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Abstract:

Introduction/purpose: The aim of this paper is to present the concept of the
generalized @ —weak contractive condition involving various combinations
of d(x,y) in modular metric spaces.

Methods: Conventional theoretical methods of functional analysis.

Results: This study presents the result of (Murthy & Vara Prasad, 2013) for
a single-valued mapping satisfying a generalized @ —weak contractive
condition involving various combinations of d(x,y). It is generalized in the
setting of modular metric spaces, and then it is proved that this single-
valued map satisfies the property P. In the end, an example is given in
support of the result.

Conclusion: With proper generalisations, it is possible to formulate well-
known results of classical metric spaces to the case of modular metric
spaces.

Key words: Fixed point, @ —weak contraction, modular metric spaces,
property P.
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Introduction

One of trends in mathematical research is to refine the frameworks of
the known theorems and their results. For instance, Polish mathematician
Banach observed the first metric fixed point results in the setting of
complete normed spaces. An immediate extension of this theorem was
given by Caccioppoli who observed the characterization of the Banach
fixed point theorem in the context of complete metric spaces. Afterwards,
for various abstract spaces, several analogs of the Banach contraction
principle have been reported. Among them, we can underline some of
interesting abstract structures such as modular metric space, partial metric
space, b-metric space, fuzzy metric space, probabilistic metric space, G-
metric space, etc.

This paper will be restricted to the recently introduced generalization
of a metric space, namely, a modular metric space. Chistyakov introduced
the notion of modular metric spaces (Chistyakov, 2010a, 2010b) inspired
partly by the classical linear modulars on function spaces. Informally
speaking, whereas a metric on a set represents the nonnegative finite
distances between any two points of the set, a modular on a set attributes
a nonnegative (possibly, infinite valued) “field of (generalized) velocities”:
to each “time” 2>0 the absolute value of an average velocity w;(x,y) is
associated in such a way that in order to cover the “distance” between the
points x, y€ 1, it takes time A to move from x to ¢ with the velocity w; (x,4).
But the way we approached the concept of modular metric spaces is
different. Indeed, we look at these spaces as a nonlinear version of the
classical modular spaces introduced by H. Nakano (Nakano, 1950) on
vector spaces and modular function spaces introduced by (Musielak,
1983) and (Orlicz, 1988a, 1988b). More about modular metric spaces can
be read in (Hussain et al, 2011), (Paknazar & De la Sen, 2017) and
(Paknazar & De la Sen, 2020).

In the formulation given by (Khamsi, 1996) and (Kozlowski, 1988), a
modular on a vector space y is a function m: i - [0, +) satisfying:
(1) m(x) = oOifandonly if x = 0,

(2) m(ax) = m(x) for every a € R with |a| = 1,
(3) m(ax + by) <m(x) + m(y)ifa,b> 0anda + b = 1.

A modular m is said to be convex if, instead of (3), it satisfies the

stronger property:
(3*) m(ax + by) <am(x) + bm(y)ifa,b> 0anda + b = 1.
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Given a modular m on 1, the modular space is defined by
Ym={x€y: m(ax) - 0asa— 0}

It is possible to define a corresponding F-norm (or a norm when m is
convex) on the modular space. The Orlicz spaces L? are examples of this
construction (Rao & Ren, 2002). The modular metric approach is more
natural and has not been used extensively. For more on the metric fixed
point theory, the reader may consult the book (Khamsi & Kirk, 2001) and
for modular function spaces (Chistyakov, 2010a, 2010b) and (Chistyakov,
2008). Some recent work in modular metric spaces has been presented
in (Mongkolkeha et al, 2011) and (Padcharoen et al, 2016). It has been
almost a century since several mathematicians improved, extended and
enriched the classical Banach contraction principle (Banach, 1922) in
different directions along with variety of applications. In the sequel, we
recall some basic concepts about modular metric spaces.

Throughout this paper, N will denote the set of natural numbers.
Let iy be a nonempty set. Throughout this paper, for a function
w: (0,+2) X X - [0, +=), we write
wr(x,4)=wd,x,y)forall A > 0and x,¢4 €Y.

