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Abstract:

Introduction:purpose: Noether’s theorem connects symmetry of the La-
grangian to conserved quantities. Quantum effects cancel the conserved
quantities.

Methods: Triangle diagram, Path integral, Pauli-Villars regularisation.

Results: Quantum effects that spoil conserved quantities of local gauge
symmetries endager renormalisability.

Conclusion: A careful treatment of anomalies is needed in order to ob-
tain correct results. The 1° — ~v decay is perhaps the most notable
‘impossible” effect allowed by anomalies.
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Noether’s theorem

What happens when a Lagrangian is invariant under certain symme-
try? It happens that there is a conserved quantity, as stated by Noether’s
theorem (Noether, 1918), which is perhaps the most important theorem
in theoretical physics. We have a generic Lagrangian with fields ¢, that
undergo an infinitesimal transformation ¢, after applying the symmetry.
The Lagrangian is invariant by the hypothesis, so we have (summation is
understood on repeated indices a)

oL oL

oL oL
SL=0=—"0pg + ——0(0yba) = —0¢g + ————0p(66a) , (1
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where the order swapping of 6 and 9, is possible because ¢, is a functional
variation. There are also equations of motion that read

oL oL

o = s @
and by combining the two, we obtain
oL
% |50 =0 &)
Defining a current

=5 5, @)

6(0pa)

from eq. (3), we see that is conserved, i.e., 9,J" = 0.
In QED, for example, the wave function ¢ is invariant under the phase
transformations 1 — €1, for which we have the conserved current

JH* = ipytap such that 9, J" =0 . (5)

There is also the global chiral transformation ¢ — ¢#7*+) which has a
conserved current only in the massless limit,

JO = ihy°y*4p such that (9#J5“ = 2imyy°y . (6)

Quantum symmetries

In the previous section we have discussed the invariance of the La-
grangian under symmetry transformations and its consequences. There
was no mention of quantum effects in Noether’s theorem, which are not
relevant for its proof. In fact, it was tacitly assumed that classical and quan-
tum symmetries are the same thing. This belief was shattered in the late
60-ies when it was discovered that quantum effects could indeed spoil clas-
sical symmetries. Such symmetries that are broken by quantum effects are
called anomalies.

A posteriori, this belief had actually no grounds. While classically there
is a transformation d¢ that implies §£ = 0, at the quantum level, by means
of a path integral, the things are different. One computes

/ D li/MS(@) (7)

and, while under the transformation ¢ the action is also invariant, 65 = 0,
there remains the Jacobian of the transformation in D¢ which in general will
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not equal unity. Therefore, classical symmetry has in general no reasons
to survive quantisation. For a brief review of path integrals, see (Fabiano,
2022a).

Anomalies are bad when they afflict symmetries necessary to renor-
malise the theory: their presence disallows the possibility of obtaining finite
predictions (Schwinger, 1959). This case happens when local gauge sym-
metry is anomalous. Anomalies of global symmetries, on the other hand,
are considered relatively harmless because they contribute finitely to phys-
ical processes.

U(1) anomaly

Consider a theory with massless fermions, where

whose conserved currents we have already encountered in the section enti-
tled Noether’s theorem. We already know that U (1) symmetry is conserved
and for massless fermions both vector current and axial current are con-
served, 9*.J, = 0 and 8“J3 =0.

For this theory, we will now calculate the three point function

GMY (21, x9) = (0 [T J2(0)J* (1) J" (22)| 0) . (9)

In plain language, the vector current causes a fermion—antifermion pair
creation at the point x; and another such creation at the point x5, then
a fermion from one pair and an antifermion from another pair annihilate,
while at the point 0 the chiral current annihilates the remaining fermion -
antifermion pair.

Two relevant Feynman diagrams for this process are two triangles
represented in Figures 1 and 2.

The Fourier transform of the three point function (9) is written as

4
AMY (K, ko) = (_1)i3/((217£4 Tr <7A753ﬁ1¢ Vlﬁ —1%17u;’+
A5 1 o 1 1/1 10
va—gvpkﬂp)’ (10)
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Figure 1 — Triangle diagram, 1 Figure 2 — Triangle diagram, 2
Puc. 1 — TpeyeonbHas duagpamma, 1 Puc. 2 — TpeyeonbHas duagpamma, 2
Cnuka 1 — Hujazpam mpoyena, 1 Cnuka 2 — Hujaepam mpoyena, 2

the first part belonging to the first diagram, the other part on the last line
describing the second diagram, with ¢ = k1 + ko. The overall minus sign
comes from the closed fermion loop. Both diagrams are needed in order
to obtain Bose statistics.

