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Abstract:

Introduction/purpose: In this paper, several critical remarks are pre-
sented concerning the paper of Igbal & Rizwan: Existence of the so-
lution to second order differential equation through fixed point results for
nonlinear F-contractions involving wy-distance from 2020.

Methods: Conventional theoretical methods of functional analysis.

Results: Itis shown that their use of the non-decreasing “control” function
F instead of a strictly increasing one in Wardowski-type results usually
produces contradictions.

Conclusion: It is shown that such results can be obtained in a more gen-
eral class of metric-like spaces, where strict monotonicity is the only as-
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sumption that has to be imposed on the function F. An example is pre-
sented showing that the obtained results are stronger than the classic
ones.

Key words: F-contraction, fixed point, metric-like space, strictly increas-
ing function.

Introduction and preliminaries

D. Wardowski’s result from (Wardowski, 2012) can be considered as one
of the significant generalizations of S. Banach'’s basic result from 1922. In
this generalization, Wardowski used a function F' : (0, 4+00) — R satisfying
the following three properties:

(F1) F'is strictly increasing, i.e., t; < to implies F'(t1) < F(t2);

(F2) for any sequence {a,} C (0,+00), lim,,— 1 a, = 0 if and only if

lim, 400 F(an) = —o0 (i.e., limy_04+ F(t) = —00);

(F3) there exists k < (0, 1) such that lim;_,o t*F(t) = 0.

He proved that a self-map 7' on a complete metric space (X,d) has
a unique fixed point if there exists a positive number r and a function F’
satisfying the previously mentioned conditions, such that, for all z,y € X
with Tx # Ty,

T+ F(d(Tz,Ty)) < F(d(z,y)) (1)

holds.
Later on, in another work (Wardowski, 2018), he generalized the men-
tioned result, replacing the condition (1) by the following one

pld(z,y)) + F(d(Tz, Ty)) < F(d(z,y)), (2)

where ¢ is some function from (0, +c0) to itself satisfying lim infs_,; ¢(s) >
0 for each ¢ > 0 (he called such mappings (¢, F')-contractions).

In a multitude of subsequent papers, dozens of authors used War-
dowski’s approach for mappings acting in various spaces (such as b-metric
spaces, partial metric spaces, metric-like spaces, cone metric spaces, G-
metric spaces, rectangular metric spaces, as well as in spaces endowed
with a w-distance) — a review of these results until 2022 can be found in
(Fabiano et al, 2022). We recall here the definitions of w-distance p of O.
Kada, T. Suzuki and W. Takahashi and metric-like . of A. Amini-Harandi.

Definition 1. (Kada et al, 1996) Let (X,d) be a metric space and let a
mapping p: X x X — [0, +o00) satisfy:
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(p1) p(z,2) < p(z,y) +ply, 2) forall z, y, z € X;
(p2) for any = € X, the function p (z,-) : X — [0, +0c0) is d-lower semi-
continuous;
(p3) forany e > 0, there exists 6 > 0 such thatp (z,2) < dand p(z,y) <
d imply d (z,y) < e.
Then, p is called a w-distance on X.

Definition 2. (Amini-Harandi, 2012) A metric-like on a nonempty set X
is a function i : X x X — [0,400) if the following conditions hold for all
z,y,z € X:

(11) p(z,y) = 0 implies = = y;
(12) p(z,y) = ply, z);
(13) p(z,y) < p(w, 2) + pu(z,y).

Then (X, i) is called a metric-like space.

Note that, see, e.g. (Igbal & Rizwan, 2020) or (Kadelburg & Radenovic,
2024), for a w-distance p on a set X, the mapping

p(z,y) = max{p(z,y),p(y, )}

is a metric-like on X.
The notions of convergent and Cauchy sequences, and continuous
functions, were introduced in metric-like spaces as follows.

Definition 3. (Amini-Harandi, 2012) Let (X, d) be a metric-like space and
{z,} be a sequence in X.

1. The sequence {z,} is said to converge to =z € X Iif
limy, oo d(z, xy,) = d(z, ).

2. {z,} is a Cauchy sequence if lim,, ;,—, 400 d(Zm, z,) €Xists and is fi-
nite.

