U(an,ﬂn,)(xO)y) )y) g [O’T)}

PROPOSITION 13. Let (X, Uy, ,)) be a b, g, -hypermetric space, then for
o€ X, r >0,

(i) fU(q, g,) (0, 22, .., ) C [0,7), then xa, ..., x, € By, ,. (zo,7),

(i) If y € By,.,, , ,(xo,7), then there exists, 6 > 0 such that By, , (y,0) C
BU(anﬁ,,,>(x0’ T‘).

PROPOSITION 14. The set of all U, 3,)-balls, B, = {Buy,,, , (7,7) : x €
X,r > 0}, forms a basis for a topology T (U, 5,)) on X.

n

DEFINITION 7. Let (X,U(q, 3.)) be a b, s,)-hypermetric space. The se-
quence {z,} C X is b, 3,-convergent to z if it b, g, -converges to x in
the b, s,)-hypermetric topology, T (U, 3.))-

PROPOSITION 15. Let (X, U, 3,)) be a b, ,)-hypermetric space. Then

n

for a sequence {z,,} C X, and a point z € X the following are equivalent:
(1) {zm} is Ua, g,)-convergent to z,

G
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(2) Ua, 8,)(@ms s T, ) — 0, @and
(3) U(%ﬁ")(aﬁm,x, ceyx) = 0.

DEFINITION 8. Let (X,U(q, 6,)), (Y;V(a, 8,.)) be universal hypermetric
spaces of the dimensions n and m respectively; a functionT : X — Y is
D(aun,B.),(m 3. ) -CONtINUOUS at the point zy € X, ifT—l(BV(amﬂm) (T(z0),7)) €
T(Uy), forall r > 0.

We say [ is b, 8,),(am,8..)-CONtINUOUS If it iS by, 3. (am,5,.)-CONtINUOUS

at all points of X; that is, continuous as a function from X with the
T (Uta,, 3.))-topology to Y with the T (V 4, 5,.))-topology.

In the sequel, for simplicity we have assumed that n = m. Since b, g,)-
hypermetric topologies are metric topologies, we have:

DEFINITION 9. Let (X, U, 3,)) and (Y, V,, 3.)) be two b, 3. \-hypermetric
spaces and T : (X,U(,, 5,)) — (Y,V(a,z,)) be a function. The func-

tion f is called b, g, -continuous at a p"oint a € X if and only If,
for given ¢ > 0, there exists 6 > 0 such that x1,...,2,1 € X
and the subset relation U, g.)(a,21,...,2,—1) € [0,0) implies that

Vians)(T(a), T(z1),...,T(xn-1)) € [0,¢).

A function f is b, g,)-continuous on X if and only if it is b, g,)-
continuous at all a € X

PRoPOsITION 16. Let (X, U, 3.)): (Y:V(a,3.)) b€ b, s, -hypermetric
spaces, a function T : X — Y is b, g,)-continuous at point x € X if
and only if it is b, 3,)-Sequentially continuous at x; that is, whenever the
{xn} is b, 5,)-convergent to x we have (T(zy)) is b, ,)-convergent to

T(x). '

PROPOSITION 17. Let (X, U, 3,)) be a b, s,)-hypermetric space. Then
the function
Ua, 8.)(21, 22, ..., 2n) IS jointly b, .)-continuous in all n of its variables.

DEFINITION 10.A map T : X — Y between b, 3, -hypermetric
spaces (X,U, ,) and (Y,U, ,,) is an iso-hypermetric when

anw
U, 8.) (@150 Tn) = U(an 5n)(T(x1), vy T'(zy)) forall xy,. .. ,z, € X. Ifthe
i$0-b(q, s, -hypermetric is injective, we call it iso-b,, s,\-hypermetric em-

&>



bedding. A bijective iso-b,,, s, -hypermetric is called a b, g, -hypermetric
isomorphism.

Fixed Point Theorem in b, 5 )-hypermetric spaces

In a b, s,)-hypermetric space, the concepts of basic topological no-
tions, such as: b, g,)-Cauchy sequence, b, s, -convergent sequence
and b(,,, s,)-complete b, s,.)-hypermetric space can be easily adopted as
shown below. We discuss about the concept of b, g,)-completeness of
b(a,.,.)-Nypermetric spaces.

