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Summary:

Introduction/purpose: One of the key approaches to solving an entire class
of modern plasma physics problems is the so-called "plasma
approximation”. The most general definition of the "plasma approximation”
is a theoretical approach to the electric field calculation of a system of
charges under the electric quasi-neutrality condition. The purpose of this
paper is to compare the results of the numerical simulation of the kinetic
processes of the quasi-neutral plasma bunch expansion to the analytical
solution of a similar kinetic model but in the "plasma approximation".

Methods: The given results are obtained by the methods of deterministic
modeling based on the numerical solution of the system of Vlasov-Poisson
equations.
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Results: The provided comparison of the analytical expressions for the
solution of kinetic equations in the "plasma approximation” and the
numerical solutions of the Vlasov-Poisson equations system convincingly
show the limitations of the "plasma approximation" in some important cases
of the considered problem of plasma formation decay.

Conclusion: The theoretical results of this work are of great importance for
understanding the shortcomings of the "plasma approximation”, which can
manifest themselves in practical applications of computational plasma
physics.

Key words: physical kinetics, vacuum plasma, plasma expansion.

Introduction

The “plasma approximation” is known to be applicable to a
low-frequency and steady-state phenomenon, popular among plasma
scientists in various fields (Chen, 1984). Sometimes more appropriable
term is used here “the plasma condition” (Nishikawa & Wakatani, 1990),
i.e. the number of electrons in a Debye sphere is large enough to effect
charge shielding. But utilizing it leads to inconsistencies in the equation of
motion and prevents a proper, field-theoretic treatment of a condensed
matter in the plasma state. This circumstance takes place due to the fact
that if plasma reaches a quasi-neutral state ne = n;, its space charge is
approximately equal to zero p~ 0. According to Poisson equation, this
leads to E = 0. But the “plasma approximation” states that E # 0 and the
electric field can be found elsewise (Chen, 1984). Such a separation of the
initially consistent solution of plasma and field equations in the most cases
leads to an ambiguous multivalued interpretation of the electric field
definition. That seems to be the main methodological drawback of the
"plasma approximation".

As only formal definitions equate with formal mathematics, so the
“quasineutral” term correlates to “the plasma condition” ne ~ n. It refers to
the profound tendency of plasma electrons to change their positions as a
response to the electrostatic potential of ions to exponentially attenuate
the Coulomb field, and is often taken as the definition of the “plasma
approximation.” We know that the the traditional term “neutral” already
embraces the implications of quasineutrality, as no discrete medium
remains neutral on characteristic scales sufficiently smaller to resolve
isolated charges. In quasineutral media, the microscopic field fluctuates
strongly, but on the particle scale it averages out as the differential volume
element grows. The author of the monograph (Chen, 1984) claims that “the
plasma approximation is almost the same as the condition of
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guasineutrality discussed earlier but has a more exact meaning ... is a
mathematical shortcut that one can use even for wave motions... it is
usually possible to assume ne = n; and div E # 0 at the same time”.

The physical kinetics of plasma provides a different point of view on a
"guasineutrality" concept given from more fundamental positions. Indeed,
if we consider simple two component plasma that consists of least of
electrons and single-charged ions, then the ensemble of each type of
particles in terms of physical kinetics is characterized by its distribution
function, here f. and f;, respectively. Hence the number density of each
particle type is a special case of the distribution function zero-moment

n,; = [ f.(r.p.t)d°p &)

where (r, p) — phase-space coordinates, t — time variable.

Such zero-moments, like e.g. (1), of the patrticle distribution function,
do not characterize the microscopic state of the ensemble of particles.
They just represent particular macroscopic characteristics of certain
plasma components. That is why the approximation of ne = nj is the equality
in a "weak form", i.e. the identity f.= fi does not follow from the quasi-
neutrality condition. Frequently, depending on a particular physical
problem based, one has to introduce extra conditions for two or more
additional (higher) moments of the distribution function in order to satisfy
the “plasma approximation”. If we assume that the "plasma approximation”
is a convenient computational approach to a number of physical problems,
then one has to determine the limits of its use.

