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Abstract:

Introduction/purpose: A fixed point theorem of an order-preserving map-
ping on a complete partial b-metric space satisfying a contractive condi-
tion is constructed.

Methods: Extension of the results of Batsari et al.

Results: The fidelity of quantum states is used to construct the existence
of a fixed quantum state.

Conclusions: The fixed quantum state is associated to an order-
preserving quantum operation.
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Introduction and preliminaries

A partial metric space is a generalized metric space in which each
object does not necessarily have a zero distance from itself (Aamri & El
Moutawakil, 2002). Another angle of fixed point research emerged with
the approach of the Knaster-Tarski fixed point theorem (Knaster, 1928;
Tarski, 1955). The idea was first initiated from Knaster and Tarski in
1927 (Knaster, 1928), and later Tarski found some improvement of the
work in 1939, which he discussed in some public lectures between 1939
and 1942 (Tarski, 1955, 1949). Finally, in 1955, Tarski (Tarski, 1955)
published the comprehensive results together with some applications.
A different property of this theorem is that it involves an order relation
defined on the space of consideration. Indeed, the order relation serves as
an alternative to the continuity and contraction of the mappings as found
in the Brouwer (Brouwer, 1911) and Banach (Banach, 1922) fixed point
theorems, respectively, see (Tarski, 1955).

After the approach of the Brouwer (Brouwer, 1911), Banach (Banach,
1922) and Knaster-Tarski (Tarski, 1955) fixed point theorems, many
researchers become involved in extension (Browder, 1959; Leray &
Schauder, 1934; Schauder, 1930), generalization (Batsari et al, 2018;
Browder, 1959; Du et al, 2018) and improvements (Batsari et al, 2018;
Batsari & Kumam, 2018; Kannan, 1972; Khan et al, 1984) of the theorems
using different spaces and functions. In the way of generalizing spaces
was Bourbaki-Bakhtin-Cezerwik’s b-metric space (Bakhtin, 1989; Bour-
baki, 1974; Czerwik, 1993), Matthews’s partial metric space (Matthews,
1994) and Shukla’s Partial b-metric space (Shukla, 2014).

In the area of the quantum information theory, a qubit is seen as a
quantum system, whereas a quantum operation can be inspected as
the measurement of a quantum system; it describes the development
of the system through the quantum states. Measurements have some
errors which can be corrected through quantum error correction codes.
The quantum error correction codes are easily developed through the
information-preserving structures with the help of the fixed points set
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of the associated quantum operation. Therefore, the study of quantum
operations is necessary in the field of the quantum information theory, at
least in developing the error correction codes, knowing the state of the
system (qubit) and the description of energy dissipation effects due to loss
of energy from a quantum system (Nielsen & Chuang, 2000).

In 1951, Luders (Luders, 1950) discussed the compatibility of quantum
states in measurements (quantum operations). He also proved that
the compatibility of quantum states in measurements is equivalent to the
commutativity of the states with each quantum effects in the measurement.

In 1998, Busch et al. (Busch & Singh, 1998) generalized the Luders
theorem. He also showed that a state is unchanged under a quantum
operation if the state commutes with every quantum effect that relates
the quantum operation. In 2002, Arias et al. (Arias et al, 2002) studied
the fixed point sets of a quantum operation and gave some conditions
for which the set is equal to a commutate set of the quantum effects
that described the quantum operation. In 2011, Long and Zhang (Zhang
& Ji, 2012) deliberated the fixed point set for quantum operations, they
presented some necessary and sufficient conditions for the existence
of a non-trivial fixed point set. Similarly, in 2012, Zhang and Ji (Long &
Zhang, 2011) deliberated the existence of a non-trivial fixed point set of
a generalized quantum operation. In 2016, Zhang and Si (Zhang & Si,
2016) explored the conditions for which the fixed point set of a quantum
operation (¢ 4) with respect to a row contraction .4 equals to the fixed point
set of the power of the quantum operation (d)i‘) forsome 1 < j < +oc.
Other useful references are (Agarwal et al, 2015; Debnath et al, 2021; Kirk
& Shahzad, 2014).

DEFINITION 1. (Shukla, 2014) A partial b-metric on the set X is a function
ps + X x X — R, such that,

(1) Forall z,y € X, = =y iff ps(z,z) = ps(x,y) = ps(y,y)

(2) Forall v,y € X, ps(z,z) < ps(v,y)

(3) For all 7,y € X, ps(z,y) = ps(y,z)

(4) There exists a real number s > 1 such that, for all z,y, z € X, ps(x, z) <

slps(z,y) + ps(y, 2)] — ps(y, y)-
(X, ps) denotes the partial b-metric space. Note that every partial metric is
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a partial b-metric with s = 1. Also, every b-metric is a partial b-metric with
ps(x,z) =0, for all z,y € X.

A sequence {z,} in the space (X,ps) converges with respect to the
topology 7, to a point = € X, if and only if
i p (e, x) = ps(@, ). (1)
The sequence {z,} is Cauchy in (X, p,) if the below limit exists and is
finite
lim  ps(zp, Tm) < +00. (2)

n,m—-+00

A partial b-metric space (X, ps) is complete, if every Cauchy sequence
{z,} in (X, ps) converges to a point € X such that,

lim  ps(zn, 2m) = ps(z, 2). 3)

n,m—-+00

DEFINITION 2. A mapping T is said to be order-preserving on X, whenever
x < yimplies T'(x) X T(y) for all z,y € X.

Main result

The objective of this work is to establish a fixed point theorem in a com-
plete partial b-metric space.

THEOREM 1. Let (X, p,) be a complete partial b-metric space with s > 1 and
associated with a partial order <. Suppose an order preserving mapping
T : X — X satisfies

ps(T(2),T(y)) < amax{ps(z,y),ps(z,T(y)),ps(y, T(2))}

0 min{py (e, T(w) + o3 7)o, T@) 4 2o 7)) (@)

for all comparable z,y € X, where o, 3 € [0,0] and 6 = min{z, Z35}. If
there exists xy € X such that o < T'(x), then T has a unique fixed point

% € X such that ps(z,2) = 0.

Proof. Suppose z( # T'(zg), define a sequence {z,,} C X by z,, = T"(x0)
and let ¢, = ps(zpn,xny1). Itis clear that if z, = x,,, for some natural
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number n, then z,, is a fixed point of T', i.e., 41 = T'(x,) = xy.
Let z,11 # x,, for all n € N. Then, we proceed as follows:
n = ps(xml"n—i-l) = pS(T(xn_l),T(xn))
< « max{ps(xn,l, $n)7ps(xnfla T(xn))aps ($na T(xnfl))}
+§ min{ps(xn—la T(xn))+
ps(xnv T($n—1)))ps(xn—la T(«Tn—l)) + ps(xnv T(l'n) }

)
= « max{ps(xn—h wn)aps(-xn—h xn—&-l)yps («'Um xn)}

B .
+= mln{ps(xn—la xn—i—l) + ps(xna xn)aps(xn—la 'rn) + ps(xna xn—i—l)}

2
= amax{ps(Tn-1,Tn), $[Ps(Tn-1, Tn) + Ps(Tn, Tnt1)]}
_|_é [S[ps(xn—lv xn) + s ($n, xn+1)] + Ds (xn—b xn) + ps(xny wn—l—l)]
2 2

a(s[ps(Tn-1,2n) + Ps(Tn, Tni1)])+

g(s + 1) [ps(xn—ly mn) ;ps(xnv xn-{—l)]

= as+ B(Séjl)(ps(xnla fn) + ps(l'na -Tn+1))

das + Bs +
= #(ps (:L'nfly xn) + ps(l'na $n+1))

_ das+PBs+p

4 (%171 + Qn)'
Thus, we have

<4as+,88+,6’

dn > 4 (Qn—l + Qn)

which implies

(ArtesoBeoBy, o JastBsrhy, )

By simplifying (5), we have

das+ s+ B
4 —4as — fBs — ﬁ)qnfl 6)

an < (

For 6 € min{%, -2;}, we deduce that

0< das+ Bs+ 3 <1,
4—4as—PBs—p
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Therefore, from(6), we conclude that ps(zn, 2ni1) = g0 < -1 =

ps(Tpn—1,2,). Thus, {g, ‘xi is @ monotone non-increasing sequence of
real numbers and bounded below by 0. Therefore, lim,, 1., ¢, = 0, see
Chidume et al.(Chidume & Chidume, 2014).

