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Abstract:

Introduction/purpose: In the current literature, several dozens of vertex-
degree-based (VDB) graph invariants are being studied. To each such
invariant, a matrix can be associated. The VDB energy is the energy

(= sum of the absolute values of the eigenvalues) of the respective VDB
matrix. The paper examines some general properties of the VDB energy
of bipartite graphs.

Results: Estimates (lower and upper bounds) are established for the
VDB energy of bipartite graphs in which there are no cycles of size divi-
sible by 4, in terms of ordinary graph energy.

Conclusion: The results of the paper contribute to the spectral theory of
VDB matrices, especially to the general theory of VDB energy.

Keywords: vertex-degree-based graph invariant, vertex-degree-based
matrix, vertex-degree-based energy, energy (of graph).

Introduction

Let G be a simple graph with the vertex set V(G) and the edge set E(G).

If the vertices u, v € V(G) are adjacent, then the edge connecting them
is denoted by uv. The number of edges incident to a vertex v is the degree
of that vertex, and is denoted by d(v). The minimum and maximum vertex
degrees are denoted by § and A, respectively.

Let V(G) = {v1,v2,...,v,}. Then the adjacency matrix A(G) = [aj;]
of the graph G is the symmetric matrix of order n, whose elements are
(Cvetkovi¢ et al, 2010):
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1 ifvv; € E(G)
Qi5 = 0 if VU5 Q E(G) (1)
0 ifi=j.

If the eigenvalues of A(G) are A1, Aq, ..., \,, then the (ordinary) energy
of the graph G is defined as

n

E=E(G) =) |\l (2)

i=1

The theory of graph energy is nowadays elaborated in due detail (Li et
al, 2012; Ramane, 2020).

In the chemical and mathematical literature, a variety of vertex-degree-
based (VDB) graph invariants of the form

I=2(G)= > [(d(u),d(v)) (3)

uwweE(G)

has been considered, where f is a suitably chosen function, with a pro-
perty f(z,y) = f(y,z) (Kulli, 2020; Todeschini & Consonni, 2009).

These are usually referred to as topological indices. Of these, we list
here a few most popular and best studied ones:
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f(z,y) name of index type
T4y first Zagreb T
Ty second Zagreb T
22 + ¢ forgotten 0
Va2 Sombor 1
Ve+y nirmala T
1//zy Randi¢ 1
1/Ve+y sum-connectivity !
2/(z+y) harmonic 1
/22 +1/y? inverse degree 1
1/ /22 + 2 modified Sombor !
[(z +y —2)/(zy)]"/? | atom-bond-connectivity | ~
| — y| Albertson ~

The parameters x and y (being vertex degrees) always satisfy the con-
dition z > 1, y > 1. Bearing this in mind, we immediately recognize that
most VDB indices are either monotonically increasing (1) or monotonically
decreasing functions () of the vertex degrees. Only a few such indices do
not possess such a monotonicity property (~).

It should be noted that for practically all VDB indices of type 1 that exist
in the literature, the condition f(z,y) > 1 is satisfied for all values of = and
y that occur for the edges of graphs. Analogously, for practically all VDB
indices of type |, 0 < f(z,y) < 1 holds for all values of x and y.

Taking into account Eqgs. (1) and (3), we introduce the VDB matrix
AI(G) = [(az)ij] via

f(d(vi), d(vy) if viv; € E(G)
(aI)ij = 0 If vivj € E(G) (4)
0 ifi=j.
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If its eigenvalues are puq, o, ..., un, then the energy pertaining to the
VDB invariant Z, Eq. (3), is

Er =E1(G) = |l - (5)
=1

For recent works on the investigation of this class of graph-spectral in-
variants see (Das et al, 2018; Gutman, 2020, 2021; Gutman et al, 2022,
2021; Li & Wang, 2021; Shao et al, 2021).

Main results

A cycle of length p is a cycle consisting of (exactly) p vertices
v1,V2,...,Vp, SO that v; and v,y are adjacent fori = 1,2,...,p — 1, and
also v and v, are adjacent. As it is well known, a graph G is bipartite if and
only if all its cycles (if any) are of even length. In this paper, we prove the
results valid for bipartite graphs which do not possess cycles of a length di-
visible by 4. Let G be such a graph. Without loss of generality, we assume
that GG is connected.