3. The space (X,d) is said to be complete if every Cauchy se-
quence {z,} in X converges to some z € X such that
limyy, p—stoo d(Tm, Tn) = d(z, ) = limy, o0 d(zp, ).

4. AmappingT : X — X iscontinuous ata pointz € X iflim,, , o 2, =
x implies lim,,, { o, Tz, = Tx.

On the other hand, some authors considered different conditions on the
“control” function F, culminating in O. Popescu’s and G. Stan’s proof, see
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(Popescu & Stan, 2020), Theorem 5, that in fact just condition (F1) is suffi-
cient for obtaining the basic result from (Wardowski, 2012), see also (Fabi-
ano et al, 2022), Theorem 2.3 and Remark 2.4.

It is natural to ask whether the property (F1) of the function F' can be
replaced by a weaker property that F' is non-decreasing, but not strictly
increasing. Of course, there are a lot of such functions.

In the recent paper (Igbal & Rizwan, 2020), the authors tried to general-
ize the results of papers (Wardowski, 2012) and (Wardowski, 2018) in two
ways — firstly, instead of metric d they used w-distance p or metric-like ..
On the other hand, instead of the assumption (F1), the authors of (Igbal &
Rizwan, 2020) used the weaker assumption

(F1') the function F' is non-decreasing on (0, +00), i.e. t1 < to implies

F(t1) < F(t2),
together with the assumptions (F2) and (F3).

Unfortunately, all their results obtained under the assumption (F1’) may
be incompatible with a Wardowski-type contractive condition. To show that,
the following observation can be useful.

LEMMA 4. If F': (0,400) — R is a non-decreasing, but not strictly increas-
ing function, then there exists an interval (a,b) C (0,+0c0) such that the
restriction of F' to this interval is constant.

Proof. Since F is non-decreasing but not strictly increasing, then there are
a,b € (0,400) such that a < b and F(a) = F(b). But then F is a constant
function on (a, b). O

Now, it is easy to construct examples like the following one.

ExamMPLE. Consider X = [0, +00) with the standard metric d(z,y) = |x — y|
and the mapping 7' : X — X given by Tz = %x. The function

logt, 0<t<l,
F(t) = {0, 1<t<2,
log(t—1), t>2,

satisfies conditions (F1’), (F2) and (F3) (but not (F1)!). However, if % <
|z —y| < 2, then the condition (1) reduces to 7+ 0 < 0, i.e., 7 < 0, which is
incompatible with the basic assumption 7 > 0.
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One possible additional assumption when we use the function F' satis-
fying just the condition (F1’) could be that

{d(z,y):x,y e X } N (UIC> =0,
C

where I is the interval (a,b) such that F'(t) = C foreach ¢t € (a,b).

In order to improve and generalize the results from (Igbal & Rizwan,
2020), we first state the following two known lemmas that are of interest
in themselves and can be used in proving the Cauchyness of a Picard se-
quence {z,} = {T"xo} in both metric and metric-like spaces, see some
references on these lemmas in (Fabiano et al, 2022).

LEMMA 5. Let (X, d) be a metric-like space and {z,,} be a Picard sequence
init. If
d(Tn41, Tn) < d(Tn, Tp-1),

forall n € N, then xz,, # xz,, whenever n #£ m.

LEMMA 6. Let (X, d) be a metric-like space and {z,,} be a sequence in X
such that {d(x,+1,2,)} is @ non-increasing sequence and that

limy, oo d(Zp41,2,) = 0. If {z,,} is not a Cauchy sequence, then for some
e > 0 there exist two sequences {my} and {n;} of positive integers with
ng > my, > k, such that the following sequences tend to e+ as k — +oc:

d(mekvank) I d(memenk—l) Y d(QOk+1;x2nk) Y

d(Tomu—1,Tonp+1) s A (T2mpt1, T2npt1) s

REMARK 7. Lemma 6 is true without the hypothesis that the sequence
{d(zn+1,xn)} is noON-increasing. In that case one can get that the following
sequences tend to e as k — +oo:

d (I’mka .Z'nk) P d (.’L‘mk,l’nk_l) ) d (xmk+17 xnk) )

d(xmk_:L?wnk“l‘l) ) d(xmk,—&-lvxnk—&-l) )