DEFINITION 1. (Chistyakov, 2006) Let i) be a nonempty set. A function
w: (0,+°) XY X = [0,+) is said to be a metric modular on  if it
satisfies, for all x, ¢, z € v, the following conditions:

1) wr(x,») =0forallA> Oifandonly if x = 4,

2) wp(x,4) = w) (g, x) forallA>0,

3) w4y (£, 4) S wplx,2) +w, (z,4)forall 4, u > 0.

If instead of (1) we have only the condition (1'):

w\(x,x2) = Oforallx €y, A > 0, then w is said to be a pseudo modular
(metric) on .

An important property of the (metric) pseudo modular on the set ¢ is that
the mapping 4 — w)( «,%) is non increasing for all x,y € .

DEFINITION 2. (Chistyakov, 2006) Let w be a pseudo modular on .
Fixed x,€y. The set

Yo=Y, (x0) ={x €Y : wp(x, xy) > 0as 1 - +}is said to be a modular
metric space (around x).

DEFINITION 3. (Padcharoen et al, 2016)Let i, be a modular metric
space.
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1) The sequence {x,} iny, is said to be w-convergent to x€y,, if and
only if there exists a number A > 0, possibly depending on {x,} and x,
such that li}rn w)(xy, )= 0.

N+

2) The sequence {x,} in 1, is said to be w-Cauchy if there exists 1 > 0,
possibly depending on the sequence, such that wy(xp,, x,) — 0 as

m,n - +«.

3) A subset Cof i, is said to be w -complete if any w-Cauchy sequence
in C is a convergent sequence and its limit is in C.

DEFINITION 4.(Mongkolkeha et al, 2011) Let w be a metric modular on
Y and ¥, be a modular metric space induced by w. If ¥, is a w-
complete modular metric space and 7: y,, — ¥, be an arbitrary mapping,
T is called a contraction if for each x , g€y, and for all A > 0 there exists
0 <o <1 suchthat

\Tx,Ty) < ow\(x, 1)

Mongkolkeha et al, (2011) proved that if y,is a w - complete modular
metric space, then contraction mapping 7 has a unique fixed point.

Main result

In this section, there is a generalization of the result proved by
(Murthy & Vara Prasad, 2013):
Let T be a self-map of a complete metric space y satisfying:

(Cy):
[1+ pd(x,4)]d*(Tx,Ty)
[d?(x, Tx)d(y, Ty) + d(x, Tx)d?*(y, Ty)],

d(x,Tx)d(x, Ty)d(y,Tx),

d(x,Ty)d(y, Tx)d(y, Ty)
+ m(x,y) — dm(x, ).

N =

< pmax

Where,
(C):

d?(x,4), d(x, Tx)d(y, Ty), d(x, Ty)d(y, Tx),
m(x,y) = max{ ~[d(x, Tx)d(x, Ty) + d(y, Tx)d(y, Ty)] } ’

p = 0 is a real number and @: [0,+«) — [0,+«) is a continuous function
with @ (£) =0 <t =0and @(¢t) > 0foreacht > 0.
Then T has a unique fixed point in .
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Now we will generalize the above result in the setting of modular metric
spaces as follows:

Theorem 1. Let (¥, w) be a complete modular metric space. Let T be a
self-map of a complete modular metric space v, satisfying:

(C3):

[1+ pw, (9;» y)lw*(Tx,Ty)
= [wi?(x, Tx)w, (9, Ty) + w1 (2, T)w,*(y, Ty)],

2
= pmax w01 (2, T2, (x, Ty (g, T0),
wy (%, Ty)w, (4, Tx)w, (4, Ty)
+ m(x) /y') - Q)m(x' %),
where,
(Cy):
wlz(x; /y'); wl(x; Tx)ah(%; T’y’)f(")Z(x! T’y))ah(%; Tx):
m(x,4) = max 1

2 [wi(x, Tx)wy (2, Ty) + w1 (g4, Tx)w1 (4, Ty)]

p = 0 is areal number and @: [0, +«) — [0, +«) is a continuous function
with @ (£) =0 <t =0and @(t) > 0foreacht > 0.
Then T has a unique common fixed pointin y,,.