An immediate observation is that the integral of eq. (10) is linearly di-
vergent because it contains three fermionic propagators. This linear diver-
gence is at the origin of the breaking of U(1) symmetry, i.e. some current
will not be conserved anymore at the quantum level.

Consider an integral of a function over the whole real line

+o00
/ dz f(z), 11

and then shift the variable, x — x + a. The possible consequences of this
action will be evidenced by this integral

+o0
/ Ao [f(z+a) - f(z)] (12)

—00
this action is usually harmless and eq. (12) would be zero. Expanding this
expression with the Taylor series, we obtain

/+°°dx [af'(:zz) + a;f"(x) + O(a3)] = a[f(+00) — f(—o00)]+

—00

a2

S [f (+00) = f'(=00)] + O(a”) . (13)

If the integral converges, the variable shift has no consequences, but
if the integral is linearly divergent, the result is given from eq. (13), and
equals a[f(+00) — f(—o0)].
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This ambiguity can be generalised to an arbitrary (Euclidean) dimen-
sion. Define the function

Afa) = / P [f(x +a) - f(2)] =

—_

/ a’s [aﬂamx) L @0, 1) + 0(¥)| =

[\

a“%f(R)SD(R) , (14)

applying the Gauss theorem. All terms except the first vanish when inte-
grating over the surface R — +oo. Sp(R) = 27P/2R(P=1/T(D/2) is the
surface of the D—dimensional sphere. In the four dimensional Minkowskian
case, we have

Aa) = REIEOOQWQz‘)a“RuRQ f(R) . (15)

Triangle diagram

The conservation of two classical currents 9,J* = 0 and 9,J°* = 0
translates respectively to the equations

k1, AMY =0 and ko, AMY =0, (16)

for the vector current, and
DAM =0 (17)

for the pseudovector one. The first of eq. (16) is given by the expression
k1AM (K ko) =
[ dYp ( N 11
i | — Tr vy ——9" k=~
/(QW)A‘ p—d p—Fkip
1 1 1
AL v
PPy ) (18)
p—d p—Fk P
by substituting the first occurrence of §, as }; = p— (p—¥,) and the second
occurrence of , as f; = (p — k3) — (p — ¢), we obtain

k1AM (K ko) =

A (A L
/(27r)4T<77;¢—517¢%1[p (p %1)]p+
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1

. d4p 1 A5 V]'
Z/(2rr> o <7W il k1 Mzﬁ—kﬂ p) 19
and an analogous expression is obtained for ks, A (k1, k2) by exchanging
k1<—>k2andu<—>y.
When observing the last line of eq. (19), we see that the second term
is obtained by the first term by shifting the integration variable p — p —
k1, so one would infer that the net result is zero and the vector current is

conserved. However, by virtue of eq. (13), this deduction is wrong.
Define the integrand function present in eq. (19)

_ s L1\ TR — Ky )7 MY _
f(m_ﬁ(”p g p) (0 — ko)
4i Tl/o')\k,szo_
(p — k2)?p? (20)

where £777* is the totally antisymmetric Levi—Civita tensor, with €923 = 41,
and from egs. (12) and (15), we obtain

; A
/’Lpl 4ZETVU k27’p0’ 27T2p3

ki AN (o, ko) = 1

G ik
(271_)417_15{1001( ) P P

NV kg £ 0 . (21)

Iyis Q2
Above, we have used the expression p,p,/p* = g,,/4: by contracting
both sides with the inverse ¢, we have

uo 2 uo
pMpUg _ p — gua‘g — 1 . (22)

p2

=2 1

We will now verify the behaviour of eq. (10) with respect to a different
choice of the shift in the integrand. Define the function of an arbitrary vector
a

4
A bk = (_1”3/ (;177]))4 Tr( A 5p+; i

1 Lo 1 1
PEW I R e L p+¢)’ (@3)
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and compute AN (a, ki, ka) — AMY (ky, ko) with the aid of eq. (15) applied
to the function

IR SR AR
f(p)—T<’va_¢7p_%lv“p)

Te[y 2 (p — )" (p — k)" pl .