This paper is aimed to clarify the details of the two-component
vacuum plasma bunch expansion into free space by numerically solving
the system of Poisson-Vlasov equations. Its main purpose is to show the
features of this process without using the "plasma approximation”. For
simplicity, but without loss of generality, we solve the problem of plasma
expansion in a one-dimensional Cartesian spatial configuration. The
calculation results are compared with the exact self-similar solutions of the
Vlasov equations with the "plasma approximation" (Dorozhkina &
Semenov, 1998) pointing out possible shortcomings of the “plasma
approximation”.

Vacuum plasma expansion

General terms

Let us consider a one-dimensional planar plasma bunch, consisting
only of electrons and singly charged ions, located around the point xo, on
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the x-axis. The bunch has a localization region of the order of x. (spatial
distribution half-width). We assume that both ions and electrons inside the
bunch have Maxwellian velocity distributions with slightly different
temperatures Te for electrons and T; for ions. Assuming that the intial
plasma is quasi-neutral, the particle distribution functions can be written in
the following form

f., (x,p)= No EXp| — P

—_— | X
ch1,8”2me,ikTe,i 2rne,ikTe,i @

%)
xeXp ——
Xc

where No — full number of particles in the bunch, me and m; — electron and
ion rest mass, respectively, (x,p) — one-dimensional phase-space
coordinates, S — bunch transversal cross section, x. — characteristic spatial
scale of a plasma bunch, and T¢; — initial ion and electron temperatures,
respectively. If the initial electron distribution is assumed to be a non-
Maxwellian, then it evolves to a Maxwellian one due to electron-electron
elastic collisions. The Maxwellian distribution conserves, since collisions
no longer have any influence on the electron distribution function, because
the relevant term for elastic collisions is zero for a Maxwellian distribution.
As the effects of collisions of the other kind are much more negligible with
regard to electron-electrons, so the restriction to the Maxwellian initial
distribution form is justified enough.

The electron and ion distribution function comply with the collisionless
Boltzmann (Vlasov) equations without a magnetic field (Vlasov, 1968)

oA, Do e g

ot m, oX op

A ©
—+——+09E—=0,

where E - the electric field vector component along the x-axis, q — the
electron charge.

During the expansion process, the assumption of a collisionless
plasma is valid if the electron-electron collision time z. >> z = L/Cs, where
L is the characteristic size and Cs = (qTe/m)¥? is the ion sound velocity. As
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Tee = Te2?/(5-10°neA), where Coulomb log is A = 10 and A is the atomic
number, we can estimate the condition for a number density
Ne << N = T%/(5-10?AY2AL). For an antimony plasma (A=51) at
characteristic lengths of L =1 cm and T. =5 eV, the value of n-~ 7-10%°
cm (Baitin & Kuzanyan, 1998).

In most cases where the domination of space-charge effects is
significant and global plasma quasi-neutrality condition is not met, the
system of equations (3) is complemented by the Poisson’s equation in
order to account the electric field in a self-consistent way

0 0
- A(n-n) E=-2 (@)
OX & OX

where ¢ - electrostatic (electric) potential, & — vacuum dielectric
permittivity, ne and n;are electron and ion number densities, respectively,
that have to be found from (1).

“Plasma approximation”

Regarding the problem of interest, the first paper where the “plasma
approximation” and the associated theoretical approach have been
introduced is Gurevich’s paper (Gurevich et al, 1966). The case of a half-
infinite plasma with a sharp boundary has been considered by using the
Boltzmann electron distribution in order to find the electric field under the

guasi-neutrality assumption
qgo(x,t)j

KT,

where ng — is the constant characteristic number density of ions. This
assumption is not appropriate, since the electrostatic potential is non-
stationary and the electron distribution function is different from a
Boltzmann for a collisionless plasma. So, the total electron energy
changes in time and the electron thermal energy becomes a source of the
ion component acceleration in the expanding plasma. In a bounded
collisionless plasma, the electrons are trapped and oscillate in a potential
well, which is formed in order to satisfy a quasi-neutrality condition. Since
the parameters of the potential well change during plasma expansion, so
the variation of the electron energy becomes significant.