In this paper, besides already mentioned problems with using non-de-
creasing functions in Wardowski-type results, we show how generalizations
of such results can be derived in the framework of metric-like spaces, using
just strict monotonicity of the “control” function F'. Modifying the original
Wardowski's example, we show that the obtained results are stronger than
Banach-type ones.
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Results

In this part of the work, ¢ will be a function that maps (0, +0) to itself
and for which liminfs_,;; ¢(s) > 0 is fulfilled for each ¢t > 0, while F" will be
a strictly increasing function that maps (0, +c0) to R. We aim to generalize
and improve all three results from (Igbal & Rizwan, 2020) by replacing the
metric d and the w-distance w with a metric-like . Concerning the function
F, just its strict monotonicity will be assumed. This will also extend D.
Wardowski’s result from (Wardowski, 2018).

THEOREM 8. Let (X, 1) be a complete metric-like spaceand 7' : X — X. If
@ and F are functions with the properties stated above, and such that, for
all z,y € X,

z #yand p(Tz,Ty) > 0 implies o(u(z,y)) + F(u(Tz,Ty)) < F(pu(z,y)),
3)

then T has a unique fixed point in X.

Proof. We first prove the uniqueness of a possible fixed point. Indeed, if =
and y be two distinct fixed points of the mapping T', then both conditions
would be met and still it would hold that p(u(x, y))+F(u(z,y)) < F(u(z,y)),
which is a contradiction with o (u(z,y)) > 0.

Similar as in the case of metric spaces, the continuity of mapping T’
follows from the contractive condition (2); however, due to the definition
of limits in metric-like spaces (see Definition 3), the proof is a bit different.
Namely, we have to prove that, for every sequence {z,} in X, u(z,,z) —
wu(x,z) =0asn — +oo implies that yu(T'z,,Tz) — 0 as n — +oc.

But it follows from the contractive condition (2) that u(Tz,,Tz) <
w(xy, z), implying that u(Tx,, Tz) — 0asn — +oo. Itremains to prove that
w(Txy, Tx) — u(Tz, Tx), which will follow if we show that u(Tz, Tx) = 0.
However, u(Txz,Tx) < 2u(Txz,Tx,) according to the triangle relation.
Thus, we have proved that the continuity follows from the contractive con-
dition.

In order to prove the existence of at least one fixed mapping point of
T, starting from an arbitrary point xy € X, form the corresponding Picard
sequence {z,}. If, for some k, x;, = z1_;1 holds, then according to the first
part of the proof, x;_1 is a unique fixed point of T'. Hence, assume that
Ty # xn—1 for each n € N. Then, putting x = z,_1 and y = z,, into the
contractive condition (3), it directly follows that the sequence p(z,, z,41)
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is non-increasing and so it has a limit as n — +o0o0. If we denote it by
w*, using the property of strict monotonicity of the function F', we get a
contradiction with ¢(u*) > 0. Then, according to Lemma 5, assuming that
the constructed sequence {z,} is not a Cauchy sequence, the conditions
for applying of Lemma 6 are fulfilled. Namely, by putting z = z,,, y = zp,,
we get

@(M(xnkﬂxmk)) + F(:u(xnwrwxnk-‘rl)) < F(M(xnk7xmk))'

Passing to the limit as & — +oo, we get a contradiction with
liminfs 4 @(s) > 0.

Since {z,} is a Cauchy sequence in the complete metric-like space
(X, ), then there exists a (unique) point z* € X such that

(2, ) = Hm (g, 27) = p(a”,27) = 0.
Since T is continuous, T'z* = z* holds. O

We now state several consequences of our Theorem 8.

Putting ¢(t) = 7 for each ¢t > 0 in the contractive condition (3) of The-
orem 8, where 7 is a positive constant, we get the main result of D. War-
dowski from (Wardowski, 2012), but in the framework of metric-like spaces
and with a weaker assumption on the function F':

COROLLARY 9. Let (X, ) be a complete metric-like space and 7' : X — X.
If F': (0,+00) — R is a strictly increasing function, such that, for all z,y €
X,

z #yand u(Tz,Ty) > 0implies 7 + F(u(Tz, Ty)) < F(u(z,y)),
then T has a unique fixed point in X.