(24)
(P — ) (p? — k)p?
We have the following property:
f) i ORI T (0 )
P p—>+00 p6 - p6
pQTr (’yA’pr'y”fyr“) —4ip2p06‘7”“’\
p6 - p6 ’ (25)
SO we obtain
4i . PuwDo
Ay Apv — w oV
AV da, ) = A (R ) = o T a2
)
{(, k1) & (0, k2)y = —5e"""ay + {(p, k1) < (v, k2)} . (26)

872

We can parametrise the shift vector a by the two independent momenta
k1 and k- in the following manner:

a= ok + k) + B(k1 — k2) , (27)

and by inserting back this expression into eq. (26), we obtain

AMY (a, k1, kg) = AMY (e, k) + Z—ia‘”’“’\(kl — ko) (28)

We notice that the dependence from « drops out and the result depends
only on the difference k; — ko.

We will now impose the conservation of the vector current in eq. (16).

Not doing so would in fact lead to the non conservation of electric charge

Q: fermions would be created out of nowhere. As this violation has never

been observed in Nature, this constraint on the J* current is of paramount
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importance and can not be avoided. Recalling from eq. (21) that

i

kA (ky, k) = 8?5’\'”0/{71774?20 ; (29)
we have
v Z vVTOo ZB ov
k1AM (a, ky, ko) = @& kirkao + 4 € Nk — ko) (30)

and by choosing 5 = —1/2, we obtain the vector current conservation.

A possible way of understanding this phenomenon is that the Feynman
rules as such are not enough to determine the three point function of eq. (9).
Because of its ambiguity, one has also to impose the constraint of the vector
current conservation.

Chiral current

So far, we have discussed the conservation of the vector current. Is
it possible to impose also the chiral current conservation in the massless
limit? We have already encountered all the necessary machinery neces-
sary to compute the expression 9,,J%:

i

DAM (a, by, k) = AN (k1 k) + 2

" kyakao - (31)

We have

v . d4p 1 v 1
R G e

75¢ ijVV;ﬂ“) +{(n, k1) & (v, ko) } =

)
472

in a fashion analogous to eq. (18). Eventually, for the chiral current, we
obtain:

M AT ko (32)

1
DA (a, ki, ko) = 55" Thinkag #0, (33)
i.e., the chiral current is not conserved even in the massless limit. This phe-
nomenon is known as the chiral anomaly, the axial anomaly or the Adler—
Bell-Jackiw (ABJ) U(1) anomaly (Adler, 1969; Bell & Jackiw, 1969). For

the path integral formulation, see (Fujikawa, 1979).
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Consequences of the chiral anomaly

We have just seen how the triangle diagrams are dependent upon a
variable shift, and that it is impossible to impose both constraints of the
conservation of a vector and chiral current at the same time. This leads
to the breaking of U(1) symmetry and has many consequences. Some of
them will be illustrated briefly.

Add photons - We could add photons to our naive theory of eq. (8), i.e.
L = ipy*(8, —ieA,). Itis equivalent to adding two external photon
lines attached to the vertices  and v of Figs. 1-2. Of course, clas-
sically, the J; current is still conserved, as we did not add the mass
term. At the quantum level, eq. (33) becomes

e2

5 _
otJ, = (am)t

€MVAUF;WF)\0' ) (34)

which is an operator that produces two photons. This term is very

often written as )
e
PRV E
(4m) .

where *F* = ¢#A7 B\ s the dual electromagnetic tensor .

oI = (35)

7% — ~~ decay - With the argument shown in the Triangle diagram sec-
tion, attaching an external line of a pseudoscalar 7 at the two vertices
of Figs. 1-2 and two photons as described above, one can calcu-
late the decay rate of 7 — 2. Historically, people used the erro-
neous quantum conservation of the chiral current to prove that this
decay cannot occur at all! It is interesting to note a posteriori that
(7% — 2v) ~ 7.82 eV, and that its branching ratio is B = I'(z" —
2v)/T" = 99%, for a “non existing” decay channel.

Add a mass term - Our Lagrangian becomes £ = i9)[y*(9,—ieA,) —m]v,
and explicitly spoils the conservation of .J° as illustrated in eq. (6). So
we have )

5 _ o T 5 € VAo
a,uJH = 2“7“/)7 d) + Weu F/UJF)\U s (36)
i.e. the classical explicit mass term that violates the chiral current
conservation and the quantum term with the analogous effect add up.
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Regularisation - Since the triangular diagrams in Figs. 1-2 are linearly di-
vergent, one could wonder whether some sort of regularisation would
be able to cancel the anomaly. Dimensional regularisation (Bollini &
Giambiagi, 1972; 't Hooft & Veltman, 1972) cannot be used this time,
because the 4° matrix in D dimensions defined as v° = i70~! ... 4P~1,
in the odd dimensional spacetime still obeys the Clifford algebra
{7, 4"} = 2¢g" and {y*,~+°} = 0, but is inconsistent with the trace
properties, i.e. does not obey the relation

Tr(v#4" v 777%) £ 0. (37)

One could use the Pauli-Villars regularisation (Pauli & Villars, 1949)
discussed in (Fabiano, 2022b). Keeping to 0 the electron mass and
introducing a regulator mass M, the behaviour of the integrand in the
three point function of eq. (10) is unchanged for p <« M and is superfi-
cially logarithmically divergent, so one is allowed to shift the integrand
variable. Yet the chiral current is again not conserved after the intro-
duction of M, as precisely this mass term violates the chiral symmetry.
This breaking still persists even after the regulator M — +oc.

Yang-Mills theory - Consider the massless version of the La-
grangian (Yang & Mills, 1954) of eq. (20) of (Fabiano, 2022c),
i.e. £ =ipy"(d, — igAf,T*). The difference with the Abelian case
is that we insert a factor T* at the vertex labelled by x and a factor
T? at the vertex labelled with v. For a non Abelian gauge theory, one
obtains

2
w75 g UvAo
orJy, (47T)45 GwGro (38)
where G, = G}, T". Because the field strength defined in eq. (21)
of (Fabiano, 2022c) contains also the terms cubic and quartic in A,
beyond the triangle anomaly, we also have square and pentagon
anomalies.
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29.05.23 PenaTtnBmcTcKas kKBaHTOBas Teopus.
KBaHTOBasi Teopus nons
29.05.33 3nekTpomarHMTHOE B3aumodencTaune
BWL CTATbW: o63opHas ctaTbs

Pesome:

BeedeHue/uenb: Teopema Hémep (Néther) ycmaHasnueaem
coomeemcmeue Mex0y 0606wWéHHbIMU cuMmempusMu JlazpaH-
)Ka U coxpaHsieMbiMu senuduHamu. KeaHmosble aghghekmbl om-
MEHSII0omM 3aKOHCEepP8UPOBaHHbIE 8E/TUYUHDI.

Memodnbi: TpeyzonbHas duazpamma, uHmeepars o mpaekmo-
pusiMm, peaynsapu3sayus Naynu-Bunnapca.

Pesynbmamei: KeaHmosble aghghekmbl, enusowjue Ha 3aKoH-
cepsuposaHHble 8erUYUHbI JI0KallbHOU Kasiubposo4yHol cum-
mMempuu cmassim oo yeposy nepeHopMupyemMocms.

Bbi8odbi: [nis nomnyyeHUss moyHbIX pe3yrbmamos Heobxo0umo
nposecmu mujameribHble uccrnedosaHus. Pacrad 70 — v
8EPOSIMHO 58/15€MCS CaMbIM YHUKaITbHbIM "HEBO3MOXHbIM” 3¢h-
ekmom, donyckaeMbiM aHOMaNUSMU MpasusibHbIe pe3yribma-
mebil.

Kntouesenie criosa: cumMmempus, KeaHImoeble aHoMarsiuu.

AHOManuje y KBaHTHUM Teopujama norba

Hukona ®abuaHo

YHuepauteT y beorpagy, IHCTUTYT 3a HykneapHe Hayke ,BuHua“ -
HauwnoHanHu nHetuTyT Penybnuke Cpbuje,
Beorpag, Peny6nuka Cpbvja

OBNACT: matemaTtuka
KATETOPWJA (TWM) YNAHKA: npernegHu pag

Caxxemak:

Yeoo/uurb: HemepuHa (Néther) meopema rnosesyje cumempu-
je JlaepaHxujaHa ca KOH3epeupaHuM eenuqyuHama. KeaHmHu
ehekmu noHUWMasajy KoH3epeupaHe eeruduHe.

Memode: [ujazpam mpoyana, uHmeepan nyma, [laynu-
Bunapcosea peaynapusayuja.
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Pesynmamu: KeaHmHU ethbekmu Koju Keape KOH3epeupaHe ee-
JIUYUHe cuMmempuja JloKanHe Kanubpauuje yspoxasajy peHop-
marnu3abusHocm.

Bakrbyyak: AHomaruje je mnompebHO nax rbugo mpemupamu Ka-
ko 6u ce oburnu mayHu pesynmamu. Pacrad 7° — v je Mox0da
HajHaenaweHuju ,Hemoayhu” egpbekam Koju 00380sbasajy aHoma-
nuje.

KrbyyHe peyu: cumempuja, kKeaHmMHe aHomaruje.
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