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Abstract

Introduction/purpose: A graph as a mathematical object occupies a special
place in science. Graph theory is increasingly used in many spheres of
business and scientific fields. This paper analyzes pentagonal cactus
chains, a special type of graphs composed of pentagonal cycles in which
two adjacent cycles have only one node in common. The aim of the
research is to determine the dominant set and the dominance number on
ortho and meta pentagonal cactus chains.

Methods: When the corresponding destinations are treated as graph nodes
and the connections between them as branches in the graph, the complete
structure of the graph is obtained, to which the laws of graph theory are
applied. The vertices of the pentagon are treated as nodes of the graph and
the sides as branches in the graph. By applying mathematical methods, the
dominance was determined on one pentagon, then on two pentagons with
a common node, and then on ortho and meta pentagonal cactus chains.

Results: The research has shown that the dominance number on the ortho
chain 0,, of the length h = 2 is equal to the value of the expression [32—'1] while

on the meta chain M, it is equal to the value of the expression h+1, which
was proven in this paper.

Conclusion: The results show that the dominant sets and the dominance
numbers on ortho and meta pentagonal cactus chains are determined and
explicitly expressed by mathematical expressions. They also point to the
possibility of their application in the fields of science as well as in the
spheres of business in which these structures appear.

Keywords: graph, pentagonal cactus-chain, dominant set, dominance
number.
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Introduction

Mathematical apparatus and mathematical methods are used in
almost all fields of science, both natural (Ghergu & Radulescu, 2011;
Velickovic et al, 2020) and social (Vladimirovich & Vasilyevich-Chernyaev,
2021). A graph as a mathematical object occupies a special place in
science (Bakhshesh, 2022; Hajian & Rad, 2021; Hernandez Mira et al,
2021). It is used in medicine, genetics, chemistry, etc. All structural
formulas of covalently bound compounds are graphs. Chemical elements
are represented by graphs where atoms are vertices and chemical bonds
are lines in the graph (Balaban, 1985). A graphical representation of
chemical structures provides a visual insight into molecular bonds and
chemical properties of molecules. The QSPR study has shown that many
of chemical properties of molecules are closely related to theoretical
graphical invariants called molecular descriptors (Mihali¢ & Trinajstic,
1992). The theoretical graphical invariant is also the dominance number,
which is the simplest variant of the k-dominance number that is used many
times in mathematics (Zmazek & Zerovnik, 2003).

A graph is usually denoted by G, a set of its vertices (nodes) by V(G)
and a set of its branches (lines) by E(G).

A set D that is a subset of the set V(G) is called a k-dominant set in
the graph G if for each vertex outside the set D there is at least one vertex
in the set D such that the distance between them is less than or equal to
k. The number of elements of the smallest k-dominant set is called the k-
dominance number and is denoted by y;. If k=1, the 1-dominance number
is called the dominance number and is denoted by y and the 1-dominant
set is called the dominant set.

A cactus graph is a connected graph in which no line (branch) is in
more than one cycle. The study of cactus graphs began in the middle of
the 20th century. In his work (Husimi, 1950) Husimi uses these graphs in
studies of cluster integrals. Riddell (Riddell, 1951) uses them in the theory
of condensation. They were later used in the theory of electrical and
communication networks (Zmazek & Zerovnik, 2005) as well as in
chemistry (Sharma et al, 1997; Gupta et al, 2001; Gupta et al, 2002).

It is known that many chemical compounds have a pentagonal shape
in their configuration. Among them are cycloalkanes, which are very
common compounds in the nature. The five-membered and six-membered
cycloalkanes, cyclopentane (Figure 1) and cyclohexane, which contain 5
and 6 ring carbon atoms, respectively, are very stable and their structures
appear in many biological molecules.
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Figure 1—- Cyclopentane
Puc. 1 - LuknoneHmaH
Cnuka 1 — L{uknoneHmaH

Their ring structures are also included in the composition of steroids.
A large number of steroids are synthesized in laboratories and used in the
treatment of cancer, arthritis, various allergies and other diseases
(Balaban & Zeljkovi¢, 2021). Pentagonal forms in combination with
hexagonal forms are present in many compounds, among which are
heterocyclic compounds: morphine, benzofuran, dibenzothiophene and
others.