The following example (which is adapted from (Wardowski, 2012), Ex-
ample 2.5) shows that our Corollary 9 is stronger than the Banach-type
fixed point result in metric-like spaces.

ExamMPLE. Consider the set X = {S,, : n € N}, where S,, = n(n;l) and

let u(x,y) = max{z,y} for z,y € X. Then, (X, 1) is a complete metric-like
space (of course, it is not a metric space). Let a mapping 7' : X — X be
givenby 7Sy = Sy and T'S,, = S,,—1 forn > 1.
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We show first that 7" is not a Banach-type contraction in (X, 1). Indeed,
it is

. w(TS,,TS1) .. max{S,—1,1} . Sp
lim ——————* = lim —————— = lim
n—+oo  p(Sy,S1) n—+oo max{Sy, 1} n—+oo Sy,
1
s(n—1

n—+oo n(n + 1)
which means that x(7'S,,, T'S1) < A u(Sy, S1) cannot hold for any A < 1 and
alln € N.

Now, we show that the contractive condition of Corollary 9 holds if we
take F'(t) = t+logt and 7 = 1. In this case, this condition can be rewritten
as

/.L(T.QZ', Ty) e/.l,(Ta:,Ty)—p,(a:,y) < 6_1
p(z,y)
forall z,y € X with z # y and u(Tx,Ty) > 0, i.e., in our example, as

)

maX{TSm’ TSTL} emax{TSm TSy }—max{S,,,
max{Sy,, Sp}

Sn} <e L.

Note that 7'S,,, # T'S,, holds (for m > n) if and only if one of the following
holds: 1° m > 2, n = 10r2°m > n > 1. Consider separately these two
cases.

1° In this case we have

maX{Tva TSl}emax{TSm,Tsl}7maX{Sm,S1} — Sm—1 eSm_lfS

m

- -1
—_— mle <e .
max{Sy,, S1} Sm
2° Similarly, in this case it is
maX{TSm’TSn}emax{TSm,TSn}fmaX{S,,L,Sn} _ Sm—lesm,lfsm <ce ™ < el

max{Sy,, Sp} Sm

Hence, all conditions of Corollary 9 are fulfilled and the conclusion fol-
lows.

REMARK 10. Since every partial metric space, in the sense of (Matthews,
1994), is also a metric-like space, Theorem 8 and Corollary 9 are also true
in the class of partial metric spaces.

REMARK 11. Since convergence, Cauchyness, completeness and continu-
ity are defined in the same way for all following classes of spaces: partial,
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metric-like, partial b-metric (Shukla, 2014) and b-metric-like spaces (Al-
ghamdi et al, 2013), then Theorem 8 can most likely be formulated and
proved for all these classes of spaces, including the most general one—b-
metric like spaces.

REMARK 12. Just like Theorem 2.1, the other two Theorems 2.2 and 2.3
from (Igbal & Rizwan, 2020) can be formulated and proved within the class
of metric-like spaces. And then only strict growth of the function F' has to
be assumed. One can use some function ¢ or a given constant ~ as in our
Theorem 8 or Corollary 9.

REMARK 13. Finally, note that the authors of (Igbal & Rizwan, 2020), in
the examples and applications at the end of the paper, used just functions
with strict growth, in contrast with the theoretical results in the paper which
they claim to hold when a non-decreasing function F' is used. Moreover,
in all these examples and applications, the only function F' that is used is
F(t) = Int, which is trivially known to produce only very well-known results
which can be treated in a classical way, without using the ideas from the
papers (Wardowski, 2012) and (Wardowski, 2018). That was also one of
our motivations to consider and discuss the work (Igbal & Rizwan, 2020).
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® BenrpaAckuii YHUBEpCUTET, paKynbTeT aNeKTPOTEXHMKM,
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" Benrpaackuii yHuBepcuteT, MallMHOCTPOUTENbHBIN hakynbTeT,
r. benrpag, Pecnybnuka Cep6bus
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Pesrome:

BeedeHue/uenb: B amoli cmambe npedcmasneHO HEeCKOIbKO
Kpumu4deckux 3amedaHull OmHOCUMENIbHO cmamhbU, HarucaH-
Hol 8 2020 20dy Igbal & Rizwan: Existence of the solution to
second order differential equation through fixed point results for
nonlinear F-contractions involving wy-distance.