A more complicated approach to the implementation of the "plasma
approximation" is based directly on the physical kinetics principles
(Dorozhkina & Semenov, 1998). From the plasma quasi-neutrality

N, (xt)=n, exp[— (5)
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condition ne = n;, the left and right parts of equations in (3) are multiplied
by p and then integrated by the moment variable over the phase space.
Considering the number densities definition and the boundary conditions
for the distribution functions at |p| — «, the following equations can be
obtained

o 1 0
EJ‘ pfedp +F&J. p2 fedp + qEne = O’

° (6)
0 1 0
EI pfidp+aaf p?f,dp —qgEn, =0.

In order to obtain the electric field strength from expression (6), the
authors of the approach (Dorozhkina & Semenov, 1998) impose an
additional approximation, namely, they assume that the plasma bunch is
“currentless”, so

[ pf,dp—q[ pf,dp ~0, ™
in this case by subtracting the second equation from the first one in (6),
the following expression for the electric field is obtained
1l 0
e

1 0
2fdp—— 2 [p2fd
Pt L .p. o

2gn

e

We can now compare (8) to the electric field obtained from Gurevich's
formula (5)
KT, 0
E=———Inn, 9)
g ox

As it could be estimated, the given formulas (8) and (9) represent
significantly different electric field values for the same plasma parameters.
Namely, formula (9) gives a stronger electric field, which is an order of
magnitude higher than the similar value obtained by formula (8). These
arguments demonstrate the inconsistency of the "plasma approximation”
concept. The whole point is the ambiguity of the definition of the electric
field, and there are other approaches to obtaining the electric field in
“plasma approximation® leading to different electric field estimations which
are all different (Baitin & Kuzanyan, 1998).
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The presented discussion highlights the main disadvantages of the
so-called "plasma approximation”. First, the variety of the electric field
representations in the "plasma approximation" is determined by different
theoretical approaches (liquid, kinetic or particle-in-cell) in use, obviously
depriving the unambiguity of such approaches. Secondly, the calculation
of the electric field requires some additional approximations that come far
beyond the basic "quasi-neutrality" condition which is find to be
insuffucient. In the scientific literature, the use of such approximations is
given without sufficient justification (Dorozhkina & Semenov, 1998).
Finally, there is no unambiguous way to identify physical situations where
the electric field in the "plasma approximation" smoothly transforms into
the field determined from the Poisson’s equation or Maxwell's system of
equations in the transition regions.

Numerical simulation

The obvious difficulties in choosing the correct formulation of the
"plasma approximation" lead to the fact that the most accurate plasma
dynamics has to be explained in terms of the complete Vlasov-Poisson
system solution (3)-(4) where the electric field is determined in a self-
consistent way. Here we choose a one-dimensional formulation of the
problem in the Cartesian coordinates. Its advantages are obvious: the
obtained solution results can be directly compared to the analytical
formulas in the "plasma approximation" from (Dorozhkina & Semenov,
1998).

The direct numerical integration of (4) by using the trapezoidal or
Simpson methods leads to significant inaccuracies associated with the
accumulation of errors. To accurately determine the electric field and
potential in this work, we used the advanced fourth order method (Knorr et
al, 1980). As the computational phase space is restricted to the finite
spatial interval X [Xmin, Xmax], SO We apply E = 0 boundary conditions at the
both sides of it.

