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Abstract:

Introduction/purpose: The quantization of the electromagnetic field gives
rise to quantum fluctuations which in turn produce a force on macro-
scopic boundaries. This phenomenon is called the Casimir effect.

Method: The second quantization of the electromagnetic field is em-
ployed. The Zeta function regularization technique has been applied.

Results: Because of the electromagnetic field quantization, a force on
macroscopic boundaries is observed.

Conclusions: Vacuum fluctuations due to quantum effects give macro-
scopic results.

Key words: quantum electrodynamics, quantization, vacuum energy,
Casimir effect.

The Casimir effect

We are going to consider an effect arising from the electromagnetic field
quantization. Casimir first observed that, because of quantum fluctuations
of the electromagnetic field, between two neutral parallel conducting plates
separated by a distance d and located in a vacuum, there is a force which
is attractive in this particular geometry. This is known as the Casimir ef-
fect (Casimir, 1948; Casimir & Polder, 1948; Casimir, 1953). Only trans-
verse modes will contribute to the energy, and, assuming the plates are
perpendicular to the direction x of propagation, that component will have
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nodes on the planes and will take discrete values

k:(kgcznﬁ/d,ky,kz),n:1,2,...;n:<d>k. (1)

™

The zero point energy of this configuration is given by

=1 1
E = ZlQﬁwn = Zihc\kn\ 2)

For the sake of simplicity, we will limit ourselves to a 1 + 1 dimen-
sional space, i.e. 1D, in order not to deal with k£, and k., the components
of the electromagnetic wave vector. Therefore, the modes are given by
sin(nmx/d), where n = 1,2, ... and the corresponding energy is w,, = mn/d.
Plugging all this back into eq. (2), for the vacuum energy in one spatial di-
mension, we obtain the expression

E(d) = fﬁfn. (3)

Of course the term Zj{i‘in is a source of trouble being divergent. In
order to solve this problem, let us introduce the generating function

+o0
e (4)
n=1

for a > 0, this series is, of course, convergent to

®)

1—e@

and has the property that

d +o0o +oo
~a Z:l e = Z_:l ne 4" (6)

so that in the limit « — 0 we recover the sum of eq. (3). Besides its mathe-
matical properties in the series, the parameter a plays a role as a cutoff
for frequencies with a wavenumber n larger than 1/a. We will isolate the
source of divergence for ¢ — 0, obtaining a finite value for the zero point
energy.
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Taking the derivative of eq. (5) with respect to a, we obtain

+0o0
d 1 1
—an _ _ 7 — . 7
nzlne da <1—e—“> e 4 e % —2 (7)

Expanding (7) with Taylor for small a (i.e. taking into account higher
frequencies), we have

i 1 _i _i2 4 _i_i 2
a?1+ La2 4+ O(at)  a? (1 12" +O(a)>_a2 g T O @)

The expression for the zero point energy (3) becomes

_mhe (1 1 9
B =55 (5~ 5 +0) ©)
and we observe that the divergent part goes like 1/a2, while all other re-
maining terms are regular in the limit a — 0. As it stands, £ does not have a
definite value. Remembering that the energy is defined up to a constant, we
should regularize it by subtracting a suitable “counterterm” E-(d) that will
eventually furnish us with a finite value for E. For a discussion of the coun-
terterms in Quantum Electrodynamics, consult (Fabiano, 2021), and for the
various regularization techniques in Quantum Field Theory, see (Fabiano,
2022). Defining the counterterm in the following manner
mhe 1

Ec(d) = 2 d a2 (10)
that is, the sole divergent part of (9) and subtracting it to E£(d), we end up
with a perfectly regularized energy value for a = 0:

m he 1 9
Egr(d) = E(d) — Ec(d) = 54 <—12 + O(a )) (11)

What experimentalists do measure in the Casimir effect is the force
among plates, that is FF = —0F/dd and, of course, this value does not
blow up. The complete expression for the (attractive) force between two
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plates is
_OBM) _ whe (1 10
F=""30 ~ 2 <a2 o >> (12)
whose regular part is just given by Fr = —0FRr(d)/0d:
w he
R = o (13)

as all other terms vanish in the limit « — 0. This is the finite result for the
Casimir force in 1D.

To summarize, while computing the zero point energy, we stumble upon
the divergent term > n. In order to regularize its behavior, we introduce
a parameter o that goes to zero thus discovering the pole 1/a? and other
regular terms.Then we subtract a suitably “infinite” term that cancels the
divergent part and retain the finite value for a = 0.