Memodsi: ObwenpuHsambsie meopemudeckue mMemoodbl hyHKUU-
OHaJslbHO20 aHasusa.

Pesynbmamel: [JokasaHO, Ymo ucnosib308aHuUe umu Heybbigaro-
wel "ynpaensouwel” pyHkyuu F emecmo cmpoeo eo3pacmaro-
weu 8 pesynbmamax muna Bapdoeckoeo 0bbI4HO npueodum K

rnpomueopeyusim.

Bbigodnbi: [NokazaHo, 4mo makue pesyrnbmambsl Mo2ym bbimb
rony4eHbl 8 bonee obuwem kracce rpocmpaHcms noOObHbIX
MempuyeckumM, 20e cmpoaasi MOHOMOHHOCMb 518/19emcsi e0UH-
CMBEHHbIM yCri08UEM, KOMmopoe HeobXx00UMO HarnoXumb Ha
yHkyuro F. [MpusedeH npumep, nokassigarouuli, 4mo nosy4eH-
Hble pe3yribmamsbl CUNbHee KacCuYecKux.

Knouesbie crioea: F-cxxamue, HerlodguxHasi moyka, Mempude-
CKO€ pocmpaHcmeo, Cmpo2o go3pacmarouiasi oyHKUUSI.

Kputnuke HanomeHe o 4naHky ,lloctojawe peluena
andbepeHumjanHe jegHadnHe gpyror pega nomohy pesynrtaTta o
HEMOKPETHO] Taukm F-koHTpakumja kopnctewem wy-guctaHuy”

3opaH Kapenbypr?, Hukona ®abnaHo®,

Munuya CasaToBuh®, CmojaH PapgeHoBuh"

2 YHueep3autet y Beorpany, MatemaTtudku gpakynTer,
Beorpaga, Penybnuka Cpbuja

5 YuueepauteT y Beorpady, VHCTUTYT 3a HykneapHe Hayke “BuHua’
— HauuoHanHuu mnHctutyT Penybnuke Cpbuje, Beorpag, Penybnivka
Cpbuja, ayTop 3a npenucky

® YHuBep3auTeT y Beorpany, EnekrpotexHuyku dakynTer,
Beorpapg, Peny6nuka Cpbuja

" YHuBepauTeT y Beorpagy, MalwumHcku cakynTer,
Beorpaga, Penybnuka Cpbuja

OBNACT: maTtematuka
KATEFOPWJA (TWM) YNAHKA: opurMHanHu Hay4Hu pag
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Caxxemak:

Y8o0/uurb: Y ogom pady usHemo je HeKOTUKO KPpUMUYKUX Harlo-
MeHa y ge3u ca padom Igbal & Rizwan: Existence of the solution
to second order differential equation through fixed point results
for nonlinear F-contractions involving wq-distance, us 2020. 2o-
OuHe.

Memode: KoHeeHyuoHanHe meopujcke memode hyHKUUOHaITHe
aHanuse.

Pesynmamu: [loka3aHo je da wuxosa ynompeba Heonadajyhe
~KoHmpornHe” pyHkyuje F ymecmo cmpuxkm+o pacmyhe y pesyn-
mamuma muna Bapdosckoza 06u4HO rnpou3eodu KOHMpaduKyu-
Je.

Bakmpyyak: Takeu pesynmamu moey ce 0obumu y onumujoj
Kracu Mempu4Kux rpocmopa, 20e je cmpoz2a MOHOMOHOCT je-
OuHa rnpemrocmaska Koja ce mMopa HamemHymu ¢yHkuuju F.
lNpukasaH je npumep Koju rnokasyje da cy 0obujeHU pe3ynmamu
Jayu 00 Knacu4yHux.

KrbyyHe peyu: F'-koHmpakuyuja, ¢puKkcHa madka, rnpocmop criu-
YaH Mempuyu, cmpoeo pacmyha gyHkyuja.
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