Next, we show {xn > is Cauchy. Let z,, z,, € X, for all n,m € N.
Then,

ps(xnvxm) - Ps(Tn$0,Tml’0)
= ps(T(zn-1), T(Tm-1))
= Oémax{ps@n—l,JUm—l),Ps(an—l,CUm)aps@m»Tm—l)}
B .
+§ mlnps(xnfla wm) +ps(33m717 wn)aps(xnfla xn) +ps(1‘mfla xm)

= amax{s(ps(xn_l, xn) +ps(xn7 xm—l))aps(a:n—lv xm)aps(xna xm—l)}

B ps(xn—lv xm) + ps($m—17 xn) + ps(xn—la xn) + ps(xm—l) l'm)
31 2 }

= « maX{S(ps(-Tnfla xn) + 5(ps(l'na xm) + Ps (xma ZEmfl)))aps (l‘n*l, xn)

+ps($m—1a xm)} + g(s(ps(xn—la xn) +ps($na xm)) + 3(ps($m—1> $m)

+Ps(Tms Tn)) + Ps(Tn-1, Tn) + Ps(Tm—1, Tm)
= as(ps(tn—1,20) + 5(Ps(@n, Tm) + Ps(Tm, Tm-1))
—i—g(sps(xn_l, Tn) + 25ps(Tn, Tm) + SPs(Tm—1, Tm)
+Ps(Tn—1,Zn) + Ps(Tm—-1, Tm))
< (as+ —ﬁ + B)ps(xn_l,a:n) + (as® + %

4
+(a5 + ZIB + i)ps(xm—laxm)v (7)

)ps (xnv wm)

implies that

D paln,2m) < (s + 24 Doy,

4
(OéS + 75 + i)ps($m717xm)
2
< m((as + Zﬂ + g)ps(fUnfl’ﬂ?n)
5 B

+( + -+ 4)ps($mfla$m))- (8)

(1— (as®+
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Now, taking the limit as n,m — +oco in (7), we have

nnlgnJroops(xn’xm) =0.

Therefore, {x,} is a Cauchy sequence in X. For X being complete,
there exists £ € X such that

ngr_f_loops(xnax) = nnlbl—I}l—i-oops(xn’:Em) ps(ﬂj,l‘) =0.

Now, we proceed to prove the existence of the fixed point of T satisfying
(1). Let g € X be such that zy < T'(xg). If T'(xg) = zo then, zo is a
fixed point of 7. Recall that, T is order-preserving and zp < T'(x¢) then,
we have rg X T(xo) =21, r1 X T(a;l) = T9, T2 X T(l’g) = I3, ',
zn 2 T(xy) = zp41. By transitivity of <, we have zp < 21 < 29 < 23 <

R Ty X Tppr X
For showing & € X is a fixed point of T', we proceed as follows:

ps(2,T(2)) < s[ps(T, Tnt1) + Ps(@ns1, T(2)] — ps(Trg1s Tns1)
< s[ps (2, 2pt1) + ps(T(2n), T(2)]

[ps(:c Tn+1) + amax{ps(n, 2), ps(@n, T(2)), ps(2, T'(2n))}
+§ min{p,(zn, T(Z)) + ps(2, T(2n)), ps(2n, T(21)) ""pS(i’?T(CZ))}]
< 5[ps(@, 2p41) + amax{ps(wn, ), ps (20, T(2)), ps (&, T(20))}
02, T@)) + a3 T ) + 9 T0) - ©