DEFINITION 11. Let (X, U(q, ,)) bé a b, 3, -hypermetric space, then a se-

quence {r,,} C X is called b, 3 \-Cauchy if for every ¢ > 0, there exists
N € Nsuch that U, 5,)(Tm,s Tmys -+, Tm, ) < € for all my, ma, ...,mp > N.

The next proposition follows directly from the definitions.

PROPOSITION 18. In a b, 3,)-hypermetric space, (X,U,, g,)), the follow-
ing are equivalent.

(i) The sequence {xy,} is b, 3,)-Cauchy.

(ii) Forevery e > 0, there exists N € N suchthat U, 5 \(%1, Tm; ..., Tm) <
g, foralll,m > N.

(i) {xm } is @ Cauchy sequence in the metric space (X, dy,,, , ,)-

COROLLARY 1. (i) Every b, s, -convergent sequence in a by, 3"
hypermetric space is b, ,)-Cauchy.

(i) If a b, s,)-Cauchy sequence in a b, g, -hypermetric space
(X,U(a,,3,)) contains a b, 3, -convergent subsequence, then the se-

n

quence itself is b, 3,)-convergent.

DEFINITION 12. A b, 3,)-hypermetric space (X, U, 3.)) is called b, 3 )-
complete if every b, 3, -Cauchy sequence in (X,Uq,, 3,.)) IS b, 8.)-
convergent in (X, U, g,))-

PROPOSITION 19. A b, 3,)-hypermetric space (X,U, 3.)) IS b, 8,)"

n

complete if and only if (X, dy,, , ) is a complete metric space.

DEFINITION 13. Let (X,U,, 3,)) and (Y, U(an 5. be two b, g -
hypermetric spaces. A function f : X — Y is called a b,,, g,)-contraction

G
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if there exists a constant k € [0,1) such that U, (f(x1), .o, fzn)) =
(an,Bn)
k‘U(amﬁn)(ZL‘l, woxy) forall zy, ... x, € X.

It follows that f is b(,, s,)-continuous because; U, 3.)(71, .., Tn)

n

[0,0) with & # 0 and ¢ := ¢/k implies U(an,,an)(f(l’l)v oy f)) C [0, €).

N

THEOREM 1. Let (X, U, 3,)) be @b, g, -complete space andletT : X —
X be ab,, ,)-contraction map. Then T has a unique fixed point T'(z) = x.

Proof. We consider z,,+1 = T'(z,,), with 2y being any point in X. By re-
peated use of the («a,, 8,)-rectangle inequality and the application of the
contraction property, we obtain

U(an,ﬁn)(xﬂu Tl Tma1) C kmU(an’ﬁn)(xo, Tiy...,T1)

for all m, s; € Nwhichm < s; and k£ € [0,1). It follows from the above that

U(amﬁn)(.f[?m, Tsyy.o- 7x81) - FlU(an,ﬁn)(xma Tm41y- -5 Tmt1

+2U(q,, 8,) (Tmt 1, Tmt2, - - 5 T2

+... .+ Fsl—mU(amBn)(x&—la Lsyye-vsLs,

)
)
+F3U(an75n)(xm+2, Tin43y -+ Tm+3)
)
CT(E™+ k™ 4+ ksl_l)U(anﬂn)(l‘o, Tly...,T1)

k™M1 — ksimm
= F(l_k)U(amB”)(xo, Tlyeo- ,xl)
where I'; = ap (T, sy, - -+, Ts, ),
Ty = Bn(Tm, Tsyy -3 Tsy) - Ty Tt 1y« + 5 Tl )y o

and I' = max{I'y, 'y, ..., _p,} for all ,,, ..., x5, € By, , (zo,7).

