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Abstract:
Introduction/purpose: Starting from general relativity, black hole gener-
ation and effects are investigated.

Method: Einstein’s equation and its Schwarzschild solution are em-
ployed to study black holes. Quantum mechanics is used to obtain Hawk-
ing’s radiation.

Results: Black holes are actually not completely black - they radiate en-
ergy during their lifetime.

Conclusions: Black holes could evaporate and this effect is observable
if their mass is sufficiently small. Their entropy scales differently with
respect to their mass from that of other objects in thermodynamics.
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General relativity

Special relativity (SR) is a theory that applies to systems moving at a
constant velocity. The speed of light ¢ is constant for all observers; space
and time are separate and independent dimensions. The metric that de-
fines the distance ds? between two points of the four dimensional space is
not positive defined:

ds? = 2dt? — da? (1)

The corresponding metric is given by g,, = diag (+1,—-1,-1,-1),

u,v =1,...,4. In SR the metric tensor g,,, does not depend on the point,

and the space is flat. The Lorentz group is the group of spacetime trans-
formations that preserve (1).
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General relativity (GR) applies to systems accelerating or under the in-
fluence of gravity, which can bend rays of light. This is the case in the
presence of very massive objects such as black holes.

In GR, the distance between two points z#, z” is usually written as

s? = gtz (2)

(we use units for which c = 1) where g,,,, depends upon the spacetime point;
therefore, contrary to SR, spacetime is not flat. Curvilinear coordinates are
used, where a covariant vector transforms like

v
_drv

Al =
dxu v

3)

while to obtain a contravariant vector one lowers indices with g,,: A, =
gAY

For a vector A, if A* is its value at the point 2#, at its neighbor point x# +
dz" will be A* + dA*. The total variation of A will be given by coordinates
change and a functional variation of A:

dA* 4 5AM | 4)

where
GAR =10 APdx? (5)
') is the Christoffel symbol that describes the metric g, non flatin GR. This
leads to an extension to the concept of derivative, the covariant derivative
being defined as
DAY =9,A" — T} A" . (6)
Observe that this concept is also used in quantum field theories where
spacetime is flat in order to describe an “inner” gauge space.
The relation of I" with the metric ¢ is given by:

1 o
Iy, = 59“ (Ovbop + 0pGor — OGup) 7)

The Riemann strength tensor could be expressed by a commutator of
covariant derivatives (6)
Rﬁpcr = (aprgu + Fg’rrgu) - (aﬁrﬁy + FgTF;l/) ) (8)
and, again, in analogy to it the electromagnetic and chromomagnetic field
strength F),, is written as a commutator of covariant gauge derivatives.
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The Ricci tensor is defined by contracting two indices of the Riemann
tensor:

R,Lw = ngRpcwu s (9)

and the scalar tensor is obtained from the contraction of the remaining two
indices of the Ricci tensor:

R=g"™R,, . (10)

The action of GR (in absence of matter and a cosmological constant) is
obtained by the simplest scalar of the theory (the Ricci tensor) integrated
over the spacetime volume

S = /d4m\/7—gg“”RW, (11)

g being the determinant of g*¥. This action is known as the Einstein—Hilbert
action, to name just a few papers on the subject: (Einstein, 1915a,b; Hilbert,
1915).

In order to obtain Einstein’s equation of GR, one has to compute the
variation of action (11) which is composed of three terms:

05 = / d'w(0v/=9) 9" Ry + / d'x/=g(3g" ) Ry +
/ d*z/=gg" 5(Ry) = 651 + 0Ss + 653 (12)
Consider the first term §S;. For an invertible matrix A, one has

MM~ = I. It follows that §(MM~1) = 0 = §(M)M~ + M§(M~1) = 0.
Therefore, 6(M 1) = —M~15(M)M~! so one obtains

6(9"7) = —g"6(9u)g”” (13)
For the second term 653, logdet M = Trlog M. There-
fore, d(logdet M) = o(det M)/det M, that implies d(det M) =

(det M)d(logdet M), then follows that (det M)o(Trlog M) =
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(det M) Tr 6(log M) = (det M) Tr(M~15(M)). We obtain:

5(V=5) = 5v/=99" 5 g) (14)

For the third term, 453, there is a lengthy and not very enlightening cal-
culation. From the Palatini identity

OR.,, = DydT", — D)o, (15)

which stems out when considering locally flat coordinates, that is I' = 0 for
all indices, and therefore for (SRZO_A remain only the parts with derivatives,
one obtains for the Ricci tensor

OR, = 0R.,, .

(16)

The result is
(553 = /d4.’13\/ _ggMV(Do'(SFZ/\ - D)\(SFZ,U) ] (17)

integrating by parts and using the fact that D,¢g"” = 0 the third term is just
a surface term, thus irrelevant.
The final result of the Einstein-Hilbert action variation is thus

68 = /d%\/fg [<;Q“VR> 6(guw) + Rop (=97"0(g)9"") | =
[ atev=a (5o R m) atg.) =0, (18)

which has to be true for any 6(g,. ). Therefore, Einstein’s equation for GR
is given by

%g’“’R ~RW =0, (19)

for an empty space.

Black holes

Perhaps the first “proto—idea” of a black hole came from Laplace, and
independently, from Mitchell (Michell, 1784). He envisaged a Newtonian
gravitational field so strong that even the fastest object could not escape
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it. If M is the mass generating this particular gravitational field, and m the
object that should escape it, then its energy is given by
1 mM

EzimUQ—G "

(20)

where G is the gravitational constant. As the maximal possible speed is ¢,
the object will reach its maximal distance r, from the massive gravitational
field for E = 0, and from eq. (20) we obtain

_2GM

c2

T's (21)

So even the light cannot leave this massive object for a distance larger
than r» > r4. Therefore, this particular object cannot emit light at a distance,
so it appears to be black. This amazing result anticipates by almost two
centuries subsequent discoveries of black holes.

Taking Einstein’s equation (19) for a massive object and the space with
a rotational symmetry, it can be shown that the spacetime metric could be
written in the form

s 1
dszz—(l—r—>dt2+
T

%)

dr® + 12(d6* + sin® 0d¢?) | (22)

that is,

ds? = — (“f) dt? + <T) dr? 4 r2d0? . (23)

This is the Schwarzschild solution 1916 (Schwarzschild, 1916a,b;
Droste, 1917), and is the only possible spherically symmetric solution. Note
that it depends only on the total mass of the body, in complete analogy
to the Newtonian theory, because the r, parameter is the same found by

Laplace (21). At large distances from the origin, this metric behaves like
ds® =~ ds3ouwr — %(dt2 +dr?) (24)

that is, the Newtonian solution plus a perturbation of order r, thus at large
distances every field appears centrally symmetric. At distances close to ry,
and r > r,, the time slows down because of acceleration due to a strong
gravitational field. The boundary at r = r, is called the event horizon,
where the escape velocity is larger than the speed of light, as already seen
in (21). If an object, or even radiation, crosses this boundary from the
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external space, it can only eventually fall into the black hole. To provide
some numbers, the Schwarzschild radius of our Sun is of the order of 3
km, while for the Earth it is less than 1 cm.

Observe that the Schwarzschild solution is singular only by the choice
of coordinates that could be seen from the fact that the determinant of met-
ric (23) is actually regular for » = r,. The question was cleared only much
later by Kruskal (Kruskal, 1960), where his coordinates are well defined at
the event horizon r = r;.

There are other solutions of Einstein’s equation (19) that lead to black
holes. A nonrotating charged black hole comes from the Reissner—
Nordstréom metric (Reissner, 1916; Nordstrom, 1918).

Later, a rotating noncharged black hole solution came from the Kerr
metric (Kerr, 1963).

Black hole properties

A star is essentially a ball of gas at equilibrium for most of its life. Inside
its core nuclear reactions occur, where fusion of H nuclei into He create
energy. The gravitation is in equilibrium with internal pressure due to heat
as long as there is enough nuclear fuel. At the end of fuel, gravity prevails,
the star crushes under its own weight, and a remnant is left.

If the remnant of the star is approximately larger than 3—4 M, , the
mass of the Sun, it is still too heavy and will eventually collapse to a black
hole, with a radius smaller than the Schwarzschild one, r < r,. There is
no known mechanism that could prevent this process, not even in neutron
stars, except maybe for quark stars, provided they exist at all.