Proof. Let x, € Y, be an arbitrary point. Then we can find x; such that
%1 = T(xy). For this x;, we can find x, € ¥, such that x, = T(x;).

In general, one can choose {x,,,} in i, such that

Zye1 =T (2y), 1 =012 ... (1)
We may assume that x,, # x,,, for each 7.

Since if there exists n such that x,, = x, ., then x, =x,,, = T(xn),

We write a, = d(xp, £p41)-

Firstly, we prove that a,, is a non - increasing sequence and converges to
0.

Case I. If n is even, taking x = x,, and ¢ = x,,,4 in (C3), we get

[1 4+ pw1 (2, Xaysr) | 012 (Tx2y, T 41)
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( 1 [ w1 (%2, T2y )01 (2041, T 20 41)
< Pmaxi 2 |+ w1 (2n, T2y )01 (241, TX2n4) | J
<U1(x2n;szn)wz(xzn'Tx2n+1)w1(x2n+1’7xzn),
wz(xz,,,sz,,ﬂ)wl(xz,,ﬂ,sz,,)wl(xz”H,Tx2,7+1)

+ m(x2n1x2n+1) - (Dm(sz,xZUH), (2)
where,

m(%an, Xan41) =
{wlz(xZn'xZYHI)'wl(xZnJTxZn)wl(x2n+1'Tx2n+l)'

max wz(xz,,,sz,,H)wl(xZnH,sz,,), . 3)
l[ a)l(xZU,szU)wz (sz,sz,Hl)
2 +w1(x2n+1JTxZn)wl(x2n+1'Tx2n+1)
Using (1) we get
[1 + pwl(xm,x2,7+1)]w12(x2,1+1,x2n+2)
1 wlz(xZn,x2,7+1)w1(x2n+1,x2n+2)
2|+ wy (xZn,x2,7+1)w12(x2n+1,x2n+2) ’
< pmax
wl(xZn'x2n+1)w2 (xz,,,x2n+2)w1(x2n+1,x2n+1),
wz(xZ,,,x2,7+2)w1(x2,7+1,x2,7+1)w1(x2,7+1,x2,7+2))
+ m(xZWJx2n+1) - (Z)m(xz,?,xz,,ﬂ) , (4)

where,
wlz (xzn' x2n+1), wq (xzn' x2n+1)w1 (x2n+1, x2n+2):
CF) (xzn; x2n+2)w1 (x2n+1, x2n+1),
1 [ w1 (xzn' x2n+1)w2 (xzn’ x2,7+2)

2 +wq (x2n+1' x2n+1)w1 (x2n+1' x2n+2)

m(sz, x2n+1) = max

(5)

Now consider  ay, = w;(x2y, X24+1); then we have
1
[1+payy|ad,i < pmax {5 [a2,azps1 + a2nadyiq), 0,0} +
m(xz,?, x277+1) - (Z)m(xm, x277+1) ) (6)

1
where, m(xz,,,xzml) = max {a%n, AonQAont1s 0'5 [a2nw2 (xZn,x2,7+2) + 0]}
By triangular inequality and using the property of @, we get

wz(xzn:xzmz) < w1(x2n;x2n+1) + wl(x2n+1,x2n+2)
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= aZn + a2n+1, (7)
and

m(%2n, 2ne1) =
1
m(x,4) < max {a%n, Aon@2n+1, 0,5 [azn (a’zn + azn+1) + 0]} (8)
If @y < @zq41 , then (C3) reduces to
PAspi1 < Py — Bady,,q, @ contradiction.

Therefore, az,.1 < a3, = Q41 < Ay

Case Il. In a similar way, if n is odd, then we can obtain a;,,, < azp41.
It follows that the sequence {a,} is decreasing.
Let lim a, =, for some r = 0.