For the sake of completeness, a more exhaustive expansion of (7) in
powers of a is given by

1 1 a? a? a a® 691 a'?

12
2 12 210 - 14
2 127240 G048 " 172800 522240 ' 11ssroassooo O ) (14)

where the coefficients are related to Bernoulli numbers.

An alternative approach to the generating function, of course completely
equivalent, is the well-known regularization via the Riemann zeta function
defined for R(s) > 1

+oo
((s)=> n* (15)
n=1

and extended on the whole complex plane to a meromorphic function, i.e.
that is holomorphic everywhere except for a simple pole at s = 1 with
residue 1, see for instance (Fabiano, 2020). It is possible to show that

1

(D =-15- (16)

Three dimensional case

In spatial 3D, that is 3 4+ 1 dimensions, we restore the other two com-
ponents &, and k. of the wave vector which of course are not subject to
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boundary conditions due to the presence of the plates. The frequency is
written as

n2m?
wn:C\/ 7 +k:§+k:§ 17)

giving the expression for the energy

h dk,dk, X
E(d):2.2A/ (2%2 ;wn (18)

where A is the area of the conducting plates, the factor 2 accounts for the
two polarizations.

Turning to polar coordinates in two dimensions by setting r? = ki + k2
and performing the angular integration, we arrive at the density of energy
per surface

n27r2

+ 72, (19)

As it stands, this integral is strongly divergent. As a regularization mea-
sure, we multiply everything by w,_* and eventually let « — 0. The expres-
sion we obtain is given by

E(d) hicl—a IR oo n’n? 9 =
A—QWZA‘W'ﬂ+T , (20)
and this integral is well behaved for R(a) > 3. Performing the integration,
we arrive at
E(d)  h 7w 3_a
i) Zn , @1

the sum on the rhs is recognized to be the zeta function, {(a — 3), which
is not singular for a = 0 and assumes the value ((—3) = 1/120. The
complete zero point energy density in three dimensions is therefore given

by the expression:
E(d) 7 he
AT s 22)
It is worth noticing that in 3D a different geometry of the plates in the
Casimir effect could change the sign of the force making it, say, attractive

instead of repulsive.
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As a byproduct, we have just “proved” that

1
-3

The Casimir effect has been explicitly shown here for two parallel plates
in 1D and 3D respectively, and the force is attractive.

There are many more possible situations in which the effect could
be observed. Lifshits (Lifshitz, 1956) studied the case of two paral-
lel dielectric bodies and the effects of finite temperature; the case of
a liquid layer of separation was studied by Dzyaloshinskii, Lifshitz and
Pitaevskii (Dzyaloshinskii et al, 1961). They also showed that, under
certain circumstances, the Casimir force could be repulsive rather than
attractive. Schwinger (Schwinger, 1951, 1975) studied the problem;
in (Schwinger, 1992a) he used a different approach from the effective ac-
tion, and in (Schwinger, 1992b,c), he started the calculations for a spheri-
cally shaped object.

14243+4+45+...= (23)
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OdbdexT Kasnmmpa

Hukona ®abuwaHo
Benrpagckun yHuBepcuteT, WHCTUTYT sSAEpHbIX  MCCrneaoBaHun
«BuH4ya» — UHCTUTYT rocynapcTBeHHOro 3HadeHust ans Pecny6nuku
Cepbus, . benrpag, Pecny6nuka Cepbus
PYBPUKA T'PHTWU: 29.05.03 Matemartundeckmne meToabl
TEopeTn4eCcKkon U3nKu,
29.05.23 PenatvMBMCTCKas KBaHTOBas TeOpUS.
KBaHTOBasi Teopumsi nons
29.05.33 3nekTpomarHMTHOE B3auMOoAeNCTBUE
B[O CTATbW: ob3opHas cTaTtbs

Pesrome:

BeedeHue/uens: KeaHmosaHue anekmpomMazHumH-o20 rnosisi ro-
poxdaem KeaHmMoeble (briykmyauuu, KOmopble, 8 C80H 0Ye-
pedb, coz0arom cusny Ha MakpOCKOMUYECKUX gpaHuyax. dmom
geHomeH Ha3bieaemcs achghekmom Kasumupa.

Memoobl: B 0aHHOU cmambe Ucnonb3yemcsi 8MopuUYHOe K8aH-
mosaHue 3feKmpoMasHUMHoO20 rnossi. Takxe rnpuMmeHsiemcsi
mMemoO0 peaynspu3ayuu ¢ MoMowbio 03ema-yHKUUU.