Then we have

lim U(amﬁn)(ﬂjma Lgysee :Esl) = {0}

m,81 — +00
since
k(1 — k5™
lim  pAL R

m, sy — 400 1—-k

Ula, ) (0, 1, - . 21) = {0}.
Form < s; <s9 € Nand (U5) it implies that

Ul ) (Tms Toys Ty -+ Tsy) C

G



(T, Ty Tsy 5 Ty ) Ui, 8,) (Tms Ty -5 Ts,)

+Bn (T, sy, T,y - - - ,3352)U(amﬁn)(xsl,x52, cey Tsy),

now taking a limit as m, sy, ss — +00, we get
U, ) (Tms Ty Tsy - -, Ts,) — {0}
Now form < s; < sy < ... <s,_1 € N, we will have
U, 8.)(@ms Tsys - Ts, ) = {0};  whenever, m,s1,...,8,-1 — +00,

then {z,,} is a Cauchy sequence. By completeness of (X,U,, 3,)), there
exists @ € X such that {z,} is b, g,)-convergent to a. It follows that the

n

limit z,,, is a fixed point of T" following the b, g,)-continuity of 7', and

n

Ta=T lim z,= lm Tz,= lim =z, =a.
m—+00 m—+00 m—+00

Finally, if a and b are two fixed points, then

{0} C Ui, 5. (@b, ..., b) = U(QTLﬁTL)(T(a),T(b),...,T(b))
C kUi, 5, (@b,...,b).

We conclude from k < 1 that U, (a,b,...,b) = {0}. Consequently, a = b
and the fixed point is unique. O

Conclusion

The objective of this paper is to bring about the study of b, 3.)-
hypermetric spaces and to introduce certain fixed point results of mappings
in the setting of b, 3,)-hypermetric spaces. This study presents the ini-
tial results in this topic and more refined results can be derived in the near
future. Also in the future, we will consider engineering applications of the
considered topic.
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MHOM NOAXo[ K bian,8.)-TUNEPMETPUYECKNM
NMPOCTPAHCTBAM

Ak6ap [exrxaH Heaxan?, Hukona MVIpKOBﬁ,

BecHa Tonop4yeBuy®, CmosiH PaneHoBuy"

@ NpaHCKUA YHMBEPCUTET Hayku M TEXHOMOrUA, MaTemaTU4ecKuii
dakyneteT, Hapmak, r. TerepaH, Vcnamckas Pecnybnuka WpaH,
KOPpPeCcnoHAeHT

6 Benrpagckun yHuBepcuteT, WHCTUTYT sgepHbIX uMCcnegoBaHWUi
«BuHya» - VHCTMTYT HauuoHamnbHOro 3HayeHusi anst Pecny6nuku
Cepbus, . benrpag, Pecnybnuka Cepbus

® Benrpagckuii yHUBEpCUTET, hakynbsTeT OpraH3aLMOHHbIX HayK,

r. benrpap, Pecnybnuka Cep6bus

" Benrpaackuin yHUBEPCUTET, MaLLMHOCTPOUTENbHbIN haKyrbTeT,

r. benrpap, Pecnybnuka Cepbus

PYBPUKA TPHTWU: 27.00.00 MATEMATUKA;
27.25.17 MeTtpuyeckas Teopust yHKLMN,
27.39.15 JInHenHble NnpocTpaHCcTBa,
cHabxeHHble Tononornen, NopsaKom
M ApYrMMn CTpyKTypammu
BWL CTATbW: opurnHanbHas Hay4Hasi ctTaTbsi

Pesrome:

BsedeHue/uenb: Llenbto daHHOU cmambu sierisemcsi npedcmas-
JleHUe KOHUenuyuu b )-eunepMempu4ecKux rMpocmpaHcme.

an,Bn

Memodbi: B cmambe rnpumMeHeHbl KOHBEHUUOHarbHbIE meope-
mu4deckue memoObl (hyHKUUOHaIbHO20 aHanu3a.

Pesynsmamebi: B cmambe npedcmasneHbl UHUYUalbHbIE
pesynbmamsi 6 obracmu b, s, )-2UunepMempuyeckux Mpo-
cmpaHcme. B nepeol yacmu o6obuwaemcsi n-mepHoe (n > 2)
2urnepmempu4yecKoe paccmosiHue Ha rpou3eosIbHOM HEMyCmom
MHOXecmee X. @YHKUUIO b, s,)-2UNeppacmosHusi MOXHO
onpedenumea POU3BOSIbHO MPU Hanu4uu mpex ceolicms: He
ompuyamernibHoCMb, MooXumersibHasi orpedesieHHOCMb, CUM-
mempusi U (o, B,)- HepaseHCmMeo mpeyeonbHUKa. Bo emo-
poll yacmu cmambu paccMampueaemcsi KOHuenuusi (o, Bn)-
MO/THOMbI 110 OMHOWEHUIO K by, 5. \-2UNEPMEMPUKe U meopeme
0 HernodsUXXHOU moyke, Komopasi ugpaem 8aXKHyt posib 8 rpu-
KrnaOHoU mMamemamuke 8 HECKOrbKUX obrnacmsix.