From quantum mechanics (see for instance (Fabiano, 2022) for a dis-
cussion of the following subject), the probability amplitude of transition from
an initial state |in) to a final state | fi) is given by the matrix element

(file™ " in) . (25)

In thermodynamics, the probability of finding a state |n) of energy E,, at
a given temperature T is given by Boltzmann:

exp(—BEn)

say (26)
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where 5 = 1/T and Z is the partition function of the quantum mechanical
system:

+oo +oo
Z = Z(nle*ﬁE”]m = ZefﬂE” =Tre 1 (27)
n=1 n=1

Setting the initial and final states to be the same, i.e. |in) = |fi) =
|n), and replacing the time with the inverse of the temperature by means
of a Wick rotation, that is, the exchange it <+ 3, one could identify the
two formulae (25) and (27) to be the same expression. What concerns
us most here is that with this procedure the time ¢ becomes periodic and
corresponds to an inverse of the system temperature, 1/7.

Rewrite now the Schwarzschild metric (23) in the following manner.
Choose p such that dp? = r,/(r — rs)dr?, thatis: p? = 4rs(r — r4). There-
fore, p2dp? = 4r2dr? = (r — r4)dp>.

Near the Schwarzschild radius one obtains:
2

ds? ~ —L_at® + dp? + 12402 . (28)
4r2
In Euclidean time, tp = it so dt2, = —dt?, therefore, the metric will gain
all + signs:
2
ds? ~ 4’; Sdi% + dp? + r2d2? (29)

S

Define v such that ¢t = 271, obtaining finally the metric for r ~ r;
ds? = p*dip® + dp? + r2d0? . (30)

By inspection of the result, the first two terms are radial coordinates on
a plane, (p, ), ¥ having a 27 period, so from its definition follows that ¢z
has a period of 47r;. With the above identification ¢ty <> 1/7', we have the
following expression for the temperature of the black hole:

11
~ dwry 8TGM

(31)

This is the Hawking temperature (Hawking, 1975, 1974), which is due to
a quantum mechanical effect in the region near to the event horizon. Black
holes spontaneously emit thermal radiation at this temperature. As seen
from the derivation of T, it is due to vacuum fluctuations of quantum fields,
which produce pairs of particles; one of them falls inside the black hole,
while the other escapes to infinity.
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The Hawking temperature increases when the mass of the black hole is
smaller, and by radiating the black hole loses energy, i.e. it evaporates. It
could be shown that the evaporation time for a black hole scales with the
cube of its mass, i.e.

tevap o< M? | (32)

and while a black hole with the mass of our Sun will evaporate for a much
longer time than the age of the Universe, a lighter one should still be ob-
servable by astronomers while exploding.

From its temperature, it is easy to find out the entropy of a black hole.
From the expression of the energy, E = ¢?M, that implies dE = TdS =
c2dM, thus obtaining the proportionality relations:

dS %csz o Gc?d(M?), therefore, S o< M? . (33)

The entropy of a black hole is proportional to the square of its mass, and
from the expression of the Schwarzschild radius (21), s « M, therefore
the entropy is proportional to r2, the area of the event horizon:

SoxMor?=A. (34)

The entropy is an extensive quantity, proportional to the volume of the
system considered. For a black hole, it is not so. The entropy is propor-
tional to its area, not its volume.

This strange result was the inspiration of the so-called holographic
principle, first proposed by Hooft and later formalized in string theory by
Susskind (Susskind, 1995), for which gravity phenomena in a volume of
space are actually projections of a two dimensional space, just like the
holograms, which create three dimensional images from a two dimensional
plate.
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Una breve introduccion a los agujeros negros

Nicola Fabiano
Universidad de Belgrado, Instituto de Ciencias Nucleares "Vinéa” -

Instituto Nacional de la Republica de Serbia,
Belgrado, Republica de Serbia

CAMPO: Fisica
TIPO DE ARTICULO: articulo de revision
Resumen:

Introduccién/objetivo: Partiendo de la relatividad general, se in-
vestiga la generacion y los efectos de los agujeros negros.

Métodos: La ecuacién de Einstein y su solucién de Schwarzs-
child se emplean para estudiar los agujeros negros. Para obte-
ner la radiacion de Hawking se utiliza la mecanica cuantica.

Resultados: En realidad, los agujeros negros no son completa-
mente negros: irradian energia durante su vida.

Conclusion: Los agujeros negros podrian evaporarse y este
efecto es observable si su masa es lo suficientemente peque-
Aa. Su entropia escala de manera diferente con respecto a su
masa que la de otros objetos en termodinamica.

Palabras claves: relatividad general, agujeros negros, radiacion
de Hawking.

KpaTtkoe BBeaeHUE B YepHble Oblpbl

Hukona ®abnaHo

Benrpagckun yHuBepcuteT, WHCTUTYT sSAEpHbIX  MCCrneaoBaHun
«BuH4a» — VMIHCTUTYT rocyaapcTBeHHOro 3HaveHus ans Pecny6nuvku
Cepbus, . benrpag, Pecny6nuka Cepbus
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PYBEPUKA TPHTWU: 29.05.03 MaTtemaTtunyeckue meToabl
TeopeTudeckon usnku,
29.05.19 CneumnanbHas Teopusi
OTHOCUTENBHOCTY,
29.05.41 paBUTaUNOHHOE B3anMOLENCTBME.
OO6wwas Teopusi OTHOCUTENBHOCTH
BWL CTATbW: o63opHas ctaTtba

Pesrome:

BeedeHue/uenb: B daHHOU cmambe 0bbsicHsromcesi obpasosa-
Hue u enusiHue YepHbix Oblp, Ha4uHasi ¢ obwel meopuu OMHo-
cumernbHocmu.

Memooeb!: B usyyeHuu YyepHbix Oblp UCMOIb3YOMCS ypagHeHUs
AdHwmelmHa u mempuka Llleapywunsda 8 kKadecmee peweHus
amux ypasHeHul. C MoMowbr K8aHMOoB8OU MexaHUKU OrnucaHo
usnyqyeHue XoKuHeaa.

Pesynbmamel: YepHble Obipbl Ha camMom Oesle He S18rsiimcs
MO/IHOCMbIO YePHbLIMU, OHU U3J/Ty4arom SHepauro 8 meYeHue C8o-
€20 cywecmeosaHusl.

Bbigo0bi: YepHbie Obipbl Mo2ym ucrniapsimbcsi. Yem meHbuie
Mmacca 4YepHblil ObIpbl, MeM 3aMemHee ee U3ry4eHue U UCYE3HO-
geHue. COOmMHOWeHUe 3HMPONuUU U Macchl YepHbIX Oblp Omisu-
yaemcsi om cOOmMHoWeHusi Opyaux mepmMoOUHaMUYECKUX 0bb-
eKxmos.

Knrouesbie crnosa: obwasi meopuss OMHOCUMENbHOCMU, 4Yep-
Hble ObIpbl, usrydeHue XoKuHaa.

OcHoBHa casHara O LpHUM pynama

Hukona ®abuaHo

YHuBepsuter y beorpagy, IHCTUTYT 3a HykneapHe Hayke ,BuHua’-
WHCTUTYT of HaumoHanHor 3Havaja 3a Penybnuky Cpbuijy,
Beorpaga, Penybnvka Cpbuja

OBNACT: matemaTtuka
KATEFOPWNJA UYNAHKA: npernegHu pag
Caxemak:

Y800/uurb: Y ynaHkKy cy objawieHuU HacmaHak u eghekmu UpHUx
pyna rnoyeswu 00 onwme meopuje penamugHoCmu.

Memode: 3a npoy4asarme upHUX pyrna uckopuwheHe cy AjH-
wmajHoese jeOHaquHe u Lllsapyuwiundoso pewere mux jedHa4qu-
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Ha. lNomohy keaHMHe MexaHuKe ornucaHo je XOKUH2080 3padye-
e.

Pesynmamu: LipHe pyrnie Hucy y nomnyHocmu ,upHe”. OHe emu-
myjy eHepeujy y sudy 3padyerba ImOoKOM C802 8eKa mpajarba.

Bakmwyuak: LipHe pyne moey ucrnapumu. Oeaj echekam 6u mo-
2a0 bumu 8udrbU8 YKOJIUKO je huxoea Maca 0080s/bHO Mana, a
HUX08a eHmponuja ce Mera Opyaaduje 00 npomeHe y ma-cu y
00Hocy Ha dpyee mepmoOuHaMmu4yke objekme.

KrbyyHe pedu: onwma meopuja penamueHOCmu, UpHe pyre,
XOKUH2080 3payer-e.
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