Peaynbmambl: B pes3yribmame KeaHmoeaHUuUs drieKmpomMmazHuUm-
HOZO [10/14 Ha MaKpOCKOINu4YeCcKux epaHuuax Habndaemcs cu-
Jia.

Bbigodbi: @nykmyayuu 8akyyma u3-3a K8aHmMosbIX 3¢hghekmos
0arom MakKpOoCKonuyecKue pesyribmamei.

Knroveesblie criosa: keaHmoeasi aniekmpoOuHaMuKa, KeaHmosa-
Hue, aHepausi 8akyyma, aghcpekm Kasumupa.
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Kasnmupos ecekar

Hukona ®abunaHo

YHuBepauteT y beorpaay, NHCTUTYT 3a HykneapHe Hayke ,BuHuya” -
MHCTUTYT o4 HaumoHanHor 3Havaja 3a Penyonuky Cpbuijy,
Beorpaa, Penybnuka Cpbuja

OBJIACT: maTtematuka
KATETOPWUJA YNAHKA: npernegHu paa

Caxemak:

Yeod/uurb: KeaHmusauyuja enekmpomazHemHoz nosba 00800u
00 Kk8aHMHUX ¢briyKmyauyuja Koje 3ay3spam rpouseode cusy Ha
Makpockorickum epaHuyama. Oeaj peHomeH Ha3uea ce Kasu-
mMupos eghekam.

Memode: Kopucmu ce Opyza keaHmu3ayuja efiekmpomagHem-
Hoe nosrba. [llpumer-eHa je mexHuka peaynapusauyuje rmomohy
3ema-gbyHKUUje.

Pesynmamu: 36oe keaHmMu3auyuje eriekmpomazHemHoz rnosba
npumehyje ce cuna Ha MakpOCKOIMCKUM 2paHuyama.

Bakpyyak: ®nykmyayuje eakyyma ycried KeaHmMHUX eghekama
Oajy makpockoricke eghekme.

KrbyyHe peyu: KkeaHmMHa eniekKmpoOuHaMuka, KeaHmu3sauuja,
eHepauja saKyyma, Kasumupos echekam.

Paper received on / [ata nonyyeHus pabotbl / Jatym npujema unadka: 20.11.2022.
Manuscript corrections submitted on / [Jata nony4yeHus ncnpaeneHHow Bepcun paboTsl /
[atym poctaBrbara ucnpasku pykonuca: 12.06.2023.

Paper accepted for publishing on / [lata okoH4YaTenbHoro cornacoeaHus pabotsl / Jatym
KOHAaYHOT MpuxBaTama YnaHka 3a objasromBare: 14.06.2023.

© 2023 The Authors. Published by Vojnotehnicki glasnik / Military Technical Courier
(http://vtg.mod.gov.rs, http://BTr.m0.ynp.cp6). This article is an open access article distributed under
the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/3.0/rs/).

© 2023 Astopbl. OnybnvkosaHo B "BoeHHo-TexHn4eckuin BecTHuk / Vojnotehnicki glasnik / Military
Technical Courier” (http://vtg.mod.gov.rs, http:/BTr.M0.ynp.cp6). [JaHHas cTaTbs B OTKPLITOM AOCTyne
1 pacnpocTpaHsSeTcs B COOTBETCTBUM C nuueHanen "Creative Commons”
(http://creativecommons.org/licenses/by/3.0/rs/).

© 2023 AyTtopu. O6jaBuo BojHoTexHuukm rmacHuk / Vojnotehnicki glasnik / Military Technical Courier
(http://vtg.mod.gov.rs, http://BTr.mo.ynp.cp6). OBO je YnaHak OTBOpPEHOr NpuUcTyna n aucTpmbympa ce
y cknagy ca Creative Commons nuueHuom (http://creativecommons.org/licenses/by/3.0/rs/).

747

Fabiano, N., The Casimir effect, pp.740-747


http://vtg.mod.gov.rs
http://втг.мо.упр.срб
http://creativecommons.org/licenses/by/3.0/rs/
http://vtg.mod.gov.rs
http://втг.мо.упр.срб
http://creativecommons.org/licenses/by/3.0/rs/
http://vtg.mod.gov.rs
http://втг.мо.упр.срб
http://creativecommons.org/licenses/by/3.0/rs/