In this paper, we analyze the k-dominance of pentagonal cactus
chains. Hexagonal cactus chains were investigated in papers (Farrell,
1987; VukiCevi¢ & Klobucar, 2007). Afterwards, the papers (Majstorovic et
al, 2012; Klobu&ar & Klobucar, 2019) determined the dominance number
on a uniform hexagonal cactus chain, the dominance number on an
arbitrary hexagonal network, and the total and double total dominance
number on a hexagonal network. The K-dominance on rhomboidal cactus
chains (Carevi¢ et al, 2020) as well as on the icosahedral-hexagonal
network (Carevi¢, 2021) was also investigated.

Pentagonal cactus-chains

The pentagonal cactus-chain G is a graph consisting of a cycle with 5
vertices. A vertex that is common to two or three pentagons is called a cut-
vertex. If each pentagon in the graph G has at most 2 cut-vertices and
each cut-vertex is divided between exactly 2 pentagons, the graph G is
called a pentagonal cactus-chain.

With G;, we will denote a pentagonal cactus-chain of the length h and
G,= P'P? ... P" where P! are successive pentagons in the chain (Figure 2).
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Figure 2 — Pentagonal cactus-chain of the length 7
Puc. 2 — NamuyzonbHasa kakmyc-yernoyka onuHod 7
Cnuka 2 — [lemoyzaoHu kakmyc-naHay, OyxuHe 7

Denote by x and y the vertices in the graph G and by d(x, y) the
distance between them, where the distance between two vertices is equal
to the number of branches located from one vertex to another. Denote by
p; the minimum distance between the pentagons P‘ and P+2:

p; = min{d(x, y): xeP'AyeP*%,i = 1,2, ..., h- 2}

Then p; is the distance between the pentagons P! and Pi*2.

With the exception of the first and last pentagons in the cactus chain,
which have one cut-vertex, all other pentagons have two cut-vertices, and
they are called inner pentagons.

In the pentagonal cactus chain G, we distinguish between ortho and
meta inner pentagons. An inner pentagon is called an ortho pentagon if its
cut-vertices are adjacent, and a meta pentagon if the distance between its
cut-vertices is d = 2.

A pentagonal cactus chain is uniform if all its inner pentagons are of
the same type. A chain G, is called an ortho-chain, and is denoted by 0,
if all its inner pentagons are ortho-pentagons (Figure 3).

i@,
Y

Figure 3 — Ortho cactus-chain Og
Puc. 3 — Opmo-kakmyc-uernouka Os
Cnuka 3 — Opmo kakmyc-naHay, Og




Analogously, a chain G is called a meta-chain, and is denoted by M,
if all its inner pentagons are meta-pentagons (Figure 4).

Figure 4 — Meta cactus-chain Mg
Puc. 4 — Mema kakmyc-uernoyka Mg
Cnuka 4 — Mema kakmyc-naHay, Mg

To determine the dominant set on the uniform pentagonal cactus
chains 0, and M, it will be necessary to point out certain vertices in the
cactus chain. That is why it is necessary to mark them. In the ortho
pentagon P! the cut-vertices are adjacent and we will denote them by V;
and V;,;. The other vertices in P! it will be denoted by x!, xiandx} (Figure
5):

i i+1

Figure 5 — Marking vertices in the ortho pentagon
Puc. 5 — Obo3HayeHuUe 8epuUH 8 OPMOEOHAaNIbHOM MSIMUY20/IbHUKE
Cnuka 5 — O3Hayagar-e 4goposa y opmo rnemoyasny

In the meta pentagon P’ the cut-vertices are at a distance d = 2 and
we will denote them by V,;_; and V,;, ;. With V,;we will denote the vertex
to which it applies d(V,;_1, Vo;) = d(V5;, V,i41) = 1. The other two nodes in
the pentagon P! will be denoted x!andx’ (Figure 6):
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Figure 6 — Marking vertices in the meta pentagon
Puc. 6 — O6o3Ha4yeHue 8epwuH 8 Mema-nsamuyeorbHUKe
Cnuka 6 — O3Ha4asar-e 4gopoea y Mema nemoyearny

Research results

In this section, we consider 1-dominance on ortho and meta
pentagonal cactus chains. We will first consider the dominance of one
pentagon and two adjacent pentagons in the ortho and meta chain of cacti.

Lemma 3.1. The dominance number for the pentagon is y = 2.

Proof: Let us denote the vertices of the pentagon by x;, x,, X3, x4, X5
(Figure 7):

Figure 7 — Dominant set on a pentagon
Puc. 7 — [JomuHupytoujee MHOXeCcmeo Ha rnsimuy20s/ibHUKe
Cnuka 7 — [JomuHaHmMHU CKyrn Ha nemoyaiy

One pentagon vertex dominates two adjacent vertices. Let us take the
vertex x;. It dominates the vertices x, and xs;. As the pentagon has 5
vertices, domination over the other two vertices x; and x, IS necessary.
We conclude that one of the remaining two vertices must belong to the
dominant set on the pentagon. Let it be the vertex x;. Thus, the set D =
{x1, x5} is the dominant set for a given pentagon but it is not the only
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dominant set whose cardinality is equal to 2. They are also sets that
contain any two non-adjacent pentagon vertices. Let us prove that any of
the mentioned two-membered sets is the minimum dominant set on the
pentagon. Assuming that there is a dominant set of less cardinality D', it
would have to contain only one vertex and one vertex cannot dominate the
remaining 4 vertices of the pentagon. Thus, the minimum dominant set on
a pentagon is a two-membered set, so the dominance number for the
pentagonisy = 2.

Lemma 3.2. The dominance number for two pentagons with one cut-
vertex isy = 3.
Proof: Let us denote the vertices of two pentagons by one common

vertex with x4, x5, . . ., xg (Figure 8):
X3
]
X4 P X2
X4q Xq
X5
2
Xg P Xg
X7

Figure 8 — Dominant set for two pentagons with a cut-vertex
Puc. 8 — JomuHupytoujee MHoxecmeo 01151 08yx nsimuy20/IbHUKO8 C repecekarouelcs
8epwuHoU
Cnuka 8 — [JomuHaHmHu ckyn 3a 08a rnemoyasna ca rnpeceYyeHuM 48opom

Let x, be the cut-vertex of the given pentagons P! and P2.Based on
Lemma 3.1. the pentagon P! excluding the vertex x; must have another
dominant vertex that is not adjacent to the vertex x,.Let it be the vertex x;.
Also by applying Lemma 3.1. the pentagon P? excluding the vertex x; must
have another dominant vertex that is not adjacent to the vertex x;. Let it
be the vertex x,. Thus the nodes x;, x; and x, dominate over the nodes
Xy, X4, X5, Xg, Xg andx, SO the dominant set for the pentagons P1P? is the
set D = {x;,x3, x-}. Analogous to the consideration in Lemma 3.1. the set
D is not the only three-membered set that is dominant on P1P2but there is
no dominant set of less cardinality. Suppose that there is a dominant set
D' whose cardinality is equal to 2. Let D' contain one vertex from each
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pentagon, for example D' = {x;,x3}.The vertices x; and x; would then
dominate over the remaining 7 vertices in P1P? and this is impossible.The
vertex x; as a common vertex for both pentagons dominates over two
neighboring vertices in both pentagons, so it dominates over 4 vertices in
P1P% The vertex x;, or any other vertex not adjacent to the vertex x;
dominates two adjacent vertices.So, the total sum of vertices covered by
dominance is 4 + 2 = 6 and that is less than 7.Thus, 2 vertices cannot
dominate the remaining 7 vertices in P1P%. We conclude that the minimum
dominant set for P1P? is a three-membered set and y = 3.

Let us consider the dominance on pentagonal ortho and meta cactus
chains of arbitrary length.

Theorem 3.1. y( 0p) = [%] for each h= 2 Ah eN.

Proof: We observe a pentagonal ortho cactus-chain 0, = P1P2...
P"(Figure 9) and a set:

Do, ={xk,i=1, N} U{Vy, i=1,[2]}

9498

Figure 9 — Minimum dominant set for 0y,
Puc. 9 — MuHumanbHO domMuHUpyrouee MHOxecmeo 0151 Oy,
Cnuka 9 — MuHumanHu domMuHaHmMHuU cKyr 3a Oy,

Let us prove that D, is the dominant set of minimum cardinality for a

pentagonal ortho cactus-chain 0,= P'P?... P",
Let us divide the ortho-chain 0y, into subchains P?-1p2t i=1,2, ...,

EJ (Figure 10) and the last pentagon P" if h is an odd number.
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Figure 10 — Subchain of the ortho-chain 0y,
Puc. 10 — Noduenoyka opmo-uyenoyku Oy
Cnuka 10 — NodnaHay, opmo naHya Oy,

Based on Lemma 3.2. the set 4;= { x2""1,x2,,V,;} for i=1,2, ..., Elis
the dominant set of minimum cardinality for the subchain PZ=1P%{, An
ortho-chain of the length h for h = 2k, k ¢ N is composed of % subchains

p2i-ip2i j=1 2 .., % (Figure 9,), so the set

Dy= U, 4;, for k=2
is a dominant set for the ortho-chain 0;,. Therefore, it is

h 3h
y(0y) < card(D,) = 5 3= >
where we have marked the cardinality of the set D, with card(D,).
If h is an odd number (Figure 95 ), then the set
h

Dy= UKy 4 U i, Vs, for k= |3

is a dominant set for the ortho-chain 0;, and then is

¥(0y) < card(D,) = [gj .3+2 = [%]

Note that the set D; for k =§ if h an even number is equal to the following
expression:
D,= U?=1Ai = Ui'(=1{ x5 x5 Vo) =
{x3,%3,V2} U{x3,x3, Vi U... U{x] 70 %], V) =
{x, i=12., U {Vpi=12.,5
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Also for k = EJ and h is an odd number, the set D, is equal to the
following expression:
D= U1 A; U {x3, Viy}=
= Ul {2374 235 Vo U {ad, Vi )=
={x3, 23, V23U {x3, 23, V)3 U ... U{3 7o, Vi U {xf, Via}=
= {xd, i=1,2,.,h}U{Vpi=12..[5]}
In case h is an even number, % = [g] then we conclude that itis D;= D,.
So, the set Dy, ={ xt, i=1, hyu{Vy,i=1, [g]} is the dominant set
for the ortho-chain 0;, when h is even or odd number.
Also, in the case where h is an even number, % = [%] So, y(0p) <

F’Z—hlwhen h is even or odd number. Prove that the set D, is the dominant

set of minimal cardinality. Each subchain P?:~1P?! contains 3 dominant
nodes based on Lemma 3.2. Based on this, we conclude that each
dominant set on the chain 0, contains more than 3 or exactly 3 dominant
nodes in each subchain P?:=1P%‘and more than 2 or exactly 2 dominant
nodes in the last pentagon if h is an odd number, based on Lemma 3.1.

So, we conclude that it is y(0y) = % - 3 in case h is an even number, and
y(0y,) 2% - 3+ 2in case h is an odd number. When we combine both
cases, we get that y(0y) = [32_h]
It follows from y(0,) < [5] and ¥(04) = [3] that itis y(0n) = [3].
Corollary 3.1.Dy, < Dy,,, foreachh =2 Ah eN.
Theorem 3.2. y(M,) =h+1foreachh>2 Ah eN.
Proof: We observe a pentagonal meta cactus-chain M, = PPZ...

P (Figure 11) and set:
Dy, ={Vzi-1,1=1,h+ 1}

X" X

Figure 11 — Minimum dominant set for M,
Puc. 11 — MuHumanbHO QOMUHUpYOU,ee MHOXecmeo 0nsi My,
Cnuka 11 — MuHumarnHu oMuHaHMHu cKyrn 3a My,
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Let us prove that Dy, is the dominant set of minimum cardinality for a
pentagonal meta cactus-chain M,= P'P?... P*. Based on Lemma 3.1.
each pentagon has a dominant set made up of two non-adjacent vertices.
Thus, the set { V,;_4, V,;+1} is dominant for the pentagon P! for eachi=1,
h. By merging the dominant sets of all pentagons in the chain, we get a set
that is dominant for the whole chain. But, each pentagon P! has a
common vertex with the pentagon Pi** for each i =1, h — 1. Common
vertices should not be repeated in the dominant set. So, the set

Dy, = U?=1{ Voic1, Vaiza}\ U?=_11{ Vaiv1}
is the dominant set for the meta-chain Mj,.

Note that it is

U i{ Vai1, Vaisad ) U?=_11{ Vaira} =

{V, V33 U V5, Vs} U Vs, V73 U U Voo, Vo .30 V3, Vs, Vyy o, Vapoa 3 =
V1, V3, Vs, oo, Vapo1, Vapga} = {Voi-1, =1, h + 1}

Thus, the set Dy, = { V;_4, i = 1, h + 1} is the dominant set for the
meta-chain M, for each heN and h 22. Let us prove that D, is the
dominant set of minimal cardinality. Suppose that there is a set S of less
cardinality that is dominant on the meta-chain M. The set S would then
have one node less than the set Dy, . Let it be a vertex V;;,, foranyi=1,
h. Then the pentagon P! would have only one dominant node V,;_,. Based
on Lemma 3.1. that is not possible. We conclude that Dy, is the minimum
dominant set for My, so it is y(My) = h + 1.

Corollary 3.2.Dy, < Dy,,, foreachh =2 Ah eN.

Conclusion

In this paper, we have shown the arrangement of vertices in dominant
sets on uniform ortho and meta pentagonal cactus chains that appear in
molecule structures of numerous compounds. We also proved that the
dominance number for a pentagonal ortho-chain of the length h is equal to

the value of the expression [%] while for a pentagonal meta-chain it is
equal to h + 1.
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JOMNHNPOBAHWME HA MATNYTOJIbHBIX KAKTYC-LEMAX

Mupocnaea Muxannos Llapesny

Bbiclias wkona 3KOHOMUKM U NpeanpUHUMAaTeNnbsLCTBa,
r. benrpag, Pecny6nuka Cepbus

PYBPUKA TPHTW: 27.45.17 Teopus rpachos,

61.13.21 XuMmunyeckume npouecchbl
BWO CTATbW: opurmHanbHasa Hay4yHas cTaTbs
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Pesome:

BeedeHue/uenb: pagh kak mamemamuyeckuli obbekm 3aHumaem
ocoboe mecmo 6 Hayke. Teopusi epaghoe ece Yauje Ucrnosb3yemcsi 60
MHoaux gulax desmesibHOCMU U PasfiuYyHbIX Hay4yHbix obracmsx. B
OaHHOU cmambe aHanu3upyromcsi NmuyaosibHble KaKmyc-Uernoyku,
Kak 0cobbili 8ud epaghos, cocmosuwux U3 nNsAMuUyaosibHbIX YUK/I08, 8
Komopbix 08a COCEOHUX UuKra umerom mosibKO O0OUH obwul y3er.
Llenb uccnedosaHusi 3aknovanachk 6 ornpedeneHuu GOMUHUPYWe20
MHOXXecmea u OOMUHUPYeLWe20 Yuca 8 0pmo- U Mema-nsimuy2aosibHbIX
KyKmyc-uernoyKax.

Memodsi: Koeda coomeemcmayroujue rnonoxeHUs: paccmampusaromcesi
Kak y3nbl epagha, a ces3u Mexdy HUMU — Kak eemeu epagha,
rnonyyaemcs rnosHasi cmpykmypa epagha, K Komopoul npumMeHsitomesi
3aKOHbI meopuu epacghos. BepuwuHbi nsamuyaorbHUKa
paccmampuesaromcs Kak y3rbl 2pagha, a CmopoHbI — Kak eemeu gpagha.
C nomowpbo Mamemamu4deckux memodos, ©bbi1o onpedeneHo
OOMUHUpOBaHUE Ha OOHOM MAMuUy20/bHUKe, 3ameM Ha 08yx
namuyaonbHUKax ¢ obwum y3roM, a 3amem Ha opmo- U Mema-
nAamuyeosibHbIX KaKmyc-Uero4ek.

Pesynbmamel: MiccrnedosaHue rokasasio, 4mo Yucsio O0MUHUPOBaHUS Ha
o 3h
opmo-uenu Oy, ¢ OnuHol h 2 2 pasHO 3Ha4YeHUIO 8bipaXKeHUsl [7] 8 mo

8peMsi Kak Ha Mema-yenu M;, OHO pasHO 3Ha4YeHUI0 8bipaxeHus h+1, ymo
u criedosasiock 0okasamb 8 OaHHOU cmamebe.