Suprrla_c));e r > 0; then from the inequality (C5) and (C,), we have
[1 4 pwy (2, 2y41) 012 (T2, Ty41)
1[ wi? (2, Tay)w1 (211, T Xy 41)
< pmaxi 2 4w (29, Tty )1 (%41, Tty a) | f
w1 (209, T2y ) o (29, T2y 41 )01 (%1, T ),

@3 (%0, Tty 1) 01 (%40, Ty )01 (41, Ty41)
+m (2, 2y41) — Om(2y, 2p41), )
where, m(y, Zp41) =

12 (g, 2n11), W1 (%0, T2 )01 (Fp41, T2 1),

w3 (207, Tty 11 )01 (2741, Ty,
1[ w1 (%09, Tty Jwz (200, Ty41)
2 +w1(x,7+1,Tx,,)a)l(xnﬂ,ﬂ"xnﬂ)
Now by using (1) we get,
[1+ pos (2, 2pe1) |1 ® (g1, 2y42)

1[ wlz(xn,xn+1)w1(xn+1,xn+2)
2 [+ oy (20, 2741) 01 (%41, Fpa2) ]

w1 (29, 2y 41) 02 (%, a2 )01 (a0, 241)

wz(xn,xn+2)w1(xn+1,xn+1)w1(xn+1,xn+2)
+ m(xy, xy41) — Om (2, 2y1), (11)

(10)

< pmax
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(wlz(x,,,x,,ﬂ), wl(xn'xnﬂ)wl(xnﬂ'xn+2)w]
@ (%, X +2) 01 (Fn 41, Ty a1)s
1[ w1 (209, 2y 41) 02 (%, X 42)

5 +w1(xn+1' xn+1)w1(xn+1' xn+2)

where, m(xn,xnﬂ) = max

Using the triangular inequality and the property of @, and taking the limit
n — +, we get
[1+pr]r2 <prd+71r?2-0@G?). (12)
Then @(r?) < 0, since r is positive, then by the property of @, we get r =
0, and we conclude that
nl—ig—lw a, = nl_iffw wl(xn,xnﬂ) =r=0. (13)
Now we show that {x, } is a Cauchy sequence. For the given € > 0, we
can find two sequences of positive integers {m(o)} and {n(o)} such that

wg(xm(a),x,,(a)) = €, w%(xm(a),xn(a)_l) <e€e (14)
and n(o) > m(o) > 0.
Now € < wg(%m(e) Zn(o))

< @3 (Zm(e) Xn(o)) + ©01(Fm(e), Zn())

< 01(Fm(0) #n(o)-1) +01(%n()-1,%0())

< wi(xm(a)'xn(a)—1)+w%(xn(0)—1'xﬂ(d))
Set w%(xn(a)—l'xn(a))

Letting o — +=, we get. lim w, (o), %y()) = im w1 (o) Z(o) = €
Again using the triangular inequality, we have
€ < wg(%m(e) Fn(0)) < Wa(Xm(o) ¥n(0))

= wZ(xn(a)'xn(a)ﬂ) T w3 (xm(a)'xn(a)ﬂ) ' (15)
We get
€ ~03(%y(0) Tn(o)+1) < W2(Xm(o) Xyor+1) < 01(Fm(o) Fp(o)41)
< @1(¥m(0) Zn(or+1)
< @1(Fm(0), #n(e) + @1(%n(0) Zn(or+1):
Taking the limits as ¢ —» +*= , we have
Mm@, (Zm(a), Zn(o)+1) = MM @3 (Xm(e), Zn(o)+1) = € (16)
Now from the triangular inequality, we have

€= “)Z(xm(a)’xn(a)) = wl(xm(a)’xm(a)ﬁ) + a’l(xm(cr)ﬂ'xn(a))
We get
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€ -01(%m(o) ¥m(o)+1) < wl(xm(cr)ﬂ'xn(a))
< w1(%y(0) Fm(o)-1) + W1 (Xm(o)+1, (o) -1)
2 2
< w1(%y(0) Fm(o)-1) + W1 (Fm(o)-1,%m(e)) + W1(Fm(o) Fm(e)+1):
2 4 4
Letting o — +« , we have Ul_l)r}rlwwl(xm(a)ﬂ,xn(a)) =€ (17)
Again, from the triangular inequality, we have

