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Abstract:

Introduction/purpose: This paper introduces the concept of 5 — F-weak
contraction by using the concepts of F—weak contraction and o — )—
contraction.

Methods: The use of the § — F-weak contraction proves some fixed
points theorems in the framework of S—metric spaces.

Results: The obtained results on fixed points in S—metric spaces gener-
alize some known results in the literature.

Conclusions: The [ — F'—weak contraction generalizes some important
contraction types and examines the existence of a fixed point in S—metric
spaces. The results are used to solve a non-linear Fredholm integral
equation.

Key words: fixed point, S-metric space, 3 — F—weak contraction, non-
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Introduction and preliminaries

It is well-known that the Banach contraction principle is regarded as
one of the most important and useful results in metric fixed point theory.
Because of its usefulness and simplicity, several authors generalized the
Banach contraction principle in different directions. As one of the gen-
eralizations, Wardowski (Wardowksi, 2012) introduced the concept of F-
contraction and proved a fixed point theorem that generalized the Banach
contraction principle. The definition of F’-contraction mapping is as follows:

DEeFINITION 1. (Wardowksi, 2012) Let F be the family of all functions F :
(0, +00) — R such that

(F1) F is strictly increasing, that is, for all o, € (0,00) if « < (3 then
Fla) < F(B);

(F2) For each sequence {«,,} of positive numbers, the following holds:

lim oy, = 0 if and only if li_>rn F(ay) = —o0;

n—o0

(F3) There exist k € (0,1) such that lim,_,o+ (o*F(c)) = 0.

Let (X,d) be a metric space. Amap T : X — X is said to be an
F — contraction on (X, d) if there exist F € F and T > 0 such that for all
z,y € X,

d(Tz,Ty) > 0= 7+ F(d(Tz,Ty)) < F(d(z,y)). (1)

ExAmMPLE 1. (Wardowksi, 2012) The following functions F' : (0,00) — R are
the elements of F:

1. Fu=1Inu,
2. Fu=1In(u® + u).

REMARK 1. (Wardowksi, 2012) From (1) and (F'1) it can be easily concluded
that T is contractive, that is,

d(Tz,Ty) < d(z,y), forall z,y € X, Tx # Ty.

Then, T is also continuous.
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In 2014, Wardowski and Dung (Wardowski & Dung, 2014) extended
the concept of F-contraction to F'-weak contraction and obtained a variety
of known contractions in the literature from it. The definition of F-weak
contraction mapping is as follows:

DEFINITION 2. (Wardowski & Dung, 2014) Let (X, d) be a metric space. A
map T : X — X is said to be an F-weak contraction on (X, d) if there exist
F € F and T > 0 such that, for all x,y € X satisfying d(Tx,Ty) > 0, the
following holds:

T+ F(d(Tz,Ty)) <

F ( max {d(m, y),d(z,Tz),d(y,Ty),

d(xz,Ty) —;—d(y,Tx) })

For more articles related to F'-contractions, see (Secelean, 2013; Dung
& Hang, 2015; Piri & Kumam, 2014, 2016).

Recently, Gopal et al. (Gopal et al, 2016) extended the concept of
F-contraction mappings to a weaker class of mappings called a-type F-
contraction mappings and proved some results on fixed point theory. The
consequences of their theorems generalized the results of Wardowski
(Wardowksi, 2012), Hardy and Rogers (Hardy & Rogers, 1973), Ciri¢ (Ciri¢,
1974). The definition of a-type F-contraction and a-type F-weak contrac-
tion mappings are as follows:

DEFINITION 3. (Gopal et al, 2016) Let (X, d) be a metric space. A mapping
f: X — X is said to be an a-type F-contraction on X if there exist T > 0
and two functions F € F and a: X x X — {—o0} U (0, 00) such that for all
x,y € X satisfying d(fz, fy) > 0, the following inequality holds

T+ oz, y)F(d(fz, fy)) < Fd(z,y)).

DEFINITION 4. (Gopal et al, 2016) Let (X, d) be a metric space. A mapping
f: X — X is said to be an a-type F-weak contraction on X if there exist
7 > 0 and two functions F € F and a : X x X — {—o0} U (0, c0) such that
for all x,y € X satisfying d(fx, fy) > 0, the following inequality holds

T+ a(z, y)Fd(fz, fy)) <

F<max {d(x,y),d(fl?,fx)ad(ya 19).

o) de o) |
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Subsequently, L.K. Dey et al. (Dey et al, 2019) introduced the notion of
generalized a— F'—contraction and modified generalized a— F'—contraction
mappings and presented a more generalized version of the results of Gopal
et al. (Gopal et al, 2016).

Metric space and its applications have been extensively employed for
decades in mathematics and various branches of applied sciences. For its
effective applications and useful mathematical results, many researchers
have attempted to give a more generalized and extended notion of metric
space. As one of the generalizations, Sedghi et al. (Sedghi et al, 2012)
introduced the concept of S-metric space as follows:

DEFINITION 5. (Sedghi et al, 2012) Let X be a nonempty set. An S-metric
on X is a function S : X x X x X — [0,00) that satisfies the following
conditions, for each x,y,z,a € X,

(1) S(z,y,2) =20,

(2) S(z,y,z) =0ifandifx =y = z,

(3) S(z,y,2) < S(z,x,a) + S(y,y,a) + S(z,2,a).
The pair (X, S) is called S-metric space.

LEMMA 1. (Sedghi et al, 2012) In an S-metric space, there exists
Sz, z,y) =Sy, y, ).

DEFINITION 6. (Sedghi et al, 2012) Let (X, S) be an S-metric space.

(1) A sequence {z,} in X converges to z if and only if S(z,, z,,x) — 0 as
n — oo. Thatis, for each ¢ > 0 there exists no € N such that for all
n > ng, S(xn, Ty, x) < € and it is denoted by lim,,_, o =, = .

(2) A sequence {x,} in X is called a Cauchy sequence if for each ¢ > 0,
there exists ny € N such that S(x,, x,, zmy) < € for each n,m > ny.

(3) The S-metric space (X, S) is said to be complete if every Cauchy se-
quence is convergent.

DEFINITION 7. (Sedghi & Dung, 2014) Amapping T : X — X is said to be S-
continuous if {T'x,} is S-convergent to T'x, where {z,,} is an S-convergent
sequence converging to .

G



For more articles on S-metric space, see (Hieu et al, 2015; Ozgr & Tas,
2016).

DEFINITION 8. (Alghamdi & Karapinar, 2013) LetT : X — X and 8 : X X
X x X — [0,00), then T is said to be s-admissible if for all z,y,z € X,

Bz, y,2) > 1= B(Tx, Ty, Tz) > 1.

Main results

In this article, § denotes the family of all functions F' : (0,00) — R
satisfying the following conditions:

(F;) F is strictly increasing, that is, for all u,v € (0,00) if u < vthen F(u) <
F(v);

(F;;) There exists k € (0, 1) such that lim,_o+ o*F(a) = 0.

Now, the definition of 5 — F'—contraction and 5 — F—weak contraction
mappings is presented as follows:

DEFINITION 9. Let (X, S) be an S-metric space and h : X — X be a map-
ping. Let 5 : X x X x X — [0,00) be a function and F' € §. The mapping h
is said to be a 3 — F'— contraction on (X, S) if there exists 7 > 0 such that,
for all u,v € X satisfying S(hu, hu, hv) > 0, the following condition holds:

T+ B(u,u,v)F(S(hu, hu, hv)) < F(S(u,u,v)).

DEeFINITION 10. Let (X, S) be an S-metric space and h : X — X be a
mapping. Let f : X x X x X — [0,00) be a function and F € §. The
mapping h is said to be a f — F—weak contraction on (X, .S) if there exists
T > 0 such that, for all u,v € X satisfying S(hu, hu, hv) > 0, the following
condition holds:

T+ B(u, u,v)F(S(hu, hu, hv)) < F(M (u,u,v)), (2)

where

M(u,u,v) = max{S(u,u,v)),S(u,u, hu),S(v,v, hv),
1(S(u,u, hu) + S(u, u, hv) + S(v,v, hu))}.

4
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REMARK 2. Every g — F—contraction is a § — F—weak contraction but the
converse is not necessarily true.

EXAMPLE 2. Consider X = [0, 3] together with the S-metric S(u,v,w) =
lu —w| + v —w|, forall u,v,w € X.

Leth: X — X be given by

[ 3, ifuco,3);
h(“)_{ 2, ifu=3.

Then, for all u,v € [0, 3] with S(hu, hu, hv) > 0 implies that either u = 3
or v = 3 but not both. So,
M(u,u,v) > S(3,3,h3) = 2.
Therefore, by choosing 7 = In V2, FeFas Fu=Inv, forallv > 0and
f: X xX xX —[0,00) by

, if (u,v,w) € A;
. if (u,v,w) € X3\A4,

DO b=

Blusv.w) = {

where A = {(u,v,w) : u,v € [0,3),w =3 oru,v =3,w € [0,3)}, itis clear
that h is a 5 — F'—weak contraction.

However, foru = 3,v = 3 and w = % putting Fv = Inw, forall v > 0,
there is

T+ 6(3,3, g)F(S(h?),h?),hg)) =7+8(3,3, g) In2,

and

F<S(3,3,2)> =Inl.

Clearly,

T+5(3,3,g)ln2 < 1Inl

for every + > 0 and 3(3,3,5) € [0,00). Thus, his not a g —

F—contraction.
180



Now, the main results are thus stated and proven.

THEOREM 1. Let (X, S) be a complete S-metric space and h : X — X be a
8 — F'—weak contraction satisfying the following conditions:

(T1) his B-admissible,

(T2) there exists uy € X such that 5(ug, ug, hug) > 1,

(T3) his S-continuous.
Then h has a fixed point.

Proof. By (12), there exists uy € X be such that 8(ug, ug, hug) > 1. Define
a sequence {u,} in X by u,1; = hu, for all n € Ny, where Ny = NU {0}.
If wp, = huy,, for some ny € N, then u,, is a fixed point of ~ and the proof
is complete. So, let us assume that u,, # hu, for all n € Nj.

From (T'1) and (7'2), it follows that

,B(UO,Uo,ul) = B(UO,Uo,huO) >1= ﬁ(huo,hu(],hul) = B(ul,ul,uz) > 1.

By induction,

B(Un, Uy Unr1) > 1,foralln € No.

Since S(uy, un,un+1) > 0and his a 5 — F—weak contraction, for some
7 > 0, there exists

T+ ﬁ(un—la Un—1, un)F(S(hun—la hun—la hun)) S F(M(Un—h Un—1, un))a
3)

where

M(un—la Un—1, un) = maX{S(un—h Un—1, un)a S(un—la Un—1, hun—l)a
1
S(una Unp, hun)y Z(S(un—la Un—1, hun—l) + S(“n—la Un—1, hun)

+ S(“nv Un, hun—l))} = maX{S(un—la Unp—1, un)) S(una Un, un-‘,—l)’

1

E(S(unflv Unp—1, un) + S(unfla Un—1, un+1) + S(unv Un, un))}
1

= maX{S(un—la Un—1, un)) S(una Unp, un-‘rl)’ Z(S(un—lv Unp—1, un)+

25 (Un—1,Un—1,Un) + S(Un, Un, Un+1))}

G
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= maX{S(unfla Unp—1, un)» S(una Unp, un+1)}

If I’IlaX{S(Un_l, Unp—1, Un)y S(un) Unp, Un+1)} = S(Unu Un, un—i—l), then (3)
becomes

T+ /B(un—laUn—laun)F(S(un7unuun+1)) < F(S(unyun>un+1))7

a contradiction. Therefore, it must be that

maX{S(un—h Un—1, un)v S(Un, U, un—l—l)} = S(U/n—lv Un—1, un)

From (3), it follows that

T+ B(Un—1, Un—1, Un) F(S(tUn, Un, unt1)) < F(S(Un-1, Un-1,un)).

Therefore

F(S(Unaunyun—i-l)) B(un—laun—laUn)F(S(unyunaun+l))
F(S(up—1,un—1,upn)) — T (4)

F(S(unfla Un—1, un))

AN CIA

By (F;), it must be that
S(un7 Unp, un—i—l) < S(Un—b Un—1, un)-

This shows that {v,}, where v,, = S(up, un, un+1), is a decreasing se-
quence of non-negative real numbers, and hence

lim v, =v > 0.
n—oo

Next, it is shown that v = 0. On the contrary, it is assumed that v > 0.
Then for every n € N, there exists

v < Up.

Using (F;) and (4), gives

>



Fv)<F(v,) < F(vp—1)—T7
< F(vp—2)—27
< F(w) —nr. (5)

Since lim,,_, o (F' (1) — nT) = —o0, there exists p; € N such that

F(v) —nt < F(v), foralln > p;. (6)

From (5) and (6), there follows

F(v) < F(w) —nt < F(v),

a contradiction. Therefore, there must be

lim v, = 0.
n—oo

By (F}), there exists k£ € (0, 1) such that

lim vfF(v,) = 0. (7)

n—oo

From (5) and (7), for all n € N, there follows

lim v8(F(v,) — F(w)) < lim (—vfnr) <0.

n—o0 n—oo

This implies that

. Ey
nh_)rrgo(nyn) =0.

Therefore, p, € N can be found, such that

1, foralln > py

3
N
AN

1
v, < —, foralln > ps.
Nk

Now,

o
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25(“717 Unp,y un+1) + S(Un+1a Un+1, um)

25 (Un, Uy Upt1) + 25 (U1, Unt1s Unt2) + -

S(Um Unp, um)

IN N

et 2S(um,2, Um—2, um,l) + S(Umfl, Um—1, um)

o0
Z 25(ug, ug, tg+1)

q=n

IN

< 25 .

Since k € (0,1), the series Y7 | i% is convergent. This implies that

ml?}gloo S (Upy Up,, Upy,) = 0.
This proves that {u,} is a Cauchy sequence. Since (X, S) is complete,
there exists ¢ € X such that lim,, .~ u, = £. Since h is S-continuous, there
exists lim,, oo hu, = h&.

Finally,
hu, = Upq1
= lim hu, = lim upp
n—0o0 n—oo
= hf{ = &

This proves that ¢ is a fixed point of A.
O

In the following theorem, the continuity of h is replaced by the following
condition:

(H) : If {u,} is a sequence in X such that (un, up,uny1) > 1, for all
n € Ng and u,, — £ as n — oo, then B(uy,u,,&) > 1, for all n € Ny

THEOREM 2. Let (X, S) be a complete S-metric space and h : X — X be a
8 — F—weak contraction satisfying the following conditions:

(T1) his B-admissible,
(220



(T2) there exists uy € X such that 5(ug, ug, hug) > 1,
(T3) (H) holds,

(T4) F is continuous.
Then h has a fixed point.

Proof. Following the proof of Theorem 1, it is known that {u, } defined by
Unt1 = huy, is @ Cauchy sequence with 5(uy,, un, un+1) > 1, forall n € Ny
and it converges to some ¢ € X.

By (T3), there exists

B(tn,un, &) > 1, forall n € Ny.

Next, itis shown that £ is a fixed point of h. On the contrary, itis assumed
that h¢ # &, thatis, S(&,£,hE) > 0. Then, a number m € N can be found,
such that

B(tn, un, h§) > 0, for all n > m.
That is,

B(hup—1,hun—1,h) > 0, foralln > m.

Then, it is possible to find some 7 > 0 such that

T+ F(S(up,un, h§)) = 7+ F(S(hup—1,hup—_1,hé))
T+ B(Un—lyun—l)g)F(S(hun—hhun—hhf))
F(M(un—laun—lvf))' (8)

[VARVA

Now,

M(unfh Unp—1, 5) = maX{S(unfla Un—1, £)7 S(unflv Un—1, hunfl)a S(Ea fa h£)7
1

Z(S(unfla Up—1, hunfl) + S(unfla Un—1, h&) + S(£7 3 hunfl))}

= maX{S(Un_l, Unp—1, 6)7 S(“n—h Un—1, un)7 S(fv éa h§)7
1

1(S(un_l, Un—1,Up) + S(Un—1, Un—1,hE) + S(&, & un))}

Taking limit as n — oo in (8) and using (7'4), yield

&>
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T+ F(S(&,& hE)) < F(S(&,&, hE)),

a contradiction. Therefore, it must be that h{ = ¢, that is, ¢ is a fixed
point of h.
O

Next, the following condition is considered to ensure the uniqueness of
the fixed point:

U)if&n € Fix(h) ={u € X : hu = u}, then 5(£,&,n) > 1.

THEOREM 3. Adding the above condition (U) to the hypothesis of Theorem
1 (respectively, Theorem 2) the uniqueness of the fixed point is obtained.

Proof. Let £, n € Fixz(h) with £ # n. Then, S(h&, he, hn) = S(£,€,m) > 0.
As a his B — F'—weak contraction, there exists = > 0 such that

T+ F(S(§,€,m)) 7+ F(S(h&, h§, hn))
T+ B(§, &, n)F(S(hE, he, hn))

F(M(,€n))- ()

IN A

Now,

M(E, &) = max{S(§,&n), (& & hE), S(n,n, hn),
1(S(€.€.1E) + 5(6.& hm) + S(n,n, he)))
= S(&&n).

From (9), follows

T+ F(S(,€,n) < F(S(E,€,m)),
a contradiction. Therefore, £ = 7.

From Remark 2, the following corollary is obtained:

<>



COROLLARY 1. Let (X, S) be a complete S-metric space and h : X — X
be a 5 — F—contraction mapping satisfying the hypotheses of Theorem 3.
Then h has a unique fixed point.

ExAampLE 3. Consider X = [0, 1] together with the S-metric S(u,v,w) =
|lu — w| + |[v —w|, for all u,v,w € X. Then, (X,S) is a complete S-metric
space.

Leth: X — X be given by hu = .
Also, let F € Fas Fv =Inwv, forall v > 0.

Then, taking 5(u,v,w) = 1, for all u,v,w € X and 7 = In 10 makes it
clear that h is a 5 — F'—weak contraction. Also, h satisfy all the hypotheses
of Theorem 3. So, h has a unique fixed point. Clearly, ¢ = 0 is the only
fixed point of h.

Consequences

In this subsection, some known results in the literature are obtained as
the consequences of these results. The examples are as follows:

(1) Forallz,y e Xand 0 <k <1,

S(Tz,Tz,Ty) < kS(z,z,y)

implies

STz, Tz, Ty) < kmax{S(z,,y),5(z,z,Tz),S(y,y, Ty),

i(S(m, x,Tx)+ S(z,z,Ty) + S(y,y, Tx))}

= kM(z,z,y).
If S(Txz, Tx,Ty) > 0, then
T+ STz, Tz, Ty) < In(M(z,z,y)),

where 7 = —Ink > 0.

o
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Therefore, the contraction condition in Definition 2.13 of (Sedghi et
al, 2012) becomes the condition (2) with F'v = Inwv, for all v > 0 and
B(u,v,w) = 1, for all u,v,w € X. This shows that Theorem 3 is a
generalization of Theorem 3.1 of (Sedghi et al, 2012).

(2) Forall z,y € X and h € [0,1),
S(Tx, Tz, Ty) < hmax{S(Tz,Tz,x),S(Ty, Ty,y)},
that is,
S(Tx, Tz, Ty) < hmax{S(z,z,Tx), S(y,y, Ty)}

implies

S(Tz,Tx,Ty) < hmax{S(z,z,y),S(z,z,Tz),S(y,y,Ty),

i(S(a:, x,Tx)+ S(z,z,Ty) + S(y,y, Tx))}

= hM(z,z,y).
If S(T'z, Tx,Ty) > 0, then
T+InSTx, Tz, Ty) < In(M(x,z,y)),

where 7 = —1Inh > 0.

Therefore, the contraction condition in Corollary 2.10 of (Sedghi &
Dung, 2014) becomes the condition (2) with F'v = Inwv, for all v > 0
and S(u,v,w) = 1, for all u,v,w € X. This shows that Theorem 3 is a
generalization of Corollary 2.10 of (Sedghi & Dung, 2014).

(3) Forall z,y € X and a,b,c > 0witha+b+c <1,

S(Tx, Tz, Ty) < aS(z,z,y) + ab(Tz, Tx,x) + cS(Ty, Ty, y),
that is,
S(Tz, Tz, Ty) < aS(z,x,y) + ab(z,z, Tx) 4+ cS(y, y, Ty)

implies

o



S(Tz, Tz, Ty) < (a+b+c)max{S(z,,y),S(z,z,Tx),5(y,y, Ty),
1
1(5(I7$,T$)+S($,$,Ty)+5(y7y7T$))}
= (a+b+c)M(x,z,y).

If S(Txz, Tx,Ty) > 0, then
T4+ WnS(Te, Te, Ty) < In(M(z,z,y)),

where 7 = —In(a+ b+ ¢) > 0.

Therefore, the contraction condition in Corollary 2.12 of (Sedghi &
Dung, 2014) becomes the condition (2) with Fv = Inw, for all v > 0
and B(u,v,w) = 1, for all u,v,w € X. This shows that Theorem 3 is a
generalization of Corollary 2.12 of (Sedghi & Dung, 2014).

(4) Taking B(u,v,w) = 1 for all u,v,w € X, we obtain Theorem 2.1 of
(Ranjbar & Samei, 2019) from Corollary 1. Note that we are not using the
condition (F'2) in our results.

Application

In this section, Theorem 3 is used to prove the existence and unique-
ness of a solution of a non-linear Fredholm integral equation.

Let X = (Cla,b],R) be the set of all continuous functions defined on
[a,b]. Let the S-metric S: X x X x X — [0,00) be defined by

S(u,v,w) = max |u(s) — w(s)| + max |v(s) — w(s)]|.
s€[a,b] s€a,b]

Then (X, .5) is a complete S-metric space.
Now, the following non-linear Fredholm integral equation is considered:

b
v(t) =<(t) + b—la/a K(t,s,v(s))ds, (10)

where t, s € [a,b]. Assume that K : [a,b] X [a,b] x X — Randg : [a,b] —
R are continuous.
Define the operator T': X — X by

o

Khomdram, B. et al, Fixed point results for 5 — F'— weak contraction mappings in complete S-metric spaces, pp.13-34



@Q VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 1

1 b
To(t) =<(t) + b—a/ K(t,s,v(s))ds. (11)
Note that (10) has a solution if and only if T" has a fixed point.

THEOREM 4. Let K be a continuous function satisfying
K (t,5,0(s)) = K(t,5,5(s))] < kmaX{IU(S) — §(8)].Jo(s) — To(s)],
() = Te()]. S ((s) — To(s)] +
o(e) = T<(o)] + ()~ To(s)) .

forall v,c € X withv # ¢, s,t € [a,b] and for some k € [0,1). Then the
integral equation (10) has a unique solution.

Proof. Define 5 : X x X x X — [0,00) by B(u,v,w) =1 forall u,v,w € X.
Then T is S-admissible. Take F' € § as F'u = Inwu, for all u > 0.
Now,

2
b—a

b b
2|Tu(t) — Ts(t)| = /K(t,s,v(s))ds—/ K(t,s,s(s))ds

IN

b
bfa/ (K (t,5,0(s)) — K(t,5,5(s)))|ds
2k [P
b—a

/ max {[v(s) — 5(s)], [v(s) — T(s)],
5(5) — To(s)], 3 (o(s) — To(s)| +
[0(s) — Ts(s)] + s(s) — Tw(s))) }ds.
Taking the maximum on both sides, yields

S(Tv, Tv,Ts) =2 rn[a)g] |Tu(t) — Ts(t)|
tela,

b
< g max [ max {Jufs) = s(s)] os) = Tu(o)]. k(5) ~ T<(o).

i(IU(S) —To(s)| +[v(s) = T<(s)] + [s(s) — Tw(s)|) pds

o



<

= maxe (s {2Jo(s) — <(5)] 200(s) ~ To(s)], 21(s) = Ts(s)],

1 b
1 Clo(s) = Tu(s)| + 2Jv(s) = Ts(s)| + 2[s(s) = To(s))}) / ds
= kmax{S(v,v,s),S(v,v,Tv), S(s,s,Ts),

i(S(v,’u, Tv) 4+ S(v,v,Ts) + S(s,s,Tv))} = kM (v, v,5).

Taking the natural logarithm on both sides, gives

—Ink+InSTv,Tv,Ts) < In(M(v,v,s)).
So,

—Ink+ B(v,v,¢) In S(Tv,Tv,Ts) < In(M(v,v,s)).
Thus,

T+ B(v,v,¢)F(S(Tv, Tv,Ts)) < F(M(v,v,5)),

where —Ink = 7.

This shows that T is a 8§ — F'—weak contraction. Thus, all the conditions
of Theorem 3 are satisfied. Hence, the integral equation (10) has a unique
solution.

O

Conclusions

In this paper, the concepts of 8 — F—contraction and 5 — F—weak con-
traction mappings are introduced and used to prove some fixed point re-
sults in the setting of S-metric space. Also, we obtain some known results
in the literature as the consequences of our results. Also, some known re-
sults in the literature are obtained as the consequences of the results from
this work. Finally, the obtained results are applied to prove the existence
of a solution for a non-linear Fredholm integral equation.
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Resumen:

Introduccién/objetivo: En este articulo presentamos el concepto
de contraccién 8 — F—débil utilizando los conceptos de contrac-
cion F—débil y contraccion o — 1.

Meétodos: Utilizando la contracciéon 8 — F—débil demostramos
algunos teoremas de puntos fijos en el marco de espacios
S—meétricos.

Resultados: Los resultados obtenidos en puntos fijos en espa-
cios S—métricos generalizan algunos resultados conocidos en
la bibliografia.

Conclusion: La contraccion débil 8 — F' generaliza algunos tipos
de contraccion importantes y examina la existencia de puntos
fijos en espacios S—métricos. Los resultados se utilizan para
resolver una ecuacién integral de Fredholm no lineal.

Palabras claves: punto fijo, espacio S-métrico,
B — F—contraccion débil, ecuacion integral no lineal.

Pesynkratbl ¢ doukcpoBaHHOM Todkon anga 3 — F—cnabbix
CKMMaLLMX OTOOPaXKEHWI B NOMHbIX S-METPUYECKUX
NPOCTPaHCTBax

Bronb6rons Xomapam?, FOmHam PosH®,
Moxammad C. XaH®, Hukona ®abnaHo"

2 Yuueepcutet OxaHamaHmkypu, [.M. Konnegx uckyccrs,
kacbegpa matematuku, r. Umnxan, Manunyp, Pecnybnuka NHans

5 YHuBepcuTeT MaHunypa, kacdegpa MaTtemaTukm,
r. Mmnxan, Manunyp, Pecnybnuka NHansa

® YHuBepcuTeT MeanumHckux Hayk Cedako MakraTo,
kacpegpa mMaTtemMaTuKM U NpUKNagHoW MaTeMaTukm,
r. [a-PaHkyBa, Pecny6nuka KOxHas Adpuka

" Benrpapckuin yHuBepcuTeT, IHCTUTYT aaepHbIX MccrefoBaHui
«BuHya» — IHCTUTYT rocyaapcTBeHHOro 3HadeHust ans Pecnybnvkm
Cepbus, . Benrpag, Pecnybnuka Cepbusi, koppecnoHAEHT

PYBPUKA TPHTW: 27.25.17 MeTpuyeckas Teopus yHKUUN,
27.39.15 JluHenHble NpocTpaHCTBa,
CHabXeHHble ToMonorMemn, NopsaKom
1 ApYrMMn CTpyKTypamu
BWL CTATbW: opurinHanbHas Hay4Hasi cTaTbsi

>



Pesrome:

BeedeHue/uenb: B daHHoU cmambe 88edeHo rnoHsmue 3 — F'—
cnaboeao CoKpaweHus, ucnosnb3ysi KoHuenm F —crnaboe2o cokpa-
WeHUs U o — — cxxamusi.

Memoobi: C nomowpto 3 — F—cnaboeo cxxamusi, OOKa3blea-
romcsi HEKOmMopble MeopeMbl O HEMOOBUXKHbLIX MOYKaxX 8 pamKax
S—Mempu4ecKux rnpocmpaHcms.

Pesynbmamel: Pe3ynbmambi uccriedo8aHusi O HENOOBUXHbLIX
moukax 8 S—mempudecKkux rnpocmpaHcmeax 06obuwiarom HEKo-
mopbie U38ecmHble 8 iumepamype pesyibmamsl.

Bbigo0bi: 3 — F—craboe cxxamue 0606uwaem HEKOMOPbIe 8aX-
Hbie 8udbl COKpauweHul, uccredysi cyujecmeosaHue Hernoo8UX
HOU mMoYKu 8 S—mMmempudeckux rpocmpaHcmeax. Pesynbma-
mbI cmambU UCMOMb3ymCcs 0715 PeweHUs: HeNUHeUHO020 UHme-
epalibHo20 ypasHeHuUs1 Ppedeoribma.

Knrouesble criosa: Hernodsu)kxHasi moyka, S-Mempuyeckoe rpo-
cmpaHcmeo, 3 — F'—cnaboe cxxamue, HermuHelHoe uHmezparib-
Hoe ypasHeHue.

PesynTtatu cukcHe Tauke 3a § — F'—cnaba manupara
KOHTpakuuje y noTnyHuM S-MeTpu4kum npoctopmuma

Byn6yn Komapam?®, JymHam PoxeH®,

Moxamad Caen Kan®, Hukona ®abuaHo"

@ YHuBepauteT JaHamaHuypu, O.M. konew yMeTHOCTH,
Opcek matematuke, Mmdpan, Manmnyp, Penybnuka NHavja

® YuueepanteT Manunyp, Oