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Abstract:

Introduction/purpose: Vertex-degree-based (VDB) graph matrices form a
special class of matrices, corresponding to the currently much investigated
vertex-degree-based (VDB) graph invariants. Some spectral properties of
these matrices are investigated.

Results: Generally valid sharp lower and upper bounds are established for
the spectral radius of any VDB matrix. The equality cases are
characterized. Several earlier published results are shown to be special
cases of the presently reported bounds.

Conclusion: The results of the paper contribute to the general spectral
theory of VDB matrices, as well as to the general theory of VDB graph
invariants.

Keywords: Vertex-degree-based matrix, VDB matrix, vertex-degree-
based graph invariant, VDB graph invariant, spectral radius (of matrix).

Introduction

This paper concerns simple connected graphs. Let G be such a
graph. Its vertex and edges sets are V(G) and E(G), respectively,
whereas its order (number of vertices) and size (number of edges) are
IV(G)|=n and |E(G)|=m, respectively. By uv e E(G) , we denote
the edge of G connecting the vertices u and v.
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The degree (= number of first neighbors) of a vertex U €V (G) is
denoted by d,.If d, =T forall u€V (G), then G is said to be a regular
graph of the degree r. If d,=n—1 for all ueV(G), then G is the

complete graph (of the order n), denoted by K .

For other graph-theoretical notions, the readers are referred to
standard textbooks (Harary, 1969; Bondy & Murthi, 1976).

In the present-day mathematical and chemical literature, a large
number, well over hundred, of degree-based graph invariants of the form

TI(f;G)= > f(d,.d,) (1)

uveE(G)
are being studied, where f(X,Y) is an appropriately chosen function
with the property f(X,y)=f(y,x) and f(X,y)=0 for all
X,y=d,,d,.

In chemistry, molecular physics, pharmacology, and elsewhere,
these graph invariants found a great variety of applications, and are
usually referred to as ,topological indices® or ,molecular structure-
descriptors® (Gutman, 2013; Todeschini & Consonni, 2009; Kulli, 2020).
Instead of ,vertex-degree-based” the abbreviation VDB is often used
(Rada, 2014; Li et al, 2021; Monsalve & Rada, 2022).

Let the vertices of the graph G be labelled as V,,V,,...,V, . Then, to
each VDB graph invariant TI(f;G), a symmetric square matrix
M (f;G) of the order n can be associated, whose (i, J) -element is

equal to f(d,.d,) if the vertices V; and Vjare adjacent, ie. if
Vv;€E(G), and is equal to zero otherwise. In particular,

TI(f;G), =0 foralli=12,...,n.
As it is well known in linear algebra (Brualdi & Cvetkovi¢, 2008), the
eigenvalues of M (f;G) are real-valued numbers, forming the spectrum

of the matrix M (f;G). Further on, they will be denoted by 4, 4,,..., 4,
so that 4, >4, >--->2 4 . Then 4 24|, 1=23,...,n, and therefore

A, is called the spectral radius of the corresponding VDB graph matrix
(Stevanovic¢, 2015).
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In order to prove our main result, Theorem 1, we need an auxiliary
lemma.

Lemma 1. Let A4, =4, 2>---= A be the eigenvalues of the VDB
matrix M (f;G). Then,

> 4=0 @
i=1

and
YA =2TI(f%G). (3)

i=1

Proof. By definition of the matrix M (f;G), its diagonal elements
are always equal to zero. From this, Eq. (2) follows straightforwardly.

In order to arrive at Eqg. (3), note that the sum of k-th powers of the
eigenvalues is equal to the trace (sum of diagonal elements) of the k-th
power of the respective matrix. Thus,

42 =TrM(1;6)2 = Y (M(f;G)?)

" i
=1

anznl'\/'(f;G)i,-l\/l(f;G),-i :ZHZZH:(M(f;G)".)Z

i=1 j=1 i=1 j=1
=2 > (f(d,.d,)) =2TI(f;G)
uveE(G)

where we used the above specified definition of the elements of the VDB
matrix M (f;G).

Note that the above lemma is a direct generalization of Lemma 1 in
(Gutman, 2021), stated for a special case of the function f in Eq. (1),

namely for f =/X*+Yy°.

We are now prepared to state our main result
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Theorem 1. Let G be a connected graph of the order n, and let 4, be the
spectral radius of its VDB matrix M (f;G). Then A, is bounded as:

wgﬂlg\/@ﬂ(f%e). @

The equality on the left-hand side holds if and only if G is regular. The
equality on the right-hand side holds if G = K .

Proof of Theorem 1

Lower bound. We proceed in an analogous manner as in the proof
of Lemma 2 in (Gutman, 2021). Thus, in view of the Rayleigh-Ritz

variational principle, for an n-dimensional column-vector QQ = (1,1,...,1)T ,

Q'M f:G)Q
ggTQ) <A (5)

with equality if and only if Q=(11...,1)"is an eigenvector of

M (f;G), corresponding to the eiigenvalue A,. As it is well known
(Brualdi & Cvetkovi¢, 2008; Cvetkovi¢ et al, 2010), this happens if and

only if the graph G is regular.
The lower bound for the spectral radius follows directly from Eq. (5).
Upper bound. Eg. (2) can be rewritten as

J= —gz, e, AZ= (Z;zjz

Using the Cauchy-Schwarz inequality, we get

n 2 n n n
[Zﬁ. le <Y A== A’ (6)
i=2 i=2 i=2 i=2
implying

Azﬁ(n—l){iﬂf.z_ﬂf} and qug(n—l)znlﬂﬂz
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i.e.,
n-13
< 223
L R——
The upper bound for the spectral radius is followed by Eq. (3).
The equality in (6) happens if and only if A, =A; =---=A4_, which is

the case only for the complete graph K . Recall that the complete graph
is an (n-1)-regular graph, and therefore its VDB matrix is equal to
f(n-Ln-1)A(K,) where A(G) stands for the ordinary adjacency

matrix of the graph G. Since the ordinary eigenvalues of K are
n-1,-1,-1,...,—1(Cvetkovié et al, 2010), the VDB-eigenvalues of the
complete graph satisfy A, =4, =---=4 =—-f(h-1,n-1). The

complete graph is the only connected graph whose all eigenvalues,
except the spectral radius, are mutually equal.

As already mentioned, the special case of the lower bound in

Theorem 1 for f = 4/X2 + y2 was reported in (Gutman, 2021). The same

special case for the upper bound was recently communicated in (Lin et
al, 2023).

References

Bondy, J.A. & Murty, U.S.R. 1976. Graph Theory with Applications. New
York: Macmillan Press. ISBN: 0-444-19451-7.

Brualdi, R.A. & Cvetkovi¢, D. 2008. A Combinatorial Approach to Matrix
Theory and Its Applications. New York: Chapman & Hall. Available at.
https://doi.org/10.1201/9781420082241. ISBN: 9780429144677.

Cvetkovi¢, D., Rowlinson, P. & Simi¢, K. 2010. An Introduction to the
Theory of Graph Spectra. Cambridge: Cambridge University Press. ISBN:
9780521134088.

Gutman, |. 2013. Degree-based topological indices. Croatica Chemica Acta,
86(4), pp.351-361. Available at: https://doi.org/10.5562/cca2294.

Gutman, I. 2021. Spectrum and elergy of the Sombor matrix. Vojnotehnicki
glasnik/Military Technical Courier, 69(3), pp.551-561. Available at:
https://doi.org/10.5937/vojtehg69-31995.

Harary, F. 1969. Graph Theory. Boca Raton: CRC Press. Available at:
https://doi.org/10.1201/9780429493768. ISBN: 9780429493768.

D

Gutman, I., On the spectral radius of VDB graph matrices, pp.1-8



E‘ VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2023, Vol. 71, Issue 1

Kulli, V.R. 2020. Graph indices. In: Pal, M., Samanta, S. & Pal, A. (Eds.),
Handbook of Research of Advanced Applications of Graph Theory in Modern
Society, pp.66-91. Hershey, USA: IGI  Global. Available at:
https://doi.org/10.4018/978-1-5225-9380-5.ch003.

Li, F., Ye, Q., Broersma, H., Ye, R. & Zhang, X. 2021. Extremality of VDB
topological indices over f-benzenoids with given order. Applied Mathematics
and Computation, 393(art.number:125757). Available at:
https://doi.org/10.1016/j.amc.2020.125757.

Lin, Z., Zhou, T. & Miao, L. 2023. On the spectral radius, energy and
Estrada index of the Sombor matrix of graphs. Transactions on Combinatorics,
12, pp.191-205.

Monsalve, J. & Rada, J. 2022. Energy of a digraph with respect to a VDB
topological index. Special Matrices, 10(1), pp.417-426. Available at:
https://doi.org/10.1515/spma-2022-0171.

Rada, J. 2014. The linear chain as an extremal value of VDB topological
indices of polyomino chains. Applied Mathematical Sciences, 8(103), pp.5133-
5143. Available at: https://doi.org/10.12988/ams.2014.46507.

Stevanovi¢, D. 2015. Spectral Radius of Graphs. Cambridge,
Massachusetts: Academic Press. ISBN: 9780128020685.

Todeschini, R. & Consonni, V. 2009. Molecular Descriptors for
Chemoinformatics. Weinheim: Wiley-VCH. ISBN: 978-3-527-31852-0.

O cnekTpanbHoM paauyce maTpuy rpados BB

UeaH N'yTmaH

KparyeBauxkuii yHMBEpCUTET, €CTECTBEHHO-MaTEMaTUYECKUA PaKynbTeT,
r. Kparyesau, Pecnybnuka Cepbus

PYBPUKA TPHTW: 27.29.19 KpaeBble 3agayun n 3agayn Ha cobCTBEHHbIE
3Ha4eHust AN 06bIKHOBEHHbIX
anddepeHumanbHbIX ypaBHEHUA U CUCTEM
YpaBHEHUN

BWO CTATbW: opurmHanbHasa Hay4yHas cTaTtbs

Pesome:

BeedeHue/uenb: Mampuubl 2pagha, OCHOBaHHble Ha B6EPUWUHHbIX
cmeneHsix  (BOB), obpasyrom  0cobmili  Knacc — Mampud,
coomeemcmeywux 8 Hacmosilee 8peMsi WUPOKO UCC/1e008aHHbIM
UHeapuaHmam 2gpagha, OCHO8aHHbIM Ha 8epPUWUHHbIX cmeneHsix (BAB).
B OJdaHHOU cmambe uccriedogaHbl HEKOMOopbIe CreKmpasbHble
ceolicmea nodobHbIX Mampuy,.

Pesynbmambi: [Nory4eHbl 0bWenpuHaImbie HWKHSAS U 8EPXHSIS epaHuubl

criekmparnbHoe0o paduyca mampuy, BLb. Takxe npedcmernieHbl criyqau, 8
KOmOopbIX rpuUMeHsitomcsi pageHcmea. B cmambe noka3aHo, 4mo paHee
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orny6bruKo8aHHbIe  pe3ynibmambl  S6MISIOMCS  YacmHbIMU - CrIyqasmu
npedesios, kKomopbkie menepb b6osiee NoOPOOHO OMUCaHAbI.

Bbi80o0dbi: Pe3ynbmamsi Hacmosiwel pabombsl 8HOCSIM 8Kiad 8 obulyro
criekmparnbHyto meoputo Mampuy BB, a makxe 8 obwyr meopuro
uHeapuaHmos egpaghos B/]b.

Knrouesbie crnosa: mampuua OCHOBaHHasi Ha CMerneHu 6epuluH,
mampuua B[]b, uHeapuaHm epagha, OCHOBaHHbIU Ha cmerneHu
8epWUH, UuUHeapuaHm epacgha BB, cnekmpanbHbili  paduyc
(Mampuupbl).

Cnektpannu pagujyc BOB rpacdosckmx matpuua
UeaH N'yTmaH

YHusepautet y Kparyjesuy, MNpupogHo-matematmydku dpakynrer,
KparyjeBau, Peny6nuka Cpbuja

OBJIACT: matemaTunka
KATETOPWUJA (TUIM) UNAHKA: opyruHanHm Hay4yHu pag

Caxemak:

Yeodlyurb: Ha cmeneHuma 4eopoea 3acHosaHe, B/b epagposcke
Mampuue obpasyjy knacy creyujanHux Mampuua koje odzoeapajy, 0aHac
4ecmo ucmpaxueaHuM, Ha cmerneHuMa 4yeopoea 3acHoeaHuMm, B/b
epachosckuM UHBapujaHmama. McnumueaHe Ccy HeKe criekmparnHe
ocobuHe o8ux Mampuua.

Pesynmamu: [obujeHe cy onwmesaxehe Oome U 20pH-€ 2paHuue 3a
criekmparnHu padujyc BB mampuuya. OkapakmepucaHu Cy U crydajesu
Kala saxe jeOHakocmu. 3a HEKOMUKO paHuje rybriukogaHuUx pesyrimama
je nokasaHo Oa cy crieyujarnHu criyyajesu cada y HagedeHUM epaHuuama.

Sakrbyyak: Pesynmamu usrnoxeHu y pady npedcmasrbajy O0rnpuHoc
onwmoj criekmpasiHoj meopuju BAb mampuya, kao u onwmoj meopuju
B/JIb epachosckux uHeapujaHmu.

KrbyuyHe peuu:. epaghoscke Mampuue 3acHosaHe Ha cmerneHuma
yeoposa, B/[Jb mampuuye, 2paghoscke uHeapujaHme 3acHoBaHe Ha
cmeneHuma 4eoposa, BB epaghoscke uHeapujaHme, criekmparsHu
padujyc (mampuuye).
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PEOAKLUMJICKMN KOMEHTAP: Aytop oBor unaHka MBaH yTMaH je akTyenHu unaH
Ypehusaukor ogbopa BojHomexHuuykoe enacHuka. 360r Tora je ypegHvLTBO CnpoBEno
TPaHCNAPEHTHWUjU U PUrOPO3HWjU ABOCTPYKO Crenu npouec peueHsuje. YNoxuno je
[oJaTHM Hamnop Aa OAPXMW MHTErputeT peleH3vje 1 HeOobjeKTMBHOCT cBede Ha HajMmamy
MOryny Mepy Tako LWTO je ApPYrM ypeOHuUK capajHuK BOAMO Mpoueaypy peuleHsunje
He3aBMCHO Of YpeAHuWKka aytopa, npu 4emy je Taj npouec 6OMO anconmyTHO
TpaHcnapeHTaH. YpeaHWLWTBO je nocebHO BoAUMO padyHa Aa peLeH3eHT He npenosHa Ko
je Hanucao pag v ga He gohe Ao KOHMIWKTa MHTepeca.
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