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Abstract:

Introduction/purpose: In this paper a new combinatorial proof of an al-
ready existing multiple sum with multiple binomial coefficients is given.
The derived identity is related to the Fibonacci numbers.

Methods: Combinatorial reasoning is used to obtain the results.

Results: The already known identity was obtained by using a new com-
binatorial reasoning.

Conclusions: The new combinatorial reasoning led to the solution of the
already existing identity.
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Introduction

The Fibonacci numbers date as early as 200 BC in Indian mathematics,
but they were named after the Italian mathematician Leonardo of Pisa, later
known as Fibonacci. He published his masterpiece The Book of the Abacus
in 1202 where he introduced a well-known problem of rabbits, the result of
which was the Fibonacci numbers, known to many today. The Fibonacci
numbers have been investigated by many and they occur in many areas.
For more information about the Fibonacci numbers consult the following
books (Flajolet & Sedgewick, 2009; Gessel, 1972; Grimaldi, 2012; Singh,
1985). The topic discussed in this paper is how to prove an already known
multiple binomial coefficient sum, using different combinatorial reasoning
than to the one already known. For the original proof see p.69 (Benjamin
& Quinn, 2003).
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Let us denote the notation which will be used throughout the paper.
Writing

n

>

Hi‘:l k;=0
1>2

we mean that the number of sums depends on the parameter |, for example

setting [ = 3 we get
Z 33 Z

1 ki=0 k1=0 k=0 k3=

Main results

We give our new combinatorial proof of the multi binomial identity.

THEOREM 1. The following equality holds

S o

k=0
1>2

The F; sequence is defined as follows
Fioo=F+F_1,l>2F=2F =3

Where F; is a Fibonacci Sequence but with different initial conditions and
shifted by two index places.

Proof. We will prove our Theorem using combinatorial reasoning. Let n
denote the number of white balls and &; the number of colors we paint the
balls with. The base case I=1 is trivial, we have n balls and we choose i of
them to paint yellow (7) On the right side we choose between two colors,
yellow and white for each ball. Therefore the right side is 2". For simplicity
let us consider the case [ = 2. Therefore we have n balls and two colors.
We pick k; white balls and paint them yellow which gives us (). Then we
pick the balls that have not been painted yellow and paint them blue, which
gives us (", kl) The number of ways to paint the balls like this gives us
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the left-hand side. Alternatively, we can choose 3 colors for each ball to be
painted with, white, yellow and blue, that is 3™. Therefore, we get
L (n\ & (n—k n
Z<k1>z< k2 >_3
k1=0 k2=0

Let us now consider the case when [ = 3, where we paint balls with
three colors. We pick k; white balls to be painted yellow, which gives us
(,:‘1) then we paint those that have not been painted yellow to be painted
blue (";2’“1), now we choose balls which have not been painted blue to
be painted red (”;3’”). A ball that has been painted both yellow and red
becomes an orange ball. The number of ways to paint the balls like this
forms the left-hand side. On the other hand, each ball can be painted white,
yellow, blue, red and orange. Therefore each ball has 5 ways to be painted,
and we obtain the equality

L)X ()R ()

kl :0

Consider the case [ = 4 with 4 colors. We choose k; white balls to

n

be painted yellow (kl) and ko balls to be painted blue which have not

been painted yellow (”’kl), k3 balls to be painted red which have not been

k2
painted blue (”;f‘z), k4 balls to be painted purple which have not been

painted red (”Ef‘s). By adding a new color, in this case purple, we paint
all the balls which have not been painted with red, remember we painted a
yellow one red to get an orange one and we have a red one itself, there-
fore we paint yellow blue and white, which is the number of colors we got
in the [ = 2 case. Therefore, by adding a new color, we have the relation
Fy = F3+ Fy, => Fy =543 => F; = 8, which means that by adding a new
color we have the old number of colors plus the painted ones which have
not been painted with the previous color. This means we have 8 colors
to choose from, which in combination with n balls gives us the following
equality.