Let the graph energy £ and the VDB energy &7 be the quantities defined
via Egs. (2) and (5), and let f be the function specified in Eq. (3). Let ¢ ad
A be the smallest and largest vertex degrees of G.

THEOREM 1. Let G be a bipartite graph with no cycle of size divisible by 4.
Then
f(8,0)E(G) < &2(G) < f(A,A) E(G)

holds for all V DB invariants in which the function f is monotonically in-
creasing and f(x,y) > 1 for all vertex degrees x and y. Equality on both
sides holds if and only if G is a regular graph, in which case § = A.

The examples of the VDB invariants for Theorem 1 are the above listed
first and second Zagreb, forgotten, Sombor, and nirmala indices.

THEOREM 2. Let G be a bipartite graph with no cycle of size divisible by 4.
Then
F(A,A)E(G) < &2(G) < f(0,6) E(G)

holds for all V DB invariants in which the function f is monotonically de-
creasing and 0 < f(xz,y) < 1 for all vertex degrees = and y. Equality on
both sides holds if and only if G is a reqular graph.

G



The examples of the VDB invariants for Theorem 2 are the above listed
Randi¢, sum-connectivity, harmonic, and modified Sombor indices, as well
as the inverse degree.

A tree is a connected graph with no cycles. Therefore, Theorems 1 and
2 apply to trees. For any tree 6 = 1, but Theorems 1 and 2 can be slightly
strengthened.

THEOREM 3. Let T be a tree with n > 3 vertices. Then
f(1,2)E(T) < &(T) < f(A,A)E(T)

holds for all V DB invariants in which the function f is monotonically in-
creasing and f(x,y) > 1 for all x,y. Equality on the left-hand side holds if
and only if n = 3.

THEOREM 4. Let T be a tree with n > 3 vertices. Then
f(AA)E(T) < &(T) < f(1,2)E(T)

holds for all V DB invariants in which the function f is monotonically de-
creasing and 0 < f(x,y) < 1 for all z,y. Equality on the right-hand side
holds if and only if n = 3.

In addition to trees, Theorems 1 and 2 are applicable to various classes
of cycle-containing graphs. Of these, of particular interest may be the
hexagonal systems (molecular graphs of benzenoid hydrocarbons) (Gut-
man & Cyvin, 1989). All their vertices are of degrees 2 and 3. The so-called
catacondesned hexagonal systems (= hexagonal systems having no inter-
nal vertices) are known to possess only cycles of size 4p + 2. For these
molecular graphs

f(2,2)E(G) < &2(G) < f(3,3) E(G) . (6)
or
f3,3)E(G) < &2(G) < f(2,2)E(G). (7)

depending on whether f(x,y) monotonically increases or decreases.
Hexagonal systems possessing internal vertices have cycles of size

4p , p = 3,4,..., and thus Theorems 1 and 2 are not applicable. We ne-

vertheless conjecture that estimates (6) and (7) are valid for all hexagonal

systems.
70

Gutman, |., Estimating vertex-degree-based energies, pp.13—-23



Eﬁ VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2022, Vol. 70, Issue 1

In order to prove the above theorems, we need an auxiliary result, stated
below as Lemma 3.

Energy of a weighted bipartite graph

The main part of the results outlined in this section was reported in (Gut-
man et al, 2021). These are repeated here (in an abbreviated form) in order
to maintain completeness. Also, a few errors committed in (Gutman et al,
2021) are corrected.