In this paper, the system of partial differential equations (3) was
solved numerically on a rectangular uniform phase-space grid (x, p) having
5000 per 2001 grid points for electrons and ions. The Vlasov equations
have been solved by using the high-order Cheng-Knorr semi-Lagrangian
method similar to that previously used (Zubarev et al, 2020, Kozhevnikov
et al, 2021). The numerical solution algorithm was implemented in
Mathworks MATLAB exploiting the embedded high-performance CPU
capabilities. The results of numerical calculations have been validated by
the computational grid and the computational time step value refining.
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As an example, here we consider a two-component metallic plasma
consisting of electrons and single-charged antimony ions Sb*. This plasma
components are typical for vacuum discharge in diodes with antimony
cathodes (Anders, 1997). For this plasma composition, a nhumber of
numerical calculation series have been carried out. The simulations were
processed for a wide range of total number of particles No= 107 - 10*2. In
each calculation, it was assumed that the plasma bunch had a
characteristic scale of x.= 100 um, while the plasma was assumed to be
nonequilibrium, i.e. Te=1 eV, Ti= 5 eV that corresponds to real cathode
plasma emission (Bugaev et al, 1975). For computational purposes, we
restrict the spatial boundaries of the computational phase space to
Xmin = - 2 €M, Xmax = 2 cm. It is sufficient to simulate the ionized state
behavior far enough from the computational borders. The obtained results
were compared with the analytical solutions of the Vlasov equations with
an electric field in the "plasma approximation” (8) (Dorozhkina & Semenov,
1998).

Figure 1 shows the comparisons of the number densities distributions
of electrons and ions at a time point of t = 500 ns for the cases of plasma
expansion consisting of different initial number of particles. A quasi-neutral
plasma distribution profile is shown with a black line in accordance with
the analytical solution in the “plasma approximation” (Dorozhkina &
Semenov, 1998). The results of the numerical calculations (without the
“plasma approximation”) - the number densities distribution profiles - are
given for both electrons and ions to show the difference in their spatial
distributions.

The first two plots in Figure 1 correspond to the decay of ionized
states with a small number of particles - No = 107 and No = 10°. Such initial
distributions of charged patrticles cannot be called “plasma” due to the fact
that the Debye length (Chen, 1984) is much larger than the characteristic
scale of the bunch, i.e. Ap >> X.. In the first case, the Debye length is much
greater than X, in the second case it has the same order of magnitude. In
both cases, the numerical calculation shows a violation of the initially given
guasi-neutrality conditions and a significant deviation from the "plasma
approximation" profiles.

For a denser plasma (No = 10%), a different situation is observed. This
case corresponds to true plasma decay Ap << X.. The electron and ions
number density distribution profiles in the Vlasov-Poisson model are close
to the quasi-neutral profile obtained from the "plasma approximation". For
the specified time point (t = 500 ns), quasi-neutrality is not significantly
disturbed over the entire length of the plasma bunch. This situation is most
fully described by the "plasma approximation": the plasma bunch expands
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with thermal velocities without significant loss of the initial quasi-neutrality.
At the very beginning of the process, the more mobile and thermalized
electronic component of the plasma is displaced with regard to the
electrically neutral state, which leads to the appearance of a weak electric
field close to the field in the "plasma approximation" in this case. Thus,
plasma tends to remain quasi-neutral: if the ions move, then the electrons
will follow them, and the electric field is adjusting to maintain the neutrality
in accordance with the displacement of electrons and ions.

Finally, the most important case considered here represents the decay
of a dense plasma bunch. The corresponding result of these calculations is
given at the fourth plot in Figure 1. For a plasma bunch with the total
number of particles equal to No = 103, other regularities are observed. First
of all, one can find a similarly to the previous case No = 10*!. For No = 10%3
the plasma bunch expands in time while preserving quasi-neutrality. But
resulting from the calculations without the "plasma approximation", plasma
decays faster. The profiles of a quasi-neutral plasma in the “plasma
approximation® and that one obtained as a numerical solution of the Vlasov-
Poisson equations (without the "plasma approximation™) noticeably differ.
In comparison with the decay of the ionized state (in No = 10°), where the
guasi-neutrality is noticeably violated, the decay of the dense plasma is
more intense with regard to the reference calculation (black line in
Figure 1).

Since the bunch quasi-neutrality is not violated (for No = 10%), it can
be assumed that in this case other factors affect the plasma decay process,
which are not taken into account by the "plasma approximation"
(Dorozhkina & Semenov, 1998). As we have already mentioned previously,
the kinetic formulation of the "plasma approximation" requires an additional
"currentless" approximation (7). The "currentless" approximation is
introduced independently of the quasi-neutrality approximation. It leads to
a linearization of kinetic equations (3), so that the plasma number densities
(black lines in Figure 1) for different number of particles have the same
characteristic width and differ only by the scale factor of the curve
magnitude. In reality, the system of Vlasov-Poisson equations is essentially
non-linear and its solutions for various parameters do not scale. The
calculations show that condition (7) is violated for a dense plasma. It leads
to faster plasma expansion due to the nonlinearly increasing influence of
electron and ion currents without affecting the total bunch quasi-neutrality.
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Figure 1 — Comparative plasma number density distributions obtained from numerical
calculations without the "plasma approximation” (red line and blue points) and from exact
analytical formulas in the "plasma approximation" (black line)

PucyHok 1 — CpasHumeribHble pacrpedenieHusi KoHUeHmpauuu KOMIOHEHITO8
rnnasmbl, MOfy4YeHHbIE U3 YUC/IEHHbIX pac4yémos 6e3 "nnaameHHoz20 npubnuxeHus"
(usemHbie Kpueble) U 0 MOYHbIM aHaIumuyeckum ¢opmynam 6 "rrasmMeHHoOM
npubnuxeHuu" (YepHasi IUHUS)

Cnuka 1 — YnopedHe pacrnodernie KOHUeHmMpauuje KoMrnoHeHmu ria3me 0obujeHe u3
HYMepuyYKkux rpopadvyHa 6e3 ,na3ma anpokcumayuje (0bojeHe Kpuee) U U3 mayHux
aHanumuykux coopmyna y ,nnasma arnpokcumayuju” (upHa fuHuja)
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Conclusions

The results presented in this paper represent a counterexample
convincingly showing the groundlessness of the "plasma approximation”
for solving particular non-stationary plasma physics problems. The existing
contradictions in the use of the "plasma approximation" can be formulated
as the following theoretical statements:

¢ In all of the existing "plasma approximation" formulations, the
electric field at t = 0 is nonzero, while the initial plasma is quasi-
neutral, so the electric field initially is E = 0;

e Accurate numerical simulation (without the "plasma
approximation”) shows that for some cases of the quasi-neutral
plasma bunch decay a local violation of plasma electrical neutrality
appears. This leads to the electric field redistribution and affects
further plasma dynamics, while in the "plasma approximation”
plasma quasi-neutrality is preserved every time;

¢ Finally, the known "plasma approximations" are ambiguous. They
require additional physical approximations depending on the
theoretical approach in use. Such approximations in some cases
make the “plasma approximation” less accurate.

Following the comparisons given in this paper, it can be argued that
the "plasma approximation" can be used to study plasma decay without an
external electric field only for a restricted range of dense plasma
parameters. In other cases, the initial quasi-neutrality conditions do not
guarantee the preservation of electrical neutrality during the whole ionized
state decay process making the use of the “plasma approximation”
unacceptable.
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Pesrome:
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onpedesnieHue "nnasmMeHHO20 npubrnuxeHUs" - amo meopemuyeckuli
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yC/108USIX UX 3fieKmpuYeckol KeasuHelmpasnbHocmu. Llenbro daHHOU
pabombl  sensemcsi  cpasHeHUe  pe3ysbmamog  YUC/IEHHO20
modenuposaHusi KUHemMUYecKux rpouyeccos pacrnada ceycmka
KeasuHelmparnbHoU rnasmbl C aHanumuyYyeckum camMorno00bHbIM
peweHueM aHas02u4yHol KuHemu4yeckol MoOeriu, MOfyYEeHHbIM 8
ycnosusix "nnasmeHHo20 rnpubnuxeHus".

Memoob!: lpusedeHHble pe3ynbmamai nonyy4eHusi
0emepMUHUCMUYECKO20 modenuposaHusi, OCHOBaHHbIEe Ha
8bI4UCIIEHHOM ObHapyeHuu cucmeMbl 06HapyxeHus Bnacoea-
lMyaccoHa.

Pesynbmamebi: CpasHeHUe aHanumu4yecKux eblpaxeHul peweHus
KUHemu4YyeckKux ypaseHeHull 6 "nnasmeHHOM npubnuxeHuu” u
YUCrEeHHbIX peuwleHuld cucmembsl ypasHeHul Bnacoea-llyaccoHa
ybedumernbHO  Mokasblearkm  O2paHU4YeHHOCMb  UCIO/Ib308aHUs
“nnasameHHo20 npubnuxeHusi" e psde crydaese paccMmampusaemol
3ada4u o pacnade nia3mMeHHo20 0b6pa3o8aHUs.

Bbigodbi: Teopemudeckue pe3dynibmamsl O0aHHOU pabomb! uUMerom
bonbwoe 3HavyeHue 07 MOHUMaHUsi Hedocmamkos "nna3meHHO20
npubnuxeHusi", Komopble MO2ym [posieiiMbCS 8 MPaKmMuU4YecKuXx
MPUSIOXEHUSIX 8bIYUCTUMETbHOU (hU3UKU MTasmbl.

Knrodeabie crioga: ghusudeckas KUHemuka, 8akyymMHasi rniasma, pasnem
nnasmbi.

KMHETUYKA CUMYITTALINJA EKCIMAH3NJE BAKYYMCKE MJTIASME
N3BAH NPAHNLA ,ITTASMA ANMPOKCUMALINJE”

Bacunuj J. KoxeBHWKOB, ayTop 3a npenucky, AHOpej B. Koanpes,
AnekcaHdap O. KokoBuH, Hamanuja C. CemeHjyk

MHCTUTYT 3a BUCOKOCTPYjHY eneKkTpoHuky, llabopaTtopuja 3a Teopujcky usmky,
Tomck, Pycka ®egepauuja

OBJIACT: cmaumka (onwTa cBojcTBa nrasve)
BPCTA UJTIAHKA: opyruHanHu Hay4Hu pag

Caxxemak:

Y80d/yurb: JeGaH 00 Kiby4HUX npucmyrna pewasarmy 4yumaee Krace
npobnema modepHe hu3UKe rnasme jecme makosgaHa arnpokcumayuja
nnasme.  Hajonwmuje ce OJdecbuHuwe kKao meopujcku npucmyn
u3payvyHaearby efleKmpu4yHO2 Mosba HaeseKkmpucaHux Yecmuya oo
yC/1080M efleKmpuYHe Keasu-HeympanHocmu. Ljurb osoe pada jecme
Oa yriopedu pesynmame HyMepu4Ke cuMyrnayuje KUHemu4ykux npoueca
wuper-a KeasuHeymparsiHe 32ycHyme [ja3Me ca aHalumuykum
pewereM CrU4YHO2 KuHemu4yko2 Mmodesia anu y anpokcumauuju
nnasme.
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Memode: Pesynmamu cy 0obujeHu memodama OemepMUHUCMUYKO2
modesiogarba 3acCHOBaHUM Ha HyMepu4YkoMm peuwery Bnacos-
lMoacoHosoe cucmema jeOHa4YyuHa.

Pesynmamu: [lpedcmaerbeHo nopehewe aHanumuykux uspasa 3a
pelwasare KUHemu4yKux jedHaquHa y arnpokcumauuju riasme, Kao u
Hymepuyka pewera Bnacos-lMoacoHogoe cucmema jeOHa4uHa,
y6edrbugo Mnokasyjy oepaHu4era arpokcumauyuje rniaa3me y HeKuMm
B8aXHUM  criy4dajesuma  pa3mampaHoe npobriema  pacrnadarba
¢opmauvuja nnasmve.

Sakmyuyu: Teopujcku pesynmamu o8oe pada 00 8efluKo2 cy 3Hadaja
3a pasymesar-e Hedocmamaka arnpokcumayuje nnasme 9o Kojux Moxe
0ohu npunuKkoM rnpakmuyHe rnpuMeHe KoMrjymepcke ¢usuke nnasme.

KrbyyHe peyqu: c¢buzuyka KuHemuka, eaKkyyM [asma, ekcraH3uja
nnasme.
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