+
Case I: Suppose max{ps(zn,2),ps(@n, T(2)),ps(, T (2n))} = ps(zn, ).
Then, from inequality (9), we have

+

ps(2,T(2)) < 3[ps<£'7wn+1)+aps(l'n,i')

(ps(xn, T(z)) +ps(@,T(x n))+p8(me(zn))"‘pS(i’?T(CZ)))]
2

< ps(inst) + saps(n, 8) + 2 (5(paln, ) + Bl T(2))

"’ps(i'a $n+1) + ps(xna $n+1) + ps(ia T(i')))
2
S

2

ﬁ)pS(«%a Tpt1) + (sa +

= s+ = Ips(wn, @)
2
+(¥ + %)ps(iaT(i‘) + %ps($n7xn+l)'
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From the above inequality, we have

2
(1= 22— Dy, T@) < (54 2D opala,min)+
2
(SOé + %)ps(«xrw i') + %ps(xna xn—l—l);
which implies
4
ps(2,T(2) < 1-s26_38 [(8 =+ %)ps(iaxn—&—l)‘i‘
2
(sa + %)ps(aﬁn, ) + %ps(m’n, Tn+1)]- (10)

We can observe that for 5 € min{ %, 27},

4-s’8—sB=4—-5*8—s8
=4—sB(s+1). (11)
If 5 = s%_ then, from equality (11) we have
4—s*—sB=4—sB(s+1)

1
:4_5(5—’_1)573

s+1
=4 — 82
>0 forall s > 1. (12)
Similarly, if 3 = =2, then, from equality (11),
s+1
4—s’B—sB=4—sB(s+1)
2
_4_(S+1)85+1
1
§4 - S(S + 1)8*3
>0 forall s > 1. (13)

From equalities (12) and (13), we conclude that the right-hand side of
(10) is non-negative.
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Case Il Suppose max{ps(zn,2),ps(@n, T(Z)),ps(@,T(zn))} =

ps(xn, T(Z)). Then, from inequality (9),
we have

ps(2,T(2)) < s|ps(&; Tny1) + aps(zn, T (L))
ﬁ(pS(ZUmT(‘%)) + ps(2, T'(2n)) + ps(@n, T(7n)) —I—ps(i‘,T(:i‘)))]
2 2

< 8[ s(a%,xn“) + Oés(ps(xmi') +ps('ﬁ7T(*ﬁ)))

+§(8(p5($n, i') +ps(j)T(i))) +ps(£axn+1) +p8(xmxn+1) +p5(§:7T(£)))]

< (54 Zo)pu(@, 2nsn) + (SPa+ D )py(n, 8)

4 4
et 24 Do .1 + Dspa(enm),

from the above inequality, we have

(- o~ 22 Dop.@.1@) < (s + Do)pa(a, i)
+(32a + §SQ)ps(azn, z) + gsps(xn, Tnt1),
so that
(4, T(3)) < 1 (s + 2 9)pa(@, ens)
Ps\@, = —4320[ —532 _ BS 4 Ps(Ty Tn+1
+(3204 + 532)178(%17 jj) + gsps(xm xn+1)] (14)

from the fact that 0 min{s%, 8%1}, we have if a > (3 then by (14), we have

4— 4820 — Bs® — Bs =4 — 4% + Bs® + Bs
=4 — (5s+1)spB. (15)
If 3 = % by (15), we have
4 —45%a — Bs® — s =4— (55 +1)sB
=4 - (58—1—1)38—3
>0 foralls>1. (16)
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If B = =27 by (15), we have

4— 45?0 — Bs? — s =4 — (5s + 1)s8

=4-(5 1
(5s+ )Ss—i-l

1
<4—(5s+ 1)55
>0 forall s> 1. (17)
From inequalities (16) and (17), we conclude that the right-hand side of
(10) is non-negative.
If « < 3, then by (14), we have
4 — 4520 — Bs? — Bs = 4 — 4s%a + as® + Bs
=4—-55%a + sa
=4 — (55 + 1)sa. (18)

Similarly for (18), we conclude that the right-hand side of (10) is
non-negative.