Wg(Xm(a) Xy(0)) < @a(Fn(o) #n(o)+1) + Wa(2y(0) 11 Fm(s))
We get

Wg(Zm(a) Xy(0)) S Wa(Fno) #y(o)+1)* W2(Xm(o)+1 Fm(o)) +
wz(xm(a)+1rxn(a)+1)
wg(xm(a),xn(a))-w4(x,,(c,),xn(a)ﬂ)-wz(xm((,)ﬂ,xm((,)) =
wz(xm(a)+1rxn(a)+1)
< 01 (Fm(e)+1 Xm(0)) + ©1(Fn(e)+1 ¥m(0)) -
Letting o — +=, we have lim w;(%m(o)+1,Xn(o)+1) = € (18)
Since w» (xm(a)+1:xn(a)+1) < w1 (xm(a)+1'xn(cr)+1)
< w;(xm(a)n'xm(a)) + w;(xm(a)’xn(am) < w%(xm((,),x,,((,)ﬂ)
= w%(xm(a),xm(a)—l) + w%(xm(a)—l'xn(a)u)
< w%(xm(a)—l'xnm) + w%(xn(a)ﬂ’xn(a))-
Letting o — +, we have lim o;(%m)+1 Zn(0)+1) = € (19)
On putting x = x5y @nd ¢ = x4 in (C3), we get
[1 + pw1(Xmo) %n(0))]01* (TEm(o) T2y (o))

1[ @12 (%m(0), T2m(0)) 01 (%9 (o), T 20 ()

2 |+ w1 (Xmoy T#m(e)) 012 (#n0) T#no))]
wl(xm(a)'Txm(a))“’Z(xm(a)'Txn(a))‘”l(xn(a)'Txm(a))'
@2 (Zm(a) T#n(0)) 01 (X (o) T ¥m(e)) 01 (%n(0), T2y (o))

+ M(Xm(0), #n(o)) = OM(Xm(oy %y (o)) (20)
where,

< pmax
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M(Zm(0), %n(o))
( @1% (Zm(o) % (o)),
01 (%m(o) T¥m(0)) 01 (Fn(o) T (o)),
= max{  @2(*m(e) T¥n(0))01(%y(0) T¥m(a)):
1[ @1 (%m(0), TZm(0)) @2 (%m0, T xn(a))]
2 [+w1(%n(0), T¥m(e) )01 (%01, T 290y ) 1)

~~

Using (1), we obtain
[1+ P01 (%m(o) n(o)) |01 (Fm(o)+1, Xn(o)+1)
l[ ©12(%m(o), Zm(or+1) @1 (Fn(o), Fn(or+1) )
2 |+ 01 (%m(o) Fm(o)+1) 1% (Fn(0) #n(or+1)]’
01 (%Xm(o), Zm(0)+1) 02(¥m(o) %n(0)+1) 01 (Fn (o) Zm(or+1),
©2(%m(0) Zn(0)+1) 01 (Fn(0) Fm(o)+1) 01 (%5 (0) Fn(o)+1)

+M(Zm () Xy (0)) = OM( Xm0y, %n(o)) (21)
where,

(%m0 %5 (o))

< pmax

( ©1%(Zm(0) Fn(o))»
©1(Fm(e) Fm(or+1) 01 (%01, Xy oy 1),
= max{  ©2(%m(o) Xn(e)+1) W1 (¥n(0) Fm(o)+1)s
1 [wl(xm(a)'xm(0)+1)“’2(xm(a)' xn(0)+1)
(2 [+01(%(0), Zm(or+1) @1 (Fn(oy, Fnior1) 1
Letting o — 4+« and using (13) - (19), we get
[1+ pele? < pmax {% [0 + 0], 0,0} + €2 — 0(e?)