Bbi800bI: Pe3ynbmamei uccriedogaHusi rokasasu, 4Ymo OoMUHUpPYyrouue
MHOXecmea U 4ucria GOMUHUPOBaHUST 8 OpmMo- U Mema-nsimuy20sibHbIX
Kakmyc-uerodkax onpedesnsromesi U 3KCIAUYUMHO  UCHUCIISIIOMCS
Mamemamudeckumu  ebipaxxkeHusmu. OHU makxe yKa3blealom Ha
803MOXXHOCMb UX MPUMEHEHUST Kak 8 obracmu HayKku, maKk u 8 cghepax
busHeca, 8 KOMOPbIX MPUCYMCMEYIom 3mu CmpyKmypeb!.

Knrouesbie cnosea: epag, namuyaosbHasi Kakmyc-uyeroyka,
GOMUHUpPYOWee MHOXECMeO, YUCIo OMUHUPOBaHUSI.

JOMUHALIMJA HA TIETOYTAOHUM KAKTYC-NAHLIMMA

Mupocnasa Muxajnos Ljapesuh

Bucoka wkona 3a NocroBHy eKOHOMU]Y U NPeay3eTHULLTBO,
Beorpag, Penybnuka Cpbuja

OBJNACT: maTepujanu 1 xeMujcke TeXHOMOrmje, MaTemaTtumka
BPCTA UJIAHKA: opuruHanHu Hay4Hu pag

Caxemak:

Yeod/yurs: pagh kao MamemMamuyku objekam 3ay3uma nocebHo mecmo y
Hayuu. Teopuja epachoea Hanasu cee eehy rpumeHy y MHO206pOJHUM
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cchepama rocriosarba, Kao U Hayd4yHum obnacmuma. Y oeom pady
aHanuaupaHu Ccy [remoyeaoHu Kakmyc-rlaHyu Koju rnpedcmasrbajy
rnocebHy epcmy epacgha cacmasrbeHoe 00 remoyaaoHuX UUKryca y Kojuma
dsa cyceOHa Uuknyca uMajy 3ajedHudku camo jedaH uyeop. Lurb
ucmpaxueara jecme  olOpehusame  OOMUHaHMHoO2  cKkyna U
domuHauyujckoe 6poja Ha opmo u Mema remoy2aoHUM Kakmyc-naHyuma.

Memode: Kada ce odzosapajyha odpeduwima mpemupajy Kao 480posu
epagha, a sese MeRhy muma Kao epaHe y epaghy, 0obuja ce nomryHa
cmpykmypa epacha Ha Kojy ce MpuMemyjy 3akoHumocmu meopuje
egpachosa. TemeHa nemoyerna Cy mpemupaHa Kao 4eopoeu epadha, a
cmpaHuuye Kao epaHe y epagpy. lNpumeHOM Mamemamudkux memoda
odpeheHa je domuHayuja Ha jeOHOM riemoyery, 3amum Ha dea nemoyana
ca 3ajedHUYKUM 4Y8OPOM, & HaKOH moaa Ha Opimo U Mema femoy2aoHum
Kakmyc-naHyuma.

Pesynmamu: cmpaxusara cy rokasana 0a je domuHayujcku bpoj Ha
. 3h .

opmo naHuy 0, dyxuHe h >2 jeOHak epedHocmu u3pa3sa [7] , 00K je Ha
mema naHyy M, jeOHak epedHocmu u3pa3a h + 1, wmo je 0okasaHo y
paody.

Sakrbyyak: Pesynmamu nokasyjy O0a cy OOMUHaHMHU CKyroeu u
OoMUHauujcku 6pojesu Ha opmo U Mema rnemoyaaoHUM Kakmyc-naHuyuma
o0peheHu U eKkcrinuyumHo UckasaHu Mamemamuykum uspasuma. Takohe,

ynyhyjy Ha mo2yhHocm Huxose npumeHe y obracmuma Hayke, Kao U 'y
cghepama riocrioear-a y Kojuma ce rojassbyjy oee cmpykmype.

KrbyyHe pedu: epagh, nemoyzaoHU Kakmyc-rnaHau, GOMUHaHMHU CKyrl,
domuHayujcku 6poj.
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