Case |lll: Suppose max{ps(zn,2),ps(Tn, T(2)),ps(Z,T(zy))} =
ps(Z,T(xy))). Then, from inequality (9), we have

ps(2,T(2)) < 8[ps(&, 2nr1) + aps(, T(xn)))

+§(ps(me(£)) +ps(2, T (wn)) + ps(Tn, T(zn)) —|—ps(:ﬁ,T(£)))]

< 5[ s(*%vxn-i-l) + O‘Sps(i’l'n-‘rl)

P (s(palin, )+ a2, T@N) +pa(E,0ni1) + Pl 2s) + o2, T()]

< (st+as+ gs)ps(;f:, Tpt1) + és2ps($n>53)

4
1O+ . 1@) + Dspaten, ).

By the simplification of the above equality, we have

ps(2,T(2) < 4—3245—36 (s + s + gs)ps(i', Tni1)
—|—§(92ps(33n,i) + gsps(:l:n,:z:nﬂ)]. (19)
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Note that, for any value of o, 3 € [0,60) and 4 — s23 — s3 > 0. Thus, the
right-hand side of (10) is non-negative. Taking the limit as n — +oco of both
sides in the respective inequalities (10), (14) and (19), we conclude that

ps(2,T(2)) = lim ps(2, T(2))

n—-4o00
=0.
Thus, T'(z) = z.
Next, we prove that if & € X is a fixed point of T', then p,(z, ) = 0.
Suppose ps(z,2) # 0. Then

ps(Aa‘%) :ps(T(i'a‘%))
< amax{ps(Z, ), ps(&, %)), ps(Z,2))}

0 min{p (2, ) + pa(2,2),p0(2,2) + py(2,8))
= (a+ B)ps(2, )
= Ops(,7)
< ps(T, ).

This is contradicting the fact that ps(z, Z) # 0. Therefore, ps(z,z) = 0.

Last, we will prove the uniqueness of the fixed point. Let z1, 22 € X be
two distinct fixed points of T'. Then

ps(w1,2) = ps(T'(21), T (72))
< amax{ps(z1,22), ps(x1, T (22)), ps(@2, T(21))}
+§ min{ps(z1, T(z2)) + ps(@2, T(x1)), ps(x1, T(21)) + ps(w2, T(22)) }

= amax{ps(r1,22),ps(1,2), ps(T1, 22)}

+§ min{ps(z1,z2) + ps(x1, x2), ps(x1, 2) + ps(@1, 22) }

= (a+ B)ps(z1,22)
= 9P3($1,$2)
< ps(1,22).
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This is a contradiction. Therefore, the fixed point is unique. O

REMARK 2. If we take o = & and py(z, T(y)) + ps(y, T(x)) > ps(a, T(z)) +
ps(y,T(y)) then we find Theorem 1 of Batsari et al. (Batsari & Kumam,
2020).

COROLLARY 3. Let (X, p) be a complete partial metric space associated
with a partial order <. Suppose an order-preserving mapping 7' : X — X
satisfies

ps(T(x), T(y)) < amax{ps(z,y),ps(z,T(y)), ps(y, T(z))}

5 min pa(a, T(0) + po(y, () o, T@) + 9oy, T (20)

for all comparable z,y € X, where 6 € [0, 1]. If there exists zy € X such
that zp < T'(z¢), then T has a unique fixed point & € X and p(z, %) = 0.

Now we apply our main result similar to (Batsari & Kumam, 2020) as fol-
lows:

Application to quantum operations

In quantum systems, measurements can be seen as quantum op-
erations (Seevinck, 2003). Quantum operations are very important in
narrating quantum systems that collaborate with the environment.

Let B(H) be the set of bounded linear operators on the separable com-
plex Hilbert space H;B(H) is the state space of consideration. Suppose
A={A;,Af :i=1,2,3,...}is a collection of operators A}s € B(H) satis-
fying " A;Af <I.Amap¢: B(H) — B(H) oftheform ¢ 4(B) = > A;BA;}
is called a quantum operation (Arias et al, 2002), quantum operations can
be used in quantum measurements of states. If the A;’s are self adjoint
then, ¢ 4 is self-adjoint.