& n "n—k\ e= (n— k2 w [n— ks "
Z(h),;( ko >,%Z:0< ks >Z< k4 > ;

k1=0 k4:0
Now observing the general case, let F,, denote the number of colors

Fi Fy..Fy 1 F, Fopy
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Adding a new color, we get F;, 11, which means we have F,, colors and
we paint all the balls in F,, that have not been painted with the n-th color in
F,, which in turn gives us that the new color may paint all the balls which
have not been painted with the n-th color. Therefore, we obtain a general
formula

Fn—i—l =Fy+ Fh1.

The right-hand side is obtained by the fact that for each ball we can
choose F,,; colors, therefore we get (F,+1)".
The proof is done. O

In the following Corollary, we show the usage of the derived Theorem.

EXAMPLE 1. Setting | = 6, n = 3 in the previously derived Theorem, we get
the following.

> OO0 -

HZ:I ki=0

2L @) -

Hz=1 ki=0

Conclusion

1. In this paper we have shown that the number of sums and the
number of binomial coefficients is related to painting balls whose result is
related to the Fibonacci numbers raised to the number of balls.

2. This paper motivates further research in a direction of painting
various objects and the sums they can represent.
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HOBOE KOMBMHATOPHOE OKA3ATENILCTBO
TOXOECTBA C YHYACTMEM KPATHOIO BMHOMUMATIbBHOIO
KO3ODPULIMEHTA

Byk H. CtonnbkoBu4

Hoeu-Capackuin yHuBepcuUTeT, hakynbTeT €CTECTBEHHbIX HayK,
r. Hosu-Capg, Pecnybnuka Cepbus

PYBPUKA TPHTW: 27.23.25 CneunanbHble yHKUUN,
27.25.15 [eckpuntneHasa Teopus yHKUNN
B[O CTATbW: opurnHanbHas Hay4Hasi cTaTbs

Pestome:
BeedeHue/uenb: B daHHolU cmambe rpedcmasiieHo HO80e KOM-
buHamopHoe dokaszameribCmeo yxe cyuiecmesyou,el KpamHou

CcyMMbI mox0ecmea bUHOMUAITbHbBIX KOI(hUUUEHMO8, C8s3aH-
Hou ¢ Yucnamu QuboHaqyu.

Memodsi: B cmambe ucnonb308aHbl KOMGUHaMOPHbIe PacCyx-
OeHus.

Pesynbmamel: Yxxe useecmHoe moxdecmeo 6bir1o rnosy4eHo ¢
MOMOUWbH0 HOB020 KOMBUHAMOPHO20 PaccCyXOeHUs.

Bbigo0bi: Hosoe kombuHamopHoe paccyx0eHue rnpuserio K pe-
WEHUI0 yXXe cyulecmsyrowe2o moxoecmea.

Knrouessie crnoea: HYucna @uboHayqu, KoMbuHamopuka.

HOB KOMBNHATOPHW OOKA3 MOEHTUTETA CA
BUWECTPYKMM BMUHOMHUM KOESUNLINJEHTUMA

Byk H. Ctojurbkouh

YHusep3uteT y HoBom Capy, MNMpupogHo-matematuyku cakyntet, Hoeu
Cag, Penybnuka Cpbuja
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OBJIACT: matemaTtuka
BPCTA YJTAHKA: opurnHanHu HayyHu pag

Caxemak :

Yeo0/uurb: Y ogom pady npedcmassbeH je Ho8 KoMOUuHamop-
Hu doka3 eeh nocmojehee suwecmpykoz 3bupa, suWECMpPyKUX
buHOMHUX KoegpuyujeHama udeHmumema Koju je y eesu ca ®u-
boHa4qujesum 6pojesuma

Memode: Kako 6u ce dowiso 0o pe3ynmama Kopucmu ce KOM-
buHamopHO pe3oHoBaH-e.

Pesynmamu: [obuja ce eeh nosHamu udeHmumem kopuuwihie-
HEM HOB02 KOMOUHaMOPHO2 PE30HO8aH-A.

Bakrbyyak: Hogo kombuHamopHO pe3oHoear-e 00o8ero je 3o pe-
werba seh nocmojehee udeHmumema.

KrbyyHe peuu: @uboHadujesu bpojesu, kombuHamopuka.
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