G



Bbigodsli: C nomouwbto coomeemcmeyouux obobuweHul
MOXHO CcQhopMyniupoeamb U38eCMHble pe3ysibmambl Kiac-
CUYECKUX MempuyYecKux rpocmpaHcme & cryyae b, 3,)-
2urnepmMempu4YecKUx rnpocmpaHcms.

Knioueesie cnosa: b, g,)-2unepMempu4eckue npocmpax-
cmea, G-Mempuka, Herod8UXHbIe MOYKU.

APYTAYNIN NPUCTYM NPEMA b, 3, )-XUMNEPMETPUYKM
NMPOCTOPUMA

Akb6ap [erxaH Heaxan?®, Hukona MVIpKOBs,

BecHa TonopueBuh®, CmojaH PageHosuh'

2 MipaHcKu YHUBEP3WUTET HayKe 1 TexHororuje, MatemaTuykm oakynTer,
Hapwmak, TexepaH, Wcnamcka Penybnuka VpaH

5 Ynueepautet y Beorpaay, VIHCTUTYT 3a HykneapHe Hayke ,BuHua” —
WMHcTuTyT oa HaumoHanHor 3Havaja 3a Peny6nuky Cp6uijy,
Beorpag, Peny6nuka Cpbuja, ayTop 3a npenucky

® YHuBep3auTeT y Beorpagy, ®akynteT opraHu3aLUMoHux Hayka,
Beorpaga, Penybnvka Cpbuja

" YHuBepauTeT y Beorpagy, MalumHcku cakynTer,
Beorpaa, Penybnuka Cpbuja

OBJIACT: matemaTtuka
BPCTA UJTAHKA: opurmHanHu Hay4Hu pag,

Caxemak:

Yeod/uurs: Lurb osoe pada jecme da ce npedcmasu KoHUenm
b(a,, 3,)-XUNEPMEMPUYKUX NPOCMOPA.

Memode: lNpumerbeHe cy KOHBEHUUOHaITHE MeopenMCcKe Memo-
0e byHKUUOHarnHe aHanuse.

Pesynmamu: Y pady cy npedcmasrbeHu UHuUyujanHu pesynma-
mu Koju ce o0Hoce Ha b, g,)-Xunepmempuyke rpocmope. Y
npeom Oesny 2eHepasnusyje ce n-OUMEH3UOHanHo (n > 2) Xu-
rnepMempuyKo pacmojare Ha rpou3e8osbHOM Herpa3HOM CKyry
X. ®yHkyuja b, s,)-xuneppacmojara Moxe ce 0egpuHucamu
Ha npou3gosbaH Ha4uH dokre 20d cy 3adogosbeHe mpu ocobu-
He: HeHeszamusHocm, no3umusHa deghuHUMHoOCM, cumempuja
u (o, Bn)-HejeGHakocm mpoyana. Y Opyeom Oeny pada pas-
MampaHu cy KoHuernm (o, 3, )-KomnnemHocmu y OOHOCY Ha
b(a,,B.))-XUNEPMEMPUKY U MeopeMa (hUKCHE madKe, Koja uma
3HauajHy yroay y npuMereHoj MamemMamuyu Ha sulue Mosba.
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Bakpyyak: Odzoeapajyhum eeHepanusayujama moayhe je ¢pop-
Mynucamu ro3Hame pesysimame Kiacu4yHUx MempuyKux rpo-
cmopa Ha ciy4aj b, g, )-XunepMempu4Kux npocmopa.

Krby4He pedu: b, s, )-XunepmMempuyKku rnpocmopu,
G-mempuka, (huKkcHe madke.
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