General quantum measurements that have more than two values are
narrated by effect-valued measures (Arias et al, 2002). Denote the set of
quantum effects by e(H) = {A € B(H) : 0 < A < I'}. Consider the discrete
effect-valued measures narrated by a sequence of E; € ¢(H),i = 1,2,...
satisfying F; = I where the sum converges in the strong operator topology.
Therefore, the probability that outcome i eventuates in the state p is ,(E;)

536



and the post-measurement state given that i eventuates is M (Arias

et al, 2002). Furthermore, the resulting state after the |mplementat|on of
measurement without making any consideration is given by

= BB} (21)

If the measurement does not disturb the state p, then we have ¢(p) = p.
Furthermore, the probability that an effect A eventuates in the state r given
that the measurement was conducted is

Py (A) = tr [A S E: pEﬂ —tr ( S EZpE? p) (22)

If A is not interrupted by the measurement in any state we have

ZEsz% _
and by defining ¢(A) = ZEprf, we end up with ¢(A) = A.
From now, we will be dealing with a bi-level (|0}, |1)) single qubit quan-
tum system where a quantum state |¥) can be narrated as
|T) = a|0) +b|1), with a,b € C and |a]* + [b]* = 1

see (Batsari & Kumam, 2020; Nielsen & Chuang, 2000). Considering the
characterization of a bi-level quantum system by the Bloch sphere (Figure
1) above, a quantum state (|)) can be represented with the density matrix
below (p),

0y = 1 14+ mncosh 71 cos ¢ sinf — insin ¢ sin 6
— P73 71 cos ¢ sin 6 + insin ¢ sin 6 1—mncosd ’
€0,1],0<0 <7, and 0 < ¢ < 2. (23)

Also, the density (p) matrix is,

1 |: 1"’7‘2 Tx_i'l"y:| (24)

1
— l+70E] ==
2[ +70-] 2 |re +iry, 1-—r1s,

where 7, = [r,,ry, ] is the Bloch vector with |7,|| < 1, and & = [0, 0y, 0]

where
01 0 —i (1 0
7=\1 0 i 0)7% 0 -1,
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11)

Figure 1 — Bloch sphere
Puc. 1 - Cepepa brioxa
Cnuka 1 — bnoxosa cehbepa

Let p, o be two quantum states in a bi-level quantum system. Then, the
Bures fidelity (Bures, 1969) between the quantum states p and ¢ is defined

as
F(p,0) = [tr\/ p2ap2]?.

The Bures fidelity satisfies 0 < F(p,0) < 1, if p = o it takes the value 1
and 0 if p and ¢ have an orthogonal support (Nielsen & Chuang, 2000).

Now consider a two-level quantum system X represented with the col-
lection of density matrices {p : pis as defined in Equation (24)}. Define
the function ps : X x X — R as follows:

max{|[7,]|, [75][}es AN p £,

s 76:
ps(p;0) {0, bs.

It is easy to show that p, is a b-metric on X with s taking the value 1 ap-
proximately. They also define an order relation < on X by

p = ¢ iff the line from the origin joining the point 7; passes through 7,.
(25)
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It is easy to show that the order relation defined above is a partial order
(Batsari & Kumam, 2020).
As in (Batsari & Kumam, 2020), we find the following corollary.

COROLLARY 4. Let (ps, X) be a complete partial b-metric space associated
with the above order <. Suppose an order-preserving quantum operation
T : X — X that satisfies conditions in Theorems 1. Then, T has a fixed
point.

The following example validates our main result.

ExampLE 0.1. Consider the depolarizing quantum operation T on the Bloch
sphere X; T'(p) = %p + (1 — p)p with the depolarizing parameter p € [0, 1].
Let the comparable quantum states satisfy (25).

We examine that T': X — X satisfies all the conditions of our theorem.
Now, let p,§ € X. We show that T" is order preserving with definition (25).
For this, we will prove that if p < 6 then T'(p) < T'(9).

