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Abstract:

Introduction/purpose: Supersymmetry is a symmetry of the Lagrangian
that goes beyond Lie groups. It allows the exchange of bosons and
fermions. The most important model is the Minimal Supersymmetric
Standard Model, or MSSM.

Methods: Supercharge algebra, superfields, Grassmann numbers,
Berezin integral.

Results: Supersymmetric transformations are global, they do not depend
on spacetime coordinates. In the case of Supergravity, they are local.
Conclusion: Supersymmetric models, and MSSM in particular, could de-
scribe more physics and more particles beyond the Standard Model.
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Supersymmetry

Supersymmetry — or SUSY for short — is a symmetry that interchanges
bosons with fermions (Gervais & Sakita, 1971; Volkov & Akulov, 1972,
1973, 1974; Ramond, 1971). It is one of the best candidates for physics
beyond the Standard Model, with the so—called Minimal Supersymmetric
Standard Model, MSSM for short (Fayet, 1975, 1976, 1977; Fayet & Fer-
rara, 1977). In this extension to the Standard Model, each particle has its
corresponding superpartner with same mass and other quantum numbers,
but with different spin by one half. For instance, the electron has a selec-
tron, a bosonic superpartner, while photon, Z and gluon have fermionic
superpartners called photino, zino and gluino respectively. Names are as-
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signed in following manner: bosonic superpartners gain the s- prefix, while
fermionic superpartners gain the -ino suffix.

As we easily distinguish between bosons and fermions at current ener-
gies, this symmetry has to be spontaneously broken. After supersymmetry
breaking superpartners masses may differ.

Supersymmetry algebra

A supersymmetric transformation brings a scalar to a fermion and vicev-
ersa. The generator Q,, of the transformation, known as the supercharge,
brings from the boson field ¢ to the Weyl spinor 1),,.

In order to describe supersymmetry transformation it is better to operate
with Weyl spinors rather than Dirac ones, and to change usual notation a
bit. Weyl spinors ¢, r transform under Lorentz group as

Yrr(®) = Y7 g(2') = AL rYLR(Z) (1
where the transformations Ay, r are given by
1, o
Apg = exp <20 (@7 w>> | )
& being the three Pauli matrices

O R ) RO A PR

« the three real rotational parameters, and v the three real boost parame-
ters. The transformations A; and Ay are related by

At =AL . (4)

The four component Dirac spinor ¥ is written as follows:

(1) ®

)

v

equivalent to
1\
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Often, itis found that Weyl spinors are written starting from Dirac spinors
in the following way, as projections, see for instance (Fabiano, 2021):

1
Yrr =51 £)Y. (7)
In this formalism we have the Weyl representation of the Dirac matrices
0 ot
-
(5 %) ®)

where o = (1,0%) = (0")ap and o* = (1, —0") = (") = ()%, The
matrices ¢* and 7" mix dotted and undotted indices, that is left and right
spinor indices. The dot in the notation is similar to the covariant and con-
travariant — or upper and lower indices in general and special relativity. We
always contract an upper with a lower index, and we have the additional
rule that only dotted or undotted indices can be contracted together, not
mixed dotted—undotted.
The generator Q,, transforms as a Weyl spinor, that means

[T, Qu) = ~i(0") Qs . (9)
where J# is the generator of Lorentz group, while
ot = %(a“&” —o"a"), and " = i(ﬁ“a” —g’at) . (10)
Q.. is independent from spacetime coordinates, then
[P*,Q.] =0. (11)

Denoting the conjugate of Q, as Q,, we have

7m.QY = —i@)Q (12)
The conjugation of spinors works as follows:
() =", and (a)" =¥, - (13)
The supersymmetry algebra is given by the anticommutator
{Qu: Q) =2(0") Py (14)

How tojustify (14)? By inspection, the rhs of the expression should carry
indices « and 3. The simplest object that carries those two indices is o#,
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which also carries a Lorentz index. The latter has to be contracted with a
vector index, that is P,, the generator of translations. The factor of 2 is for
normalisation.

By the same line of reasoning we should have {Q.,Q°} =
cl(a“”)fJW + cQéf, where ¢; and ¢, are constants. Commuting with P>
results that ¢; = 0. Since we have that @, = EaﬁQﬁ where ¢;; = 1, we
obtain {Q.,Qs} = c2eqp, but because Ihs is symmetric in « and 3 we de-
duce that ¢ = 0. The complete supersymmetry algebra is therefore given
by relations:

{Qa: @5} = 2(c") /P, (15)
{Qa, Q) =0 (16)

{Qa, Q31 =0 (17)

Qus ) = 507 (18)
Qs ) = 5 @) (19)
[Qas Pu] =0 (20)
[@ur P =0 (21)

There is an immediate physical result coming from eq. (14): when con-
tracted with ()% one has

AP = (7)°{Qa, Q3} - (22)
The first component PV is the Hamiltonian, so

AH = {Qu,Qs} = {Qu,QL} =) (QuQL+QLQ),  (23)

because the conjugate of ), is @B' Itis clear that # is non negative definite
(the value 0 is admitted), so in supersymmetric theory any physical state
|S) has a non negative energy:

(S|H|S) = ZZ\ (5'|Q2| $)|? (24)
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Superspace and superfields

From the relation (14), that could be also written as

{Qom QL} = 2(0”u)aapu s (25)

we could construct a so—called superspace, an abstract space with both
bosonic and fermionic coordinates. The fermionic coordinates should
be constructed with the aid of Grassmann numbers (Grassmann, 1844).
Those are anticommuting numbers 6, that commute with ordinary numbers
x

0i9j = —OJHZ- N and 91$ = :1:91 . (26)

It is clear that
(6;)? = 0 because 0;0; = —6,6; , (27)

and therefore any function defined on Grassmann numbers has at most a
constant and a linear term: f(6) = a+ b6, where a, b are ordinary numbers.
Itis also easy to find out that a product of two Grassmann numbers, that is
0;0;, obeys to Bose—Fermi statistics.

The integral over Grassmann functions is called Berezin inte-
gral (Berezin, 1966). It is a sort of integral over fermionic variables, and
can be determined by asking basic properties of ordinal integration like lin-
earity

/d9 [af(0) + bg(0)] = a/de f0) + b/d9 g(0) (28)
translational invariance
/d@f(9+6’):/d6f(6), (29)

and partial integration formula

/de [;Hf(e)} =0. (30)

Starting from formula (29), and the fact that any function of Grassmann
numbers is linear one finds out that
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/ﬁma+w+way:/gwa+w), 31)

a/ﬁ9+b/d%+wa/ﬁ9:a/ﬁ9+b/d%, (32)

providing the result

/d& =0. (33)
This leads to very simple integration rules:
/wlzo, (34)
and
/w0:1, (35)

the latter formula is a matter of convention for normalisation, used originally
by Berezin.

Formally, the polynomials constructed by n Grassmann variables
01, ...,0,, form the Grassmann algebra G,,. The Grassmann algebra uses
the wedge product as multiplication, being anticommutative and associa-
tive, which is similar to the more familiar cross product of two vectors. The
Berezin integral on G, is defined as a linear functional having the following
properties:

/d091,...,9n:17 (36)
Gn,
and o7
—— =0,i=1...n; 7
/Gndeaei 0,1 n; (37)

it could be shown that Berezin integral is the only possible functional with
the above mentioned properties.
The superspace is formed from bosonic and fermionic coordinates,

{x“,&a,gﬂ}.. Here 0% is a two component left handed Weyl spinor

(0,61, 8” a two component right handed Weyl spinor (8 ,5"). We
have a total of 4 bosonic dimensions and 4 Grassmann dimensions. This
combination of ordinary coordinates z* and one couple of Weyl spinors

{9“,55} is called N = 1 supersymmetric space.
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The basic relation (14) for supersymmetry generators shows that the
application of two consecutive transformations leads to P*, a translation in
ordinary bosonic space. So we expect that operators @, and @B generate

a translation in superspace, respectively in 6% and 8 Grassmann coordi-
nates. The supercharges are explicitly represented by

o'

— Y AN}
Qo = 504 i(0")aal O (38)
and
@-f——a +i0P (o) 50 (39)
BT W) g% -

These expressions satisfy the anticommutation relation (14). Notice that
the “naive” guess @, = 0/06% and @B = —8/855 would give 0 in the
anticommutator, thus not satisfying (14). .

A superfield is a function defined on superspace: ®(z*, 00“,@6). An in-

finitesimal supersymmetric transformation acts on @ in the following man-
ner

O — =50 = i(Qu + £,0%)D (40)

where ¢ and ¢ are Grassmann variables. Looking at the explicit form of the
supersymmetric generators in egs. (38)—(39), we could define also another
set of independent generators:

_ oy gl
Do = 5a0 +i(0")aal "0 (41)
and 5
Dy=——= —i0°(0") 450, . (42)
T BB

The D set is “orthogonal” to the @ set: in fact D, and 55 anticommute
with @, and QB' So if we impose the condition Ds® =0 because of (40)
also Dﬁ@’ = 0 holds true. Such superfields are called chiral superfields.
An analogy in the ordinary R? space is the following: find a function f(z, )
such that [2(9/dy) — y(8/0x)] f(z,y) = 0. Defining r = (2 + y*)'/? any
f(r) will satisfy this condition.
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Now if we call y* = (z* + iﬁa(a“)a,ﬁd), which is a bosonic variable as
2" and 00’ are such, the application of ﬁﬁ- gives

Eﬂ-y“ = [ - i@ﬁ(a”)ﬂﬁﬁl, (xH + i@a(a“)aéﬁa) =

~ L i L0 (07068 - 870" g3+
00" 00" |
05(0”)55&,9‘1(0“)&@@& =

04i0%(0*) 5 — 107 (0") 45 +0=0. (43)

A chiral superfield depends only on a two component spinor beyond the
bosonic coordinate, ®(y, ). Because of that and of Grassmann numbers
properties we can form an object with at most two powers of 6, that is 66.
Upper powers of # vanish, so for a chiral superfield we have

D(y,0) = d(y) + V20u(y) + 00F (y) , (44)

where ¢ and F' are complex scalar fields, 1) a Weyl spinor. Expanding with
Taylor (44) around = we obtain

D(y,0) = ¢p(z) + V201(x) + 00F (y)+
100160, () — %Oaﬂgeayaauayqb(x) +V20i00"00,(z) . (45)

The conjugate of a chiral superfield, ®, will satisfy the relation
D,®=0, (46)

and is called antichiral superfield.
The most general Lagrangian with two derivatives constructed from chi-
ral superfields @, is written as
L= K(®; ;)|

g + W(@i) g + W (D)5 (47)

where the subscripts denote the coefficients in power expansion of § and
f. K is a real function, the Kéhler potential (Kahler, 1933), I is a holomor-
phic function, the superpotential. We have the relations of integration over
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Grassmann coordinates
/ d*0d°0 K = K|,z (48)

and
/d20 W=W|. . (49)

The Lagrangian (47) is renormalisable if and only if K is quadratic and
W is at most a cubic function.

A standard example of a supersymmetric model is the Wess—Zumino
model (Wess & Zumino, 1974), the first known supersymmetric interacting
model. It is defined as

2
K =300, W:%QQJF%CD?’, (50)
where parameters m and )\ are real. Plugging in the expansion of the su-
perfield (45) we have

2
L= /d29 120 D + /d29 <"2L<1>2 i Aqf”’) T

3
/d29 <”;2c1>2 + 2@3) : (51)
obtaining
L =FF +moF + \o*F — %ww — AU+ moF + \§ F — %W—
Apyp + derivative terms acting on ¢ and v . (52)

The F field can be eliminated from equation of motion which reads

oc oL L )

So we obtain two equations
F=-mg-2o, F=—md—Ap?. (54)

Substituting this expressions for F' and F into eq. (52) we eventually
obtain

£ = ~0,00"5 + o Q) — T (U7 + ") = Ab” — AU
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Ime — Ap?[*. (55)

This is the Lagrange for ¢* theory of a massive complex scalar coupled
with Yukawa interactions to a massive two component Weyl spinor ). As
we have already discussed, a consequence of supersymmetry is that the
scalar and spinor masses are equal.

Supersymmetry transformations we have seen are global. When they
are combined with general relativity and become local, we have supergrav-
ity or SUGRA for short (Kahler, 1933; Volkov & Soroka, 1973; Gol'fand
& Likhtman, 1971; Nath & Arnowitt, 1975; Gol'fand & Likhtman, 1989).
This theory has become less popular after meeting various shortcomings,
among others having an unrealistically large cosmological constant and
gauge anomalies (Fabiano, 2022).

There are many existing supersymmetric theories. In particle physics,
the MSSM has been extensively searched for, in particular at Cern with the
Large Hadron Collider - LHC - for years, without even a hint of new ob-
served phenomena. The lack of experimental evidence, united to the ab-
sence of indications for a new energy scale beyond the electroweak model
to search for, have ruled out some supersymmetric extensions to the Stan-
dard Model, and, albeit supersymmetry has not been completely excluded
as a theory, those facts are responsible for the decline towards the interest
in the subject.
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CynepcummeTpus
Hukona ®abwnaHo

Benrpagckuin  yHuBepcuteT, WHCTUTYT SOepHbIX  UCCneaoBaHUn

«BuHya» — WHCTUTYT rocygapcTBeHHOro 3HadeHus ans Pecny6nvku
Cepbus, r. benrpaa, Pecny6nuka Cepbus

PYBEPUKA T'PHTU: 29.05.03 MaTtemaTtnyeckue MeToabl
TEOpPETUYECKON PUINKN,
29.05.23 PenatuBnucTckad KBaHTOBas TeOpWUS.
KsaHTOBasi Teopus nons
29.05.33 3nekTpomMarHMTHOe B3anmogencTene
BWL CTATbW: o63opHas ctaTtbs

Pesrome:

BeedeHue/uenb:  Cynepcummempusi — 3mMoO CUMMempusi
nagpaHxuaHa, ebixodswas 3a npedensi [pynnbl flu. 3mo
rnosgongem obmeHueambcsi 603oHamu U ¢hepMUOHaMU.
bonbwuHecmeo eaxHoU MOOenbio £6rsemcsi MUHUMarbHas
cynepcummempuyHas cmaHdapmHas modernb unu MSSM.

Memodbi: Aneebpa cynepsapsidos, cyneprorss, yucna [ paccma-
Ha, uHmeeparn bepesuHa.

Pesynbmamei: CynepcummempuyHbie npeobpa3osaHusi erio-
barnbHbl, OHU He 3asucsim om KoopduHam rpocmpaHcmea-
epemeHu. B cnyuae Cynepepasumaluu OHU fOKallbHhbI.

Bbigo0dsi:  CynepcummempuydHble modenu u, 8 YacmHocmu,
MSSM moanu 6bi onuckieame 6onbuwe usuku. u bornbuwe Yya-
cmuy 3a npedenamu CmaHdapmHoU Modernu.

Krouesnie crosa: cynepcummempusi, MuHuMarbHas Cyrnepcum-
MempuyHasi cmaHAapmHasi Mooerib.
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Cynepcumetpuja
Hukona ®abunaHo
YHuBepauter y beorpagy, MHCTUTYT 3a HykneapHe Hayke "BuHua’-

MHCTUTYT oa HaumoHanHor 3Havaja 3a Peny6nuky Cp6uijy,
Beorpag, Peny6nuka Cpbuja

OBJIACT: dusuka
KATEFOPWUJA (TWIM) YNAHKA: npernegHu pag

Caxxemak:

Yeod/uurs: Cynepcumempuja je cumempuja JlagpaHxuaHa Koja
y onucy cumempuja ude darbe 00 flujesux epyna. Cynepcume-
mpuja omoeyhaea pa3meHy 6030Ha U ghepmuoHa. HajeaxxHuju
moder je MUHUMAIHU cyrnepcumMempuyHU cmaHdapoHU mModeri,
unu MSSM.

Memode: Aneebpa cynepHaboja, cyneprosrba, [pacmaHosu
bpojesu, uHmeezpasn bepesuHa.

Pesynmamu: Cynepcumempu4yHe mpaHcgopmauyuje cy enobar-
He, He 3asuce 00 NMPoCMOpPHO-8PEMEHCKUX KOOpOuHama. Y criy-
yajy cyrnepepasumauuje, oHe Cy JloKasHe.

Bakpyuak: CynepcumempudHu modernu, a nocebHo MSSM, mo-
enu 6u yHanpedumu onuc ¢usuke yecmuuya y 0OHOCYy Ha cmaH-
GapdHuU moder.

KrbyyHe peyu: cynepcumempuja, MUHUMAIHU cyrepcumempuy-
HuU cmaHdapOHu mooder.
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