Let G be a bipartite graph with n vertices. Let G, be obtained from G
by associating weighs to its edges, so that w;; is the weight of the edge
1j. Then the characteristic polynomial of G, is of the form (Cvetkovic et al,
2010)

G(Guy A) = A"+ ) (—1)F e(Gu, k) A2 (8)
k>1
whereas the energy of G, satisfies the equality (Gutman, 1977, 2020; Li et
al, 2012)

+o0
8(Gw):72r/dx In [1+Z (Gus k) ] )

0 k>1

Note that £(G,,) is a monotonically increasing function of any of the
coefficients ¢(G, k).
According to the Sachs theorem (Cvetkovic et al, 2010)

(D) e(Gu, k)= > (=179 24 (o) (10)

UGSQk(Gw)

where Si(G,) is the set of all Sachs graphs of G,, possessing exactly 2k
vertices, and where ¢ is an element of Sy;(G), containing p(c) compo-
nents, of which ¢(o) are cycles. The weight of the Sachs graph ¢ is equal
to the product of the weights of its components If the isolated edge ij is
a component of o, then its weight is w? o If a cycle Z is a component of o,
then its weight is the product of weights of the edges contained in Z.

LEMMA 1. (Gutman et al, 2021) If the Sachs graph o € So(G) # 0 does
not contain cycles whose size is divisible by 4, then

(=1)F (=1)P(@) 2¢(9) > ¢,
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Proof. The Sachs graph ¢ has p(c) components. Let among them be ¢ >
0 isolated edges, whose total number of vertices is 2ry. Let o containr; > 0
cycles, whose total number of vertices is 4z +2 r; for some integer z. Thus,
2k = 2rg +4x + 271

Case 1: 2k is not divisible by 4. Then (—1)¥ = —1 whereas ro+r; = p(o)
is odd. Therefore, (—1)* (—1)P(?) > 0 and the claim of Lemma 1 holds.

Case 2: 2k is divisible by 4. Then (—1)¥ = +1 whereas rq + r1 = p(o)
is even, implying, again, (—1)¥ (—1)?(®) > 0. O

Lemma 1 has the following noteworthy consequences:

LEMMA 2.

(a) Let G, be an edge-weighted bipartite graph whose all cycles (if any)
have size not divisible by 4, and let the weights of all its edges be positive-
valued. Then for any Sachs graph o € Sor(Gy) # 0,

(=D)F (=1)P@) 2¢9) yy(5) > 0.

(b) Therefore, because of Eq. (10), the coefficients c(G.,, k) in Eq. (8) are
non-negative and are the monotonically increasing functions of the edge-
weights.

(c) Therefore, because of Eq. (9), the energy of the graphs G, is a mono-
tonically increasing function of the edge-weights.

From Lemma 2(c), we obtain the result needed for our proofs:

LEMMA 3. Let G, be an edge-weighted bipartite graph whose all cycles (if
any) have size not divisible by 4.

(a) If for all edges ij € E(G,,), the condition w;; > 1 holds, then £(G.,) >
E(G). Ifw;; > 1 for at least one edge ij, then £(G,,) > £(G).

(b) If for all edges ij € E(G,), the condition w;; < 1 holds, then £(G,,) <
E(G). Ifw;; < 1 for at least one edge ij, then £(G,,) < £(G).

(c) Ifin both cases (a) and (b), w;; = w holds for all edges ij € E(G,), then
E(Gy) =w&(Q).

Proof of Theorems 1-4

The adjacency matrix Az(G), Eq. (4), could be viewed as the ordinary
adjacency matrix of an edge-weighted modification of the graph G. There-
fore, if the condition f(d.,,d,,) > 1 holds, and if f(x,y) is an increasing
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function for x > 1 and y > 1, then the lower bound of Theorem 1 follows by
Lemma 3 if all f(x,y) are replaced by f(d,d). The upper bound is obtained
if all f(x,y) are replaced by f(A, A).

The proof of Theorem 2 is analogous.

Theorems 3 and 4 are based on the fact that no tree with n > 3 vertices
is a regular graph. The only tree having two adjacent degree-one vertices
is the two-vertex tree. Therefore, for trees with 3 or more vertices, the
minimal (resp. maximal) value of f(z,y) is f(1,2).
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OLIEHKA 3HEPTMIN, OHCOBAHHbIX HA CTEMEHU
BEPLUNH

UsaH N'yTMaH

KparyeBaukuin yHUBEPCUTET, eCTECTBEHHO-MAaTEMaTUYECKUI
dakyneterT, I. Kparyesau, Pecny6nuka Cepbus

PYBPUKA TPHTWU: 27.00.00 MATEMATUKA:
27.29.19 KpaeBble 3agaym 1 3agaym Ha
CcoBCTBEHHbIE 3HAYEHNs aAns
06bIKHOBEHHbIX AnddepeHLmManbHbIX
YPaBHEHUIN N CUCTEM YPaBHEHUN
B[O CTATbW: opurnHanbHas Hay4Hasi cTaTbs

Pesrome:

BsedeHue / uenb: B Hoselwel numepamype usydaromcs Oe-
CAMKU UHBapuaHmoe 2pagho8, OCHOBaHHbIX Ha cmereHu eep-
wuH (VDB). K kaxxdomy makomy uHeapuaHmy Moxem ripucoedu-
Humbcst Mampuuya. OHepeusi VDB - amo sHepaus (= cymma ab-
COMMIOMHbIX 3Ha4eHUl cobCcmeeHHbIX 3HadeHul) coomeemcmey-
roweti mampuubi VDB. B 0aHHOU cmambe uccriedyrmcsi HEKO-
mopbie obujue ceolicmea VDB-aHepauu 08y00sbHbIX 2paghos.

Pesynbmamei: [NonydeHbl OUeHKU (HUXHeU U eepxHel epaHulbl)
o sHepeauu VDB dsydonbHbix epaghos, He uMerowux YUKIoe ee-
TNIUYUHBI, KpamHol 4, 8 3agucumocmu om 0bbIYHOU 3Hep2uU 2pa-

¢a.
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Bbi800s1: Pe3ynsmamsl cmambU 8HOCSM eKrad @ criekmparib-
Hyto meopuro mampuy, VDB, a ocobeHHO 8 obwyro meoputo
aHepauu VDB.

Knrouessle criosa: uHgapuaHm epagha 0CHO8aHHbIU Ha cmerneHu
8epLWUHbI, Mampuya 0CHOBaHHasi Ha CMerneHuU 8epUUHbI, IHEp-
2usi OCHOBaHHasi Ha cmerneHu 8epuwUHbI, IHepausi (2paga).

MPOLIEHA EHEPIMJA SACHOBAHNX HA CTEMNEHVMA
UBOPOBA

UeaH N'yTmaH

YHusepauTteT y Kparyjesuy, [pupogHo-matemaTnykm dakynTer,
KparyjeBau, Penybnuka Cpbuja

OBNACT: matemaTtumka
BPCTA YJTIAHKA: opurnHanHu HayyHu pag

Caxemak:

Yeod/uurs: Y Hosujoj numepamypu rnpoy4yasajy ce 6pojHe
epaghoscke UHBapujaHmMe 3acHoBaHe Ha cmereHuMa 4eopoea
(VDB). Ceakoj 00 osux uHBapujaHmMu MOxe ce npudpyxumu
mampuya. VDB eHepzuja je eHepauja (= 36up arncorymHux
8pedHocmu coricmeeHux epedHocmu) odzoeapajyhe VDB mam-
puue. Pad ucmpaxyje Heke oruume ocobuHe VDB eHepeauje bu-
napmumHux epagosa.

Pesynmamu: [obujeHe cy npoueHe (0ome U 2opHe 2paHule)
3a VDB eHepaujy bunapmumHux epaghosa Koju Hemajy uukornee
eenu4yuHe desrbuge ca 4, a y 3agucHocmu 00 0buyHe epaghoscke
eHepeuje.

Bakrbyyak: Pesynmamu oeoe pada dorpuHoce criekmparnHoj
meopuju VDM mampuua, a nocebHo onuwimoj meopuju VDB
eHepeuje.

KrbyyHe peyu: uHeapujaHma 3acHosaHa Ha cmerneHumMa 4eopo-
8a, Mampuya 3acHog8aHa Ha cmerneHuMa 48opoea, eHepeauja 3a-
CHOBaHa Ha cmereHumMa 4eopoesa, eHepeauja (epagha).
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