=e? — @(e?),
a contradiction.
Thus, {xn} is a Cauchy sequence in y,,, since (¥, w) is a complete
modular metric space.
Therefore, {x,} converges to a point z and x,,, = T (x,) also
converges to the same point z, rlllireloxn = z. (22)

~~

Now, we will prove that z is a fixed point of T.
For this, let x = x, and ¢ = z in (C3), we get

[1 + pwl(xn, z)]wlz(Txn,Tz)
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%[wlz(xn,ﬂ"xn)wl(z, Tz) + a)l(xn,Txn)a)lz(z, Tz)],

< pmax wl(xn,Txn)wz(xn,Tz)wl(z, Txn), +
wz(xn,Tz)wl(z, Txn)wl(z, Tz)
+ m(x,,,z) — Q)m(x,,,z) (23)
where,
m(xn,z)
a)lz(xn,z), a)l(xn,Txn)a)l(z, Tz), a)z(xn,Tz)wl(z, Txn),
= max

1
3 [ (20, T2y )2 (2, T2) + w1(2, T2 ) w1 (2, T2)|

Using (22) and (1), we have
[1+pwi(z 2)]w,*(2,Tz)

%[wlz(z, 2)w,(2,Tz) + w,(z, 2)w,?*(2,T2)],
= pmax 01(2,2)0,(2, T)w,(2,2),
w4 (2, T2)w1(2,z)w,(2,Tz)
+ m(xn, Z) - (Z)m(xn, Z) (24)

where,

wlz (ZI Z)I wl(zl Z)wl (ZI TZ)I Wy (ZI TZ)C()l(Z, Z);
m(xn,z) - max{ %[a)l(z, 2)w2(2,T2) + w1 (2,2)w,(2,T2)] }
Hence, w,%(z,7z) <0 = Tz = z.
So, T has a fixed point in y,,.

Uniqueness:

To show that T can have only one common fixed point.
Suppose x #+ ¢ be two fixed points of T.
Therefore, x = Tx and ¢y = Ty from (C3) ,we have
[1 + pwl(xJ y)]wlz(x' /y’) = pmax{O!O!O} + m(x' /y‘) - ®m(x' /y‘)
< (1-0)w (% 9)
= w iy [1+w(xy)—1+0]<0
= (1)12(.’)6, ’é’v) =0

= x =Y.

This completes the proof.

Corollary 1. Let 7 be a mapping of a complete modular metric space
(¥, w) into itself satisfying the condition

wlz(Txl T’y’) < m(x, /y*) - Q)m(xr /au“)
where,
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w12 (%, ), 01 (%, TX)w, (3, Ty),
m(x,4) = max wa (%, Ty)w, (y, Tx),
w1 (e, T, (5, T9) + w1 (g, TR w1 (3, T9)]
For all x,¢4 € ¥ and @: [0, +«=) — [0, +«) is a continuous function with

P(t) =0+ =0and @(¢) > 0 foreach £ > 0. Then T has a unique
fixed pointin i,,.

Proof. Put p = 0 in Theorem 1 and we have the required result.

Example 1. Let Y = R. We define the mapping w: (0,1) x R x R —[0,1]
by w)(x, ») = % for all x, 4 € Rand A> 0. Then it is obvious that R, is

a complete modular metric space. Define T: R, = R, by Tx = f and

@:[0,+) = [0,+=) by §(¢) = g for any values of p > 0 and x, ¢ € V.
Then it is easy to verify the inequalities (C3) and (C,) hold.

Hence from Theorem 1, the mapping 7 has a unique fixed point O.
Moreover, itis 0 € R,,.

Property P

In this section, we will show that the maps satisfying (C3) and (C,)
possess the property P.

Let us denote the set of all fixed points of a self —-mapping 7" from X into
itself by F(7), that is, F(T)={zeX: Tz=1z}. Itis clearly that if z is a fixed
point of T, then it is also a fixed point of T™ for each neN, that is,
F(@)ckHT™) if F(T) # ¢. However, converse is false.

Indeed the mapping 7: R —R defined by Tx = % «x has a unique fixed

point, that is, F (T) = {%} , but every xeR is a fixed point for 772,

If F(T)=F@@™), for each neN, then we say that 7™ has no periodic
points.

(Jeong & Rhoades, 2005) examined a number of situations in which the
fixed point sets for maps and their iterates are the same. They state that

amap T has the property P if F(T") = F(T"™) for each neN.
Theorem 2.

Under the condition of Theorem 1, T has the property P.
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Proof. From Theorem 1, 7" has a fixed point. Therefore, F(T™) # ¢ for
eachn € N. Fixn > 1 and assume that p € F(T").
We wish to show that p € F(T).
Suppose that p # T'p.
Using the inequality (C5), we have
[1+pw (T 0, T"D)]w > (TT"p, TTp)
1 [wlz(T”‘lp. TT™ 'p)w, (T"p, TT"p) +]
21 0T 'p, TT 1), 2 (T, TTp) I’

S PN @, T )y (T, TT ™)y (T, TT™1p),
W (T I, TT"p) w1 (T, TT™ 'p)w, (T"p, TT"p)
+ m@T" p, T"p) — O@m(T" 1p, T"p)
where,

m(T™ 1p, T™p)
(2T, Tp), w1 (T p, TT " p) w1 (T"p, TT"p),)
W (T I, TT"p)wy (T"p, TT™ ),
l[wl(T "I, TT D) wo (T, TTp)
21 4w, (T, 7T 1p)w, (T"p, TT™p)
[1+ pw, (T 1p, T"p)]w,2(T™p, T 1p)

I CN AR GA T A N
21 0, (T, T"p)w, (T, T p) I
w1 (T, T"D)w, (T 1, T p)w, (T"p, T™p),
W, (T, T p)wy (T"p, T™p)w, (T™p, T 1p)

+m(T" p, T"p) — Om(T " 1p,T"p)

= max

< pmax

where,
m(T " 1p, T™p)
W 2@, T™), w (T p, T w1 (T™p, T 1p),

= max (T p, T p)w, (T"p, T"p),

S0 TP, TP (T p, T p) + @1 (TP, T"p)wy (T, T p)]
[1+ pwl(fq "p,p)]w*(, Tp)
(5102 @™, p)wr (. TP) + 0, (T p, P22, TR
= ”m‘”‘i 01 (TP, D) (T 1p, Tp) s (. ), f
w2 (T, Tp)w, (p, P)w1(p, Tp)

+m(T" p,p) — dm(T™ p,p)
where,
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mT" p,p) =
{wlz(T "1p,0), 01 (T p, p)wi(p, TP), w, (T p, Tp)w, (p, p),}
max

1 — —
S0 (TP, )2 (T, Tp) + w1 (p, P)w1 (p, TP)]

w1 (p, Tp).

If (T p,p) < w,(p,Tp) then

w120, Tp) < w1 *(p,Tp) - Bw,*(p, Tp).

This implies that p = Tp, a contradiction.
Therefore, p € F(T) and Thas the property P.
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CBONCTBO P B MOLAYJbHbIX METPUYECKMX MPOCTPAHCTBAX

JlunsiHa MayHosBu4?, MapsuH Kymap®,
Casuma Manuk®, Manoi Kymap®

aMpuwTnHCcKMM yHuBepcuteT— KocoBcka MuTtposuua, Negarornveckuin
dakynbTeT, r. Jlenocasuy, Pecnybnuvka Cepbus, KoppecnoHAEeHT

6 Tay [lesu Nlan — MocyaapCTBEeHHbIN XeHckuii konnemx, MypTxan, Conunar,
XapbsiHa, Pecnybnuka NHans

® YHuBepcuteT baba MactHaTtx, ®m3nko-mMaTemMmaTnyeckuin hakynbTerT,
aenapTMeHT MatemaTtuku, Actxan Boxap, PoxTak,
XapbsiHa, Pecnybnuka NHamsa
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27.25.17 MeTpuyeckas Teopust PyHKLUNA,
27.39.27 HenvHenHbIN (pyHKUNOHAmNbHbIN aHanus,
27.43.17 MaTemaTtuyeckas ctaTtucTuka

BWO CTATbW: opurmHanbHasa Hay4yHas cTaTbs
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Pesome:

BeedeHue/uensb: Llens daHHoOU cmambu 3akodaemcsi 8 npedcmasneHuu
KoHuenyuu  obobujeHHo20  @cnaboeo  CUMaKoWwe20  YCriosus,
BK/IrOYaKoueeo  pasnuyHble  KomMbuHauyuu  d(X,y) 8  MOOYMSIPHbIX
MempuyecKuUx npocmpaHcmeax.

Memodbr: B OQaHHOU cmambe npuMeHsnucb OobwenpuHsamsie
meopemuyeckue MemoOdbl QyHKUUOHaIbHO20 aHanu3a.

Pesynsmambi: B 0aHHOM uccrnedosaHuu rnpedcmassieH pesynbmam
(Murthy & Vara Prasad, 2013) rno 00OHO3Ha4YHOMYy OMObpakeHU!ro,
coomeemcmeyowemy 0606wWeHHOMY d-cnabomy ycrosuro
COKpauwleHusi, ekmoyarowemy pasnudHbie kombuHayuu d(Xy). OHO
0bobwaemcs e 3adaHuu MOOyrSPHbIX MEMPUYECKUX NpocmpaHcms, a
3amem  Ookasbigeaemcs, Ymo npusedeHHoe 0OHO3Ha4yHoe
omobpaxeHue omeedaem cgolicmsy P. B 3aknwo4YeHuUuU rnpugsodumcsi
npumep, nodmeepxxOarowyuli pe3yibmameai.

Bbi1800bi: lpu coomeemcmeyuux obobueHusix MOXHO
chopmynuposame WUPOKO U3BECMHbIE pe3yribmambl KacCu4ecKux
MempuYecKUx rnpocmpaHcme Or1si criydasi MOOY/ISIPHbIX MEeMPUYECKUX
rpocmpaxHcme.

Kniouesble crioga: @ukcupoeaHHass mouka, @-cnaboe cxamue,
MOOynsipHble MempuUYecKuUe npocmpaxcmea, ceolicmeo P.

OCOBVHA P Y MOOYNAPHAM METPAYKM NMPOCTOPUMA
JburbaHa MayHosuh?, MapeuH Kymapb,
Casuma Manuk®, MaHoj Kymap®

2YHusepautet y MpuwtuHn — Kocoscka MutpoBuua, Yunterscku
dakynTeT, Jlenocasuh, Penybnuka Cpbuja, ayTop 3a npenucky

6 Tay Oesu Nan — OpxaBHu xeHcku konet, MypTtxan, CoHunar,
Xapwjana, Penybnivka Unguja

B YHuBep3auTeT baba MactHaTx, MNMpupoaHo-MaTemaTnykm dakynTeT,
JenapTmaH 3a maTematuky, Actxan boxap, PoxTak,
Xapwjana,Penybnvka NHaunja

OBJACT: maTematuka
BPCTA UJTIAHKA: opuruHanHu Hay4yHu pag
Caxemak:

Yeod/yur: Lurb 0802 pada jecme Oa npedcmasu  KoHUuenm
eeHeparnusosaHoz (@-criaboe KOHMpakmueHo2 ycrioga Koju YKIbydyje
pasnudume KkombuHayuje d(X,y) y ModynapHumM Mempu4KuM rpocmopuma.

Memode: KoHeeHyuoOHanHe meopujcke Memode hyHKUUOHarHe aHanuse.
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Pesynmamu: lNpedcmasrbeH je pesynmam (Murthy & Vara Prasad, 2013)
3a CuUHeyrnapHO npecrukasar-e Koje 3adososbasa yornuwmeHu @-cnabu
KOHMpaKkmueHU yCcrio8 Koju yKrbydyje pasnudume kombuHayuje d(x,y). OH
Je yonwmeH y nocmaessbary MOOynapHUX Mempuykux npocmopa. Takohe,
Ooka3aHo je Oa 080 CUH2YNapHO rpecriukagaq-e 3a0o8osbasa ceojcmeo P.
Ha kpajy je HasedeH npumep Koju nodpxasa pesyrmam.

Sakrbyyak: Y3 o0zoeapajyhe eeHepanusauyuje moayhe je ¢hopmynucamu
006po nosHame pesysimame Knacu4yHUX MempuYKUX rpocmopa Koju ce
0dHOocCe Ha crydaj MoOyiapHUX MemMpUYKUX rpocmopa.

KmbyyHe peyu: ¢bukcHa mauka, P-cnaba KoHmpakuyuja, MoOlyrnapHu
Mempu4ku npocmopu, ceojcmeo P.
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