Therefore, as (Batsari & Kumam, 2020) using the Bloch sphere repre-
sentation of states in a bi-level quantum system below

1 14 pcosf pcos gsinf — iy sin ¢ sin 6§
=3 1 cos ¢ sin @ + iy sin ¢ sin 0 1— pcosf ’
pwe0,1], 0<f<m, and 0 < ¢ < 2,
So,
1/p O
T(p) = =
w=3(b )+
1—p 14 pcosf [ cos ¢sin @ — ipsin ¢ sin 6
2 ftcos @sin @ + i sin ¢ sin 0 1— pcosf
_1/(p 0O 1 14 pcost 14 cos ¢ sin @ — iy sin ¢ sin 0
- 2\0 p 2 \pcos¢sinf + iy sin ¢ sin 6 1— pcost
1 p+ pucosf Pt cos ¢ sin @ — ipp sin ¢ sin 6
2 \ p cos ¢ sin O + ipy sin ¢ sin 0 » — pit cos 6
. 1 1+(1—p)p cos O (1—p)[p cos ¢ sin —ip sin ¢ sin 0]
9\ (1—p)[pcos ¢sin f+ipsin ¢ sin 0] 1—(1—p)pcosb.
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Clearly, the angles 8 and ¢ do not change by the depolarizing quantum
operation T'. Also, we can deduce that the distance of the quantum state
p from the origin given by p is greater than or equal to the distance of the
new quantum state 7'(p) from the origin given by (1—p)u, p € [0, 1]. Conse-
quently, for any two quantum states which are comparable p,§ € X (p < J),
with respective distances from the origin 1, and p; such that, 1, < pus,
the depolarizing quantum operation T' constructs two quantum states
T(p), T(5) € X, have distances (1 — p)u, and (1 — p)us from the origin
for p € [0, 1] respectively. Since p, < us, then (1 —p)u, < (1 — p)us,
for all p € [0,1]. Thus, T'(p) < T'(9), which proves T is order-preserving.

The fidelity of any two quantum states p = (1> + 7, - ) and § = (> +
7 3) s,

1 . - -
F(p,6) = 511+ 7575+ 1= 50121 = 152 (26)

see (Batsari & Kumam, 2020; Chen et al, 2002), where 7,75 is the inner dot
product between the vectors r, and 5. So, for any comparable quantum
states p = 3(I, + 7, - &) and 6§ = (I + 75 - &), 75 - 75 = |7, ||||75 | cos ¥ for ¥
being the angle between 7, and r;5. Using Equation (26), we have,

(i). F(p.p) = 1.

(i) F(p,0) = %; for p a pure state and o the completely mixed state.

(iii) F'(p, p—) = 0; for p a pure state that is 180° separated from p,

see (Davies, 1976; Gohde, 1965). Thus, 1.000 < es1=F(»9) < 1.181 for
p,0 € X. Now, using s =1 and 0 € [0, 1] on Theorems 1. We have

ps(T(p), T(8)) = max{ [ 7| |75 ye =TT
- %||5”e§<1fF<T(p>,T(6)>>

< 2(||3llesA=FT@D) 4| pjles 1-FT@)o)

| =

1

5 G0s(T(0),8) + ps(T(p). p))

= £ (5 max{p(0. ), 240, T(9)), p+(T(0),5)}

min 2 TO) BT el T 46T,
Taking o = % and 8 = 1, condition (1) in Theorem 1 is satisfied. So T
has a unique fixed point in X.
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Pakew Tusapu?®, Moxammad Caud KxaH®,
Lllo6a Paun?, Hukona ®abnaHo®

& FocynapCTBEHHbI aBTOHOMHbIN KOMNEMK NocneaenmnioMHOro
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MaTeMaTuKn 1 NpUKNagHon matemaTuku, r. [a-PaHkyBa,
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® Benrpaackuin yHueepcuTeT, UHCTUTYT saepHbIX Hayk BuHua -
HauunoHanbHbIn nHCTUTYT Pecnybnukn Cepbus, r. benrpaga,
Pecnybnunka Cepbus, KoppecnoHaeHT

PYBPUKA T'PHTW: 27.35.33 Maremartundeckne mogenmu
3MEeKTPOANHAMUKM N OMTUKM
27.35.57 MaTtemartnyeckne moaenu KBaHTOBOW
urankn
27.39.27 HenuHenHbI yHKUMOHAmNbHbIN
aHanus
BWO CTATbW: opurnHanbHas Hay4Hasi ctaTbsi

Pesrome:

BsedeHue/uenb: CKoOHCmpyupogsaHa meopema O HeNnoO8UXHOU
mouke ¢ coxpaHeHuem rnopsidka 8 MO/IHOM U 4Yacmu4yHOM b-
MempuYeCKOM MpocmMpaHcmee npu 8bIMOIHEHUU YCro8ul cxa-
musi.

Memodbi: B daHHOU cmambe npuMeHeH Memod pacluupeHusi
pesynsmamoe bamcapu u dp.

Pesynbmambl: To4HOCMb K8aHMOB020 COCMOSIHUS UCMOMb3y-
emcsi 0nsi NocmMpoeHUsi HernodBUXHO20 K8aHMO8020 COCMOSi-
HUs.

BbigoObl: Henodsu)xHoe KeaHmMoeoe COCMOsIHUe C8513aHO C
KeaHmoeolU onepayuel, coxpaHsouiel rnopsidox.

Knroueeble criosa: yacmu4Hoe b-Mempudyeckoe npocmpaH-
cmeo, omobpaxkeHue ¢ coxpaHeHuUeM ropsidka, KeaHmosas ore-
pauyusi, moYHOCMb K8aHMo8020 COCMOsIHUSI, eekmop brioxa.

TEOPEMA ®VKCHE TAYKE Y JEIMMNYHOM
b-METPNYKOM MNMPOCTOPY MNMPUMEHEHA HA
KBAHTHE OMNEPALWJE

Pakew Tusapu?®, Moxamed Caud Kan®,
Lllo6a Panun?®, Hukona ®abuaHo"

@ [p>xaBHW Konel 3a nocrnegunnomcke ctyauvje B.J.T, [lenapTmaH 3a
martemartuky, Oypr, Yatucrap, Penybnuka UHgwja

5 YHuBepauTeT 3gpaBcTBeHNX Hayka Cedako MakraTo, [lenapTmaH 3a
MaTeMaTuKy 1 NpUMeHeHy MaTeMaTuKy,
la-PaHkyBa, Jy>xHoadpuyka Penybnvka

® YHuBepauTeT y Beorpagy, HCTUTYT 3a HykneapHe Hayke “BuHuya” -

HauwnoHanuu nHctutyT Penybnuke Cpbuje, Beorpag,
Peny6nuka Cpbuja, ayTop 3a npenncky
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OBJIACT: matemaTuka
BPCTA YJTAHKA: opurnHanHu HayyHu pag

Caxemak:

Yeo0/uurb: KoHcmpyucaHa je meopema ¢huKCHe madke mariu-
parba ¢ odysamem pedocrieda Ha KOMMIeMHOM napuyujasriHom
b-mempuykom npocmopy y3 3a0080s/bagarbe KOHMPaKmugHo2
ycnoea.

Memode: lNpumer-eH memod ripowiupeH je pesynmamuma bam-
capuja u Opyaux.

Pesynmamu: BepHocm KeaHmMHO2 cmarba Kopucmu ce 3a KOH-
cmpyucarbe (hUKCHO2 K8aHMHO2 cmartba.

Bakrbyyak: QUKCHO K8aHMHO cMaH-e 108e3aHo je ca K8aHmMHOM
ornepayujom Koja dysa pedocsed.

KrbyyHe pequ: napuujanHu b-mMmempuyku npocmop, marnuparbe
¢ ouyearem pedocnieda, KaHMHa oriepayuja, 8epPHOCM KeaHm-
Hoe cmarba, brioxoe eekmop.
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