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Abstract:
Introduction/purpose: Certain integrals involving the generalized Mittag-
Leffler function with different types of polynomials are established.

Methods: The properties of the generalized Mittag-Leffler function are
used in conjunction with different kinds of polynomials such as Jacobi,
Legendre, and Hermite in order to evaluate their integrals.

Results: Some integral formulae involving the Legendre function, the
Bessel Maitland function and the generalized hypergeometric functions
are derived.
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Conclusions: The results obtained here are general in nature and could
be useful to establish further integral formulae involving other kinds of
polynomials.

Key words: Mittag-Leffler function, Generalized hypergeometric func-
tion, Bessel Maitland function, Jacobi polynomials, Hermite polynomials.

Introduction

This paper follows the lines of the companion paper (Haq et al, 2019)
involving the generalized Galué-type Struve function in which the same
topics are dealt here with the generalized Mittag-Leffler functions. As it is
well known, a special function:

()
a(@—%r(vk“), zv €C, R(v) >0, (1)
and its general form
£ (z):i& 20 €T, Rv) > 0,R(w) > 0 2)
v,w P F(Uk _l_w)? ) ) ’ )

are called Mittag-Leffler functions (Erdelyi et al, 1953a), C being the set of
complex numbers. The former was established by Mittag-Leffler (Mittag-
Leffler, 1903) in connection with his method of summation of some diver-
gent series. Certain properties of this function were studied and investi-
gated. The function defined by (2) appeared for the first time in the work of
Wiman (Wiman, 1905). The functions given by equations (1) and (2) are
entire functions of order y = % and of type o = 1 (see for example (Erdelyi
et al, 1953b)). By means of the series representations, a generalization of
the functions defined by equations (1) and (2) is introduced by Prabhakar
(Prabhakar, 1971) as:

— (P)kzk
P = E 7
gv,w(z) o F(Uk —|—w)k!’ v,w, p € C7 3%(U) > 07 %(w) > 07 (3)

where ) )
(p)kzp(p+1)...(p+k;_1):(£(—i_p)>’

whenever I'(p) is defined, (p)o = 1,p = 0. Itis an entire function of order
1= (1/v)[R(v)®]~1/2_ For various properties of this function with appli-
cations, see Prabhakar (Prabhakar, 1971). Further generalization of the
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Mittag-Leffler function &7, (z) was considered earlier by Shukla and Pra-
japati (Shukla & Prajapati, 2007) which is given as:

- (p)quk
P9 —
£ () kzo T(vk + w)k!’
with z,w, p € C, R(v) > max(0,R(q) — 1), R(q) > 0, 4)

which is the special case when ¢ € (0, 1) and min{R(w), R(p)} > 0.

In continuation of this study, Salim and Faraj (Salim & Faraj, 2012; Nadir
et al, 2014) introduced a new generalization of the Mittag-Leffler function
which was given as:

Sarn = (P
55,%7(3) = kzo m7 ()

(min{R(v), R(w), R(p), R(0)} > 0; p,g>0; z,v,w,p,0,€C).

Numerous generalizations and cases of the Mittag-Leffler function have
been studied and investigated, see for details (Singh & Rawat, 2013;
Wright, 1935b; Faraj et al, 2013; Dorrego & Cerutti, 2012; Srivastava &
Tomovski, 2009; Saxena et al, 2011; Khan & Ahmed, 2012).

Integral formulae involving the Mittag-Leffler functions have been deve-
loped by many authors, see for example, (Prajapati & Shukla, 2012; Pra-
japati et al, 2013; Gehlot, 2021; Purohit et al, 2011). In this sequel, here,
we aim to establish certain new generalized integral formulae involving the
new generalization of the Mittag-Leffler function. The main result presented
here is general enough to be specialized to give many interesting integral
formulae which are derived as special cases.

Integrals with the Jacobi polynomials

The Jacobi polynomials P77 (y) (Rainville, 1960; Srivastava & Manocha,
1984) may be defined by

1+ —n,14+o0+0+n; 1—
P,(l@’”)(y):( Q)n2F1|: 0 Y

nl o+l 2 | ©)
When ¢ = o = 0, the polynomial in (6) becomes the Legendre polyno-
mial (Rainville, 1960). From (), it follows that P\?”)(y) is a polynomial of
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the degree n and that

1+ 0)n

pley) = L

(7)
Here, we obtain the following integrals.

THEOREM 1.If p,q > 0 z,v,w,p,8,€ C, R(v) > 0,R(w) > 0,R(p) >
0,R(5) > 0 and R(&) > —1,0 > —1,0 > —1 then the following integral
formula holds true

1
/1 Yo (L= )2(L+ )P () ELLL (1 + y)"dy

(=2t (p+ hk 4+ 1D)I(n+ 04+ 1)I'(n + hk + 0 + 1)
nI'(n+hk+o+n+ 1)+ hk+o+n+2)
—&,n+hk+o0+1,n+hk+1;
n+hk+o+n+1l,n+hk+o+n+2;

X gp,§,q (2hz) X 3F2 [

U7w7p

(8)
Proof. Naming the left-hand side (LHS) of (8) as I; and using the defi-
nition (5), we have

1
= /1 v (1= )L+ ) P (y)ELS (1 + )"y

1 . vy o (D)iglz(1+ )"
I :/_lys(l_y) (1+y)"P} )<y>kZ_0 L(vk + w)(6)pk i

interchanging the order of integration and summation which is permissible
under the conditions of the theorem, the above expression becomes

N M ' (1 _.\e n+hk plo,o)
kz:()ww)(a)pk/_ly“ v A +y)TERE () dy. ©)

Apply the following formula (Saxena, 2008) on (9)

1
/ L=+ ) P )y

(=122t (i + DI (n+ o+ DI (n+0 + 1)
nTn+o+n+1)I'(n+o0+n+2)
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=&n+o+1,n+1;

10
n+o+n+lnt+ot+n+2; (19)

x3Fy

provided that o > —1 and ¢ > —1, and we get the desired result.

THEOREM 2. If p,q > 0 z,v,w,p,d,€ C, R(v) > 0,R(w) > 0,R(p) >
0,R(5) > 0 and R(&) > —1,0 > —1,0 > —1 then the following integral
formula holds true

1
/_1(1 —9)"(1+y) P (y) PP (y) €024 [2(1 — y)"]dy

210D (1 4+ m)['(1+ 0+ n)

m'n'
> (L p4+0+m)g = (—m)i(1+ pu+ 60 +m);
szo 1+u+k)(k') Z T(1+ p+ k(1)
xELLL (M AB(L+n+hk+k+1,1+0). (11)

Proof. Denoting the LHS of (11) by I, and using definition (5), we get

1
I= /_ 1(1 —9)"(1+ )7 P (y) PI () E059 [2(1 — )" dy

k 1
§: vk+w >k/<1—w““u+yfa?@@ﬁ#mwwy(m)
p

Now, using (6) in (12), we get

= (Prg(2)" 1+um = R+ p 404+ m)
I, —
kZOF(Uk—i-w)( z% 1—|—u K2k k!
1
X/ﬁﬂ—yﬁ”*%ﬂ+yVR?@@My (13)
—1

I, i (Prg(2)* T +p+m)l(L+o+n)

— I'(vk + w)(9)pk mlin!
i(— )(1+,u+9—|—mk§: (1 +p+0+m)
— T(1+ u+ k)2F (k! — 1+u+l)2l(l')

801

Haq, S. et al., Certain integrals involving generalized Mittag-Leffler type functions, pp.797-817



@Q VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2022, Vol. 70, Issue 4

1
x / (1 — )RR (L 447 Pe?) (y)dy, (14)
-1

but by the formula found in (Rainville, 1960; Srivastava & Manocha, 1984)
1

/ (L=y)" (L +y) 7 dy = 22" FHB(L 4+ 0,1+ 0 +n),  (15)
-1

using itin (14), we get the required result.

THEOREM 3. If p,q > 0 z,v,w,p,d,€ C, R(v) > 0,R(w) > 0, R(p) >
0,R(0) >0and o > —1,0 > —1, then

1
/_ (=) (1) P <y>85;:§3,[z<1 )1+ y)lldy

2#+9+1 1+gn§: k(14040 +n)y
| |
n! — (1+ 0)r(K!)
XELLLAMANB(L + pu+ hk + k, 1+ 0 + th). (16)

Proof. Denoting the LHS of (16) by I3,

1
I3 = /1(1 —y)"(1+y)" P (y )557233[ (1—y)"(1 +y)dy

& k 1
L= y)P (1 4 )P TR Pleo) (y)dy, 17
Zomw 5 [ Aty Wy (7)

Now, using (6) in (17) we have

= (P)kg(2)" 14+ 0)ns= (—n)r(1+o+o+n
I3:Zp Pk (1+0) Z( >’zi+g£))k2’fk! )k

1
> / (1 - y)n+,u+hk+kfn(1 + y)n+0+tkfndy7 (18)

further, using (15) in (18) we attain the desired result.

THEOREM 4. If p,q > 0 z,v,w,p,d6,€ C, R(v) > 0,R(w) > 0,R(p) >
0,%(5) >0and o> —1,0 > —1, then

J I R T T R
-1
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2““’+1 1—1—@ f: r(14+ o040 +n)
n! — 1+g )i (k)
xgggf;( 2)B(1+ p+k, 1+ 60— hk). (19)

Proof. Denoting the LHS of (19) by 14,

1
L= / 1<1f §)(1+ )’ P ()E39 [(1 + )~ dy

k 1
_ 9—hk p(o,0)
=ty [0 R o

Now, using (6) in (20) we attain

o (Pr(2)* +Qn > (1+o+o0+n)
I —
4 kZ:OF(’Uk-i—w)( ZO 1+g )2k k!
1
% /1(1 _ y)n+u+k—n(1 + y)n+9—hk—ndy (21)

further, using (15) in (21) we attain the required result.
THEOREM 5. If p,q > 0 z,v,w,p,d6,€ C, R(v) > 0,R(w) > 0,R(p) >
0,R(5) >0and p > —1,0 > —1, then

1
/ (1= (14 0) P LG (1 = )" (1 + )y

240 (14 ), i (—n)r(l+ 0+ 0 +n)y
(

n! n! Pt + 0)i(k!)
XELLTQNTTAB(1 + o+ hk + k, 1+ 0 — tk). (22)

Proof. Denoting the LHS of (22) by I5,
1
Is = / (1= y)*(1+9) P (9)ELZL[2(1 — )" (1 + ) ']dy

1

1
= Z r Uk + o) ) ; / (1= )" (14 ) PE (y)dy,  (23)
p
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now using (6) in (23) we attain

i z’f 1+gn§: K14+ o0+04n)
- Uk:+w — (1+ 0),2kK!

1
« / (1 o y)nJr,quthrk:fn(l + y)n+97tkfndy (24)
-1

further, using (15) in (24) we attain the required result.

Some special cases

If we replace n by ¢ — 1 and put o = 0 = u = 6 = 0 then the integral
I, transforms into the following integral involving the Legendre polynomial
(Rainville, 1960)

1
I = / (1= P e 0 — )y

o= 3 ZEml bm)e 5 (il +m)

12 12
— (k") Py 1!

x ELS2M)B(1+ &+ hk+k+1,1). (25)

Ifo = 0 =0, pis replaced by . — 1 and 6 by 6 — 1, then the integral
I3 transforms into the following integral involving the Legendre polynomial
(Rainville, 1960)

1
F= [ (=) P)EEE 0 — )" 1+ 9}y

B e 2M+9*1(—n)k(1 +n)k
= 2
— (k!)
Xgp,aq(2h+t )B(1+ p+ hk + k, 0 + tk). (26)

U,W,p

]

If o =0 =0, pis replaced by p — 1 and 6 by # — 1 then the integral
I3 transforms into the following integral involving the Legendre polynomial
(Rainville, 1960)

1
Iy = / (=T () T PRI - )"+ )y

804



> 2“+9_1(—n)k(1 + n)k
(k!)?

X ELSD (2N NB(1 + pu + hk + k, 0 — tk). (27)

U7w7p

Iy =

k=0

Integral with the Bessel Maitland function

The special case of the Wright function (Erdelyi et al, 1953b), see also
(Wright, 1935a,b) written in the form

)

B > 1 2k 08
) & _kZ::OF(Ak—I—a)k!’ (28)

with complex z,a € Candreal A € R. When A =n,a=v+1and zis
replaced by —z, then the function ¢(n, v + 1; —2) is defined by J//(z)

d(—; A, a;2) = on

(A, a

1 (—2)*

+v+1) k7 (29)

6lnv+15-2) = J2) = 3 g
k=0

and such a function is known as the Bessel Maitland function, or the
generalized Bessel function, or the Wright generalized Bessel function,
see (Mcbride, 1995).

THEOREM 6. If p,qg > 0 z,v,w,p,0,€ C ,R(v) > 0,R(w) > 0,R(p) >
0,R() >0, 0—por > —-1,0>0,0< 7 < land R(u+ 1) > 0, then
the following integral formula holds true.

1
[ Pyl iy = o D xedn ). @0

Proof. Naming the LHS of (30) as Iy, we obtain
1
b= [ W T Wy
. - (p)qkzk > utoky 7T
Iy=>" Tk )@y < ), ¢TI Wy (31)

Now we know the formula, see (Saxena, 2008)

P(p+1)

l+v—7—71p)’ (32)

|-
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provided ®(p) > —1,0 < 7 < 1.

Using (32) in (31), we attain

o0

B (p)gr?"* T(u+ ok +1)
D=2 Tkt TAFv—r — (i 5 2’

k=0

hence proved.

Integrals with the Legendre functions

The Legendre functions are solution of Legendre’s differential equation,
see (Erdelyi et al, 1953a)

2 w
(-5 22 e+ 1) -~ -2 =0, (33)

where z, v, w are unrestricted.

Under the subsitution w = (22 — 1)*/?v in (5.1) becomes

d’v
2

(1 —Z )@
and with A = 1/2—2/2 as the independent variable, this differential equation
becomes

—2(w+1)z%+[(1/+w)(l/+w+1)]1/:(), (34)

dv dv
A1 — )\)d)\2 (w+ )(1—2)\)a+[( w(v+w+1)y=0.  (35)
This is the Gauss hypergeometric type equation with a = w — v,b =
v+w+l,c=w+1.
Hence it follows that the function

w/2

1 z4+1 —v,v+1;

_ plw _ ) o

W =P = 5 w)<z_1> 2F1[ SUT ez, (36)

)

for|1—z|<2
is a solution of (33).

The function P¥(z) is known as the Legendre function of the first kind
(Erdelyi et al, 1953a). It is one valued and regular on the z—plane, sup-
posed cut along the real axis from 1 to —cc.
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THEOREM 7. If p,q > 0 z,v,w,p,6,€ C, R(v) > 0,R(w) > 0,R(p) >
0,R(0) > 0 and 6 > 0 and n is a positive integer then

1
/0 ()"~ (1 = )P () €L [2(y) ) dy

_ CY)m (w4 4 1)

F(l—n—i—y)
.- (0 + ok) 1
E%F 1/2+ %% +n/2 - v/2)0 (1+0+gk+77/2+1//2) bah(e/2). @)

Proof. Denoting the LHS of (37) by I,

1
Lo = /0 (1)°1(1 — )21 () €054 [2 () ]dy

_ - (p)qkzk /1 6—1+0k 2\1/2 pn
I —kZOIWw)((S)pk X ; Y (1 —y*)"=P](y)dy. (38)

Now the integral in (38) can be solved by using the formula (Erdelyi et
al, 1953a)

/0 Y11 — )2 PI(y)dy

_ (_1)?7\/7?2—9—77I‘(9)F(V +n+1) (39)
(T(1/2460/24+n/2—v/2)TA+60/2+n/24+v/2)(1—n+v)’

provided R(6) > 0,7 =1,2,3,....

Now (38) becomes

. - (p)qkzk
ho = kzo D0k + ) (0)pr

(—1)v/72~ 4D (0 + gk)D(n + v +1)
T(1/2+ 22 1 n/2 — w201+ 5 4 p/2 4+ v/2)D(1 —n+v)
which is the desired result.

THEOREM 8. If p,q > 0 z,v,w,p,d,€ C, R(v) > 0,R(w) > 0,R(p) >
0,R(0) > 0 and 6 > 0 and n is a positive integer then

1
/0 ()" (1 = y*) PRI (y)ELNS 2 (y) ) dy
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B _o I'(0 + ok)
= v Z T(1/2+ 52 —p/2 —v/2)0(1 + 5 2 —v)2)

xEP2a (7/29). (40)

U,w,p

Proof. Denoting the LHS of (40) by I3,

1
Iy = /0 ()" (1 = )P y)ERSL () )dy

(p)qkzk /1 0—1+pk 2\ —
- __ gk 1_ n/2 pn
I kzo I'(vk + W)(5)pk x o Y ( y°) P(y)dy, (41)

now the integral in (41) can be solved by using the formula (Erdelyi et al,
1953a)

/O Y711 — y») 2P (y)dy

_ JFI0(9) )
r1/2+6/2—n/2—v/2)T(1+6/2—n/2—v/2)

provided R(6) > 0,7 =1,2,3,....

Again (41) becomes

Z i
r Uk:—i-w (0)pi

SR (9+@k>+nr(9 + ok)
T(1/2+ 52k _ /o —p/o)r(1+ 2k 2 —v)2)

Integrals with the Hermite polynomials

The Hermite polynomials H,(y), see (Rainville, 1960; Srivastava &
Manocha, 1984) may be defined by means of the relation

exp(2yt — t?) =

; (43)

valid for all finite y and ¢. Since

exp(2yt — t?) = exp(2yt) exp(—t?)
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& 2 ntnoo 1kt2k
_Z y. Z )

e
n=0 k=0 n—2k L
It follows from (43) that
R (1) 2y e

(44)

Huly) = Z (n — 2k)1k!

The examination of equation (44) shows that H,(y) is a polynomial of
degree precisely n in y and that

Hn(y) =2"y" + m—2(y) (45)
in which ,,_»(y) is a polynomial of the degree (n — 2) in y.
THEOREM 9. If p,q > 0 z,v,w,p,d,€ C, R(v) > 0,R(w) > 0,R(p) >
0,R(6) >0and h >0 R(n) =0,1,2... then

| Pt s )82 =)y

— 00

. I'(2u—hk+1)
_ 22(1/ u p:6,q 22h . 4
SN Z:OW oD X G (46)

Proof. Denoting the LHS of (9) by I15, we have

s = / " ()" exp(— ) Ha () 255 [2()~ ]y

qkz > ou—ohk _y?
Z r vk ) O /_ P o) Ha )y, (4T)

now the integral in (47) can be solved by using the formula (Saxena, 2008)

o0 20-m7 (20 + 1
20 —y? _ ﬁz ( H+ )
/OO y(exp) ™ Hay(y)dy v+l (48)
Again (47) becomes
i P) gk 2" y /22— @ut2hR) (2, — 2Rk + 1)
Uk‘+w )(0)pke I(p—hk—v+1) '
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THEOREM 10. If p,q > 0 z,v,w,p,0,€ C, R(v) > 0,R(w) > 0,R(p) >
0,R(5) >0and h >0 R(u) =0,1,2... then

| o) )8 252y

—00

= Vr2*H) i

k=0

I'(2u + 2hk + 1) 0.5, (0—2h
94 (D . 49
Rl b=y o 1) < Eha7") (49)

Proof. Denoting the LHS of (10) by I3, we have

I = / () exp(—y”) Haw (y)E£% [2(y)**]dy

(P)qkzk / 2p+2hk —y?
= — H,, , 50
I3 kgof(vk BION |y (exp) 2 (y)dy (50)

using the formula mentioned in (48), then the above expression (50), we
get the desired result.

Integrals with the generalized hypergeometric functions

A generalized hypergeometric function (Rainville, 1960) may be defined
by

(0)1,(0)2, - (0)p; . > Mzn
rla (0)1,(0)2, cveeenne (0)gs3 ]_Z ] (51)

in which no denominator parameter ¢, is allowed to be zero or a negative
integer. If any numerator parameter g; in (51) is zero or a negative integer,
the series terminates.

=
H\
—~
S
~—
3

n=0

THEOREM 11. The following integral formula holds true,
t
/0 W)t =) o Fl(Lp); (mg) = ay?(t — y)71ELSL[2y" (t — y)"]dy

U7w7p

= ELDI (2T ) T OTIN " f ()t OR X B+ uk + ok, 0 + vk + ok), (52)
k=0
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where

k) = )y - (Ip)k (53)

provided

(1) R(v) > 0,R(w) > 0,R(p) > 0,R(0) >0andp,q >0,
(2)R(0) > 0,R(v) > 0 (both are not zero simultaneously),
(3) 0 and o are positive integers such that o + o > 1.

Proof. Representing the LHS of (11) by I;5, we have
t
Iis = /0 W) (= 9)" F); (mg) = ay®(t — y)T1ELSL 2y " (t — y)"1dy

o - (p)qkz
hs = kzo D0k + @) (0)pr

/0 g T = /)R (1) (my) < ay?(t — y)°ldy,

k:te-‘rvk— 1

putting = = st and dz = tds, then we get

X

e Sputv ktu+9—1

— L(vk + w)(9)pk

1
[P ) R B ) 0t o1 )% ds.
0
The remaining theorems could be proved in a completely analogous fash-
ion.

THEOREM 12. The following integral formula holds true,
t
I = /0 W)t =) o Fl(lp); (myg) = ay®(t — ) 1ELSL L2y~ (¢ — y)~"]dy

I = ERSA (2t~ )OI " F(R)E TR S By — uk + ok, 6 — vk + ok),

V,W,p
k=0
(54)

where f(k) is defined in (53)
provided
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(1) R(v) > 0,R(w) > 0,R(p) > 0,R(0) >0andp,q >0,
(2)R(0) > 0,R(v) > 0 (both are not zero simultaneously),
(3) 0 and o are positive integers such that o + o > 1.

THEOREM 13. The following integral formula holds true,
t
L7 :/0 )"t = ) P Fal(lp); (myg) = ay(t — y)71ELSL 2y (£ — y)~*]dy

Ly = 054 (atum)prto1 Z FR)E TR B(p + uk + ok, 0 — vk + ok),
(55)

where f (k) is defined in (53)

provided

(1) R(v) > 0,R(w) > 0,R(p) > 0,R(4) > 0andp,q >0,
(2)R(0) > 0,R(v) > 0 (both are not zero simultaneously),
(3) 0 and o are positive integers such that o + o > 1.

THEOREM 14. The following integral formula holds true,
t
I :/0 )"t =)’ o Fl(lp); (mg) : ay®(t — )7 1ELLS 2y~ (t — y)"1dy

Ig = LY (2t~ )OI " F(R)E TR S By — uk + ok, 0 + vk + ok),
k=0

(56)

provided

(1) R(v) > 0,R(w) > 0,R(p) > 0,R(d) >0andp,q >0,
(2)R(0) > 0,R(v) > 0 (both are not zero simultaneously),
(3) 0 and o are positive integers such that o + o > 1.

Conclusions

Certain new generalized integral formulae involving the Generalized
Mittag-Leffler Type functions with many types of polynomials were esta-
blished in this study. The results obtained here are general in nature and
yield to many interesting formulae which are derived as particular cases.

812



References

Dorrego, G.A. & Cerutti R.A. 2012. The k-Mittag-Leffler function. International
Journal of Contemporary Mathematics Sciences, 7(15), pp.705-716 [online]. Avai-
lable at:
http://www.m-hikari.com/ijcms/ijcms-2012/13-16-2012/ceruttilJCMS13-16-2012-
2.pdf [Accessed: 20 August 2022].

Erdelyi, A., Magnus, W., Oberhettinger, F. & Tricomi, F.G. 1953a. Higher tran-
scendental functions Volume 1 (Bateman Manuscript Project) [online]. New York,
Toronto and London: McGraw-Hill Book Company. Available at:
https://authors.library.caltech.edu/43491/19/Volume%201.pdf [Accessed: 20
August 2022].

Erdelyi, A., Magnus, W., Oberhettinger, F. & Tricomi, F.G. 1953b. Higher tran-
scendental functions Volume 3 (Bateman Manuscript Project) [online]. New York,
Toronto and London: McGraw-Hill Book Company. Available at:
https://authors.library.caltech.edu/43491/10/Volume%203.pdf [Accessed: 20
August 2022].

Faraj, AW., Salim, T.O., Sadek, S. & Ismail, J. 2013. Generalized Mittag-Leffler
Function Associated with Weyl Fractional Calculus Operators. Journal of Mathe-
matics, 2013(art ID:821762). Available at: https://doi.org/10.1155/2013/821762.

Gehlot, K.S. 2021. The generalized k-Mittag-Leffler function. International Jour-
nal of Contemporary Mathematical Sciences, 7, pp.2213-2219.

Haq, S., Khan, A.H. & Nisar, K.S. 2019. A study of new class of integrals asso-
ciated with generalized Struve function and polynomials. Communications of the
Korean Mathematical Society, 34(1), pp.169-183. Available at:
https://doi.org/10.4134/CKMS.c170490.

Khan, M.A. & Ahmed, S. 2012. Fractional calculus operators involving gene-
ralized Mittag-Leffler function. World Applied Programming, 2(12), pp.492-499.

McBride, A.C. 1995. V. Kiryakova Generalized fractional calculus and applica-
tions (Pitman Research Notes in Mathematics Vol. 301, Longman1994), 388 pp.,
0 582 21977 9, £39. Proceedings of the Edinburgh Mathematical Society, 38(1),
pp-189-190. Available at: https://doi.org/10.1017/S0013091500006325.

Mittag-Leffler, G.M. 1903. Sur la nouvelle fonction &, (x). CR Acad. Sci. Paris,
137(2), pp.554-558.

Nadir, A., Khan, A. & Kalim, M. 2014. Integral transforms of the genera-
lized Mittag-Leffler function. Applied Mathematical Science, 8(103), pp.5145-5154.
Available at: https://doi.org/10.12988/ams.2014.43218.

Prabhakar, T.R. 1971. A singular integral equation with a generalized Mittag
Leffler function in the kernel. Yokohama Mathematical Journal, 19(1), pp.7-15 [on-
line]. Available at: https://ynu.repo.nii.ac.jp/?action=pages_view_main&active_a
ction=repository_view_main_item_detail&item_id=6514&item_no=1&page_id=15
&block_id=22 [Accessed: 20 August 2022].

813

Haq, S. et al., Certain integrals involving generalized Mittag-Leffler type functions, pp.797-817


http://www.m-hikari.com/ijcms/ijcms-2012/13-16-2012/ceruttiIJCMS13-16-2012-2.pdf
http://www.m-hikari.com/ijcms/ijcms-2012/13-16-2012/ceruttiIJCMS13-16-2012-2.pdf
https://authors.library.caltech.edu/43491/19/Volume%201.pdf
https://authors.library.caltech.edu/43491/10/Volume%203.pdf
https://doi.org/10.1155/2013/821762
https://doi.org/10.4134/CKMS.c170490
https://doi.org/10.1017/S0013091500006325
https://doi.org/10.12988/ams.2014.43218
https://ynu.repo.nii.ac.jp/?action=pages_view_main&active_action=repository_view_main_item_detail&item_id=6514&item_no=1&page_id=15&block_id=22
https://ynu.repo.nii.ac.jp/?action=pages_view_main&active_action=repository_view_main_item_detail&item_id=6514&item_no=1&page_id=15&block_id=22
https://ynu.repo.nii.ac.jp/?action=pages_view_main&active_action=repository_view_main_item_detail&item_id=6514&item_no=1&page_id=15&block_id=22

@i VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2022, Vol. 70, Issue 4

Prajapati, J.C., Jana, R.K,, Saxena, R.K. & Shukla, A.K. 2013. Some results
on the generalized Mittag-Leffler function operator. Journal of Inequalities and Ap-
plications, 2013(art.number:33). Available at:
https://doi.org/10.1186/1029-242X-2013-33.

Prajapati, J.C. & Shukla, A.K., 2012. Decomposition of Generalized Mittag-
Leffler Function and lts Properties. Advances in Pure Mathematics, 2(1), p.8-14.
Available at: https://doi.org//10.4236/apm.2012.21003.

Purohit, S.D., Kalla, S.L. & Suthar, D.L. 2011. Fractional integral operators
and the multiindex Mittag-Leffler functions. SCIENTIA Series A: Mathematical Sci-
ences, 21, pp.87-96 [online]. Available at:
http://scientia.mat.utfsm.cl/archivos/vol21/vol21art9.pdf [Accessed: 20 August
2022].

Rainville, E.D. 1960. Special functions (Vol. 5). New York: The Macmillan Com-
pany.

Salim, T.O. & Faraj, A.W. 2012. A generalization of Mittag-Leffler function and
integral operator associated with fractional calculus. Journal of Fractional Calculus
and Applications, 3(5), pp.1-13 [online]. Available at:
https://www.naturalspublishing.com/download.asp?ArtcID=1893 [Accessed: 20
August 2022].

Saxena, V.P. 2008. The I-function. New Delhi: Anamaya publisher.

Saxena, R.K., Pogany, T.K., Ram, J. & Daiya, J. 2011. Dirichlet Averages of
Generalized Multi-index Mittag-Leffler Functions. Armenian Journal of Mathema-
tics, 3(4), pp.174-187 [online]. Available at:
http://armjmath.sci.am/index.php/ajm/article/view/79 [Accessed: 20 August 2022].

Shukla A.K. & Prajapati J.C. 2007. On a generalization of Mittag-Leffler func-
tion and its properties. Journal of Mathematical Analysis and Applications, 336(2),
pp.797-811. Available at: https://doi.org/10.1016/j.jmaa.2007.03.018.

Singh, D.K. & Rawat, R.A.H.U.L. 2013. Integrals involving generalized Mittag-
Leffler function. Journal of Fractional Calculus and Applications, 4(2), pp.234-244
[online]. Available at: http://math-frac.org/Journals/JFCA/Vol4(2) July 2013/Vol4
(2)_Papers/07_Vol.%204(2)%20July%202013,%20N0.%207,%20pp.%20234-2
44 pdf [Accessed: 20 August 2022].

Srivastava, H.M. & Manocha, H.L. 1984. A Treatise on Generating Functions.
New York: Hasted Press.

Srivastava, H.M. & Tomovski, Z. 2009. Fractional calculus with an integral op-
erator containing a generalized Mittag—Leffler function in the kernel. Applied Ma-
thematics and Computation, 211(1), pp.198-210. Available at:
https://doi.org/10.1016/j.amc.2009.01.055.

Wiman, A., 1905. Uber den Fundamentalsatz in der Teorie der Funktionen
Ev(x). Acta Mathematica, 29, pp.191-201. Available at:
https://doi.org/10.1007/BF02403202.

814


https://doi.org/10.1186/1029-242X-2013-33
https://doi.org//10.4236/apm.2012.21003
http://scientia.mat.utfsm.cl/archivos/vol21/vol21art9.pdf
https://www.naturalspublishing.com/download.asp?ArtcID=1893
http://armjmath.sci.am/index.php/ajm/article/view/79
https://doi.org/10.1016/j.jmaa.2007.03.018
http://math-frac.org/Journals/JFCA/Vol4(2)_July_2013/Vol4(2)_Papers/07_Vol.%204(2)%20July%202013,%20No.%207,%20pp.%20234-244..pdf
http://math-frac.org/Journals/JFCA/Vol4(2)_July_2013/Vol4(2)_Papers/07_Vol.%204(2)%20July%202013,%20No.%207,%20pp.%20234-244..pdf
http://math-frac.org/Journals/JFCA/Vol4(2)_July_2013/Vol4(2)_Papers/07_Vol.%204(2)%20July%202013,%20No.%207,%20pp.%20234-244..pdf
https://doi.org/10.1016/j.amc.2009.01.055
https://doi.org/10.1007/BF02403202

Wright, E.M. 1935a. The Asymptotic Expansion of the Generalized Bessel
Function. Proceedings of the London Mathematical Society, s2-38(1), pp.257-270.
Available at: https://doi.org/10.1112/plms/s2-38.1.257.

Wright, E.M. 1935b. The Asymptotic Expansion of the Generalized Hyperge-
ometric Function. Journal of the London Mathematical Society, s1-10(4), pp.286-
293. Available at:; https://doi.org/10.1112/jims/s1-10.40.286.

HEKOTOPbIE MHTEIPAJIbl C OBOBLLUEHHBLIMA
OYHKUNAMU TUNA MUTTAT-NIEQDJIEPA

Cupa3syn Xak?, Mazau AdaH®,

Moxammad Caud Kxan®, Hukona ®abuaHo®

& Ix.C. YnueepcuTteT LLnkoxabap, AenapTaMeHT NpUKnagHbIX Hayk,
r. ®uposabag, wrat YT1rap-Mpagew, Pecnybnuka MHous

6 YHuBepcuteT MeguunHcknx Hayk Cedako Makrato, kacdegpa
MaTeMaTuK1 U NPUKNagHON MaTeMaTuku,
la-PaHkyBa, KOxHasa Adpuka

® Benrpaackuii yHuBepcuteT, UHCTUTYT siAepHbIX MCCriefoBaHuiM
«BuH4ya» — MHCTUTYT rocygapcTBeHHOro 3HaveHus ans Pecny6nukm
Cepbus, . benrpag, Pecny6nuka Cepbusi, KoppecnoHAeHT

PYBPUKA TPHTW: 27.23.17 OuddepeHumansHoe n
WHTErpansHoe ncyncneHne
27.23.21 WNHTerpanbHble npeobpa3oBaHus.
OnepaumoHHoe ncymcneHme
27.23.25 CneuuanbHble yHKLMK
BWL CTATbW: opurimHanbHas Hay4Hasi cTaTbsi

Pesrome:

BeedeHue/uenb: B 0aHHoU cmambe ycmaHoerneHbi orpede-
JNIeHHble UHMeaparbl, 6KoHaruue 0000WEHHY YHKUUIO
Mummaea-Jlechcbriepa ¢ paznuyHbIMU munamu MHO204/1I€HO8.

Memoosbi: Ceolicmea o0606uweHHoU yHKuuu Mummae-
Jlechpniepa ucnonb3yromcsi 8 coyemaHuu C  PasfnuyHbIMU
sudamMu MHO204/1eHO8, makuMu Kak 5lkobu, JlexxaHop u Spmum
01151 OUEeHKU UX UHmezparsios.

Pesynbmamei: [lonyyeHbl HeKomopble uHmeeparbHble ¢hop-
Myrnibl, ekmoqarowue chyHkyuto flexaropa, gyHkuyuro beccerns
MelimnaHOa u 0606uieHHbIe aurnepeeomempuyeckue yHKUUU.

Bbi60o0bl: lMonydyeHHble pe3dynbmamel HocSm obwuli xapakmep
u Moaym 6bimb rnone3Hsl Orisl ycmaHoeieHus1 0anbHelwWux UH-
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meaparbHbIX hopMys1, 8KroYaWUx Opyaue 8udbl MHO204s1e-
Hos.

Knouesbie criosa: yHkuuss Mummae-Jlegpcbrniepa, 0606- weH-
Has aurnepzeomempuyeckass QyHKUus, yHkyus beccens—
Meidmnenda , MHO2041€HBI 5IKOBU, MHO204AEeHbI SpMuma.

HEKN MHTEMPATT KOJW YKIbYYYJY TEHEPANIM30BAHE
MUTAI-NEPNEPOBE YHKLINJE

Cupa3syn Xak?, Mazu AcdaH®, Moxamed Caud Kan®, Hukona ®abnaHo®

@ Yuueepautet J.C. LUnkoxabag, Operbere 3a NpMmMeH-eHe Hayke,
®uposabag, .M., Penybnuka UHanja

5 YHuBepauTeT 3gpaBcTBeHNX Hayka Cedbako MakraTo,
[JenapTmaH 3a matemMaTuky 1 NpUMMeHeHY MaTemaTuky,
la-PaHkyBa, Penybnuka JyxxHa Adppuka

® YHueepauteT y beorpagy, MHCTUTYT 3a HykneapHe Hayke ,BuHya” -
MHcTuTyT oa HaumoHanHor 3Havaja 3a Penybnuky Cpbujy, beorpag,
Peny6nuka Cpbuja, ayTop 3a npenucky

OBJIACT: matemaTuka
KATEFOPWJA (TUM) YNAHKA: opurmHanHiu Hay4yHu pag

Caxxemak:

Yeod/uuss: [eghuHucaHu cy HeKu uHmezparu Koju yKrby4dyjy ee-
Heparnu3oeaHy Mumae-flecbrieposgy byHKUUy ca pa3nuyumum
epcmama rosluHoMa.

Memode: Ceojcmea eeHepanu3oeaHe Mumae-/leghriepose
yHKUUje Kopucme ce Ha pas3nuyumum epcmama rosiuHoma,
kao wmo cy Jakobujesu, [flexxaHOposu, Epmumosu, kako bu
o00pedursnu Huxose UHMeezparie.

Pesynmamu: W3eedeHe cy Heke uHmezparnHe ¢hopmyre Koje
yKkrby4yjy JlexxaHdposy gpyHkuujy, becen-MejmnaHdosy ghyHKUU-
Jy U 2eHeparnusoeaHe xuriepeeoMmempujcke hyHKuuje.

Bakmpyuak: [obujeHu pe3ynmamu cy ornwme rpupode u moanu
6u bumu KopucHuU 3a ymephusare Opyaux uHmezpasnHux ¢gop-
Myna Koje ykrby4dyjy Opyae eapcme rnoriuHoma.

KmbyyHe pedu: Mumae-flegbrieposa hyHKyuja, 2eHeparnu3oeaHa
xunepaeomempujcka pyHkyuja, becen-MejmnaHdosa hyHKUU-
Ja, Jakobujesu nonuHomu, EpmMumosu rnosuHoMu.
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KOMMEHTAPWIN PEOKOJIEM/N: YyeTBepThiit aBTOP Aa@HHOI cTaThi Hukona ®abuaHo
ABMAETCS AEWCTBYIOLUMM YIIEHOM pedkonnerum xypHana «BoeHHO-mexHu4Yeckul
eecmHuk». [Moatomy pepkonnervs nposena 6onee oTkpbiToe 1 Gonee cTporoe ABOVHOE
cnenoe peueH3npoBaHue. Pegkonnerns npunoxuna AONOnHUTENbHbIe yCunnua Ans Toro
YTOObI COXpPaHWUTL LIENOCTHOCTb PELEH3UPOBaHNSA M CBECTU K MUHUMYMY NPenB3ATOCTb,
BCMEACTBUE Yero BTOPOW pedakTop-COTPYAHWK yMnpaenss MpOLEeCcCOM peLeH3MpoBaHUst
He3aBMCMMO OT pefakTopa-aBTopa, TakuMm obpasom npouecc peLeH3NpoBaHus Obin
abCconTHO NPO3paYvHbIM. Pegkonnerns Bo u3bexaHne KOHnukTa WHTEpecoB
no3aboTunack 0 TOM, YTOObI PeLieH3eHT He Y3Han KTO SIBMAETCA aBTOPOM CTaTbM.
PEOAKUNJCKN KOMEHTARP: YetBpTtu ayTop oBor YnaHka Hukona ®abuaHo je akTyenHu
unaH Ypehusaukor opbopa BojHomexHuuykoz enacHuka. 30o0r Tora je ypegHuLTBO
CMpOBEerNo TPaHCNapeHTHW|WU 1 PUrOPO3HNj BOCTPYKO CrenmM NPoLEec peLeHsmje. YNoxuno
je pogaTHM Hanop Aa oapPXWM MHTErpuTeT peLieH3unje N HeobjeKTUBHOCT CBefe Ha Hajmarby
mMoryhy Mepy Tako LUTO je ApYyrv ypeaHWK capagHuK BOAMO NpoLeaypy peLeHsmnje He3aBncHoO
of ypegHvika aytopa, npu Yemy je Taj npouec 61o anconyTHO TpaHCNapeHTaH. YpeaHuULWTBO
je nocebHo BoAMNO padyHa Aa peLeH3eHT He Mpeno3Ha Ko je Hanucao pag v Aa He gohe
00 KOH(rMKTa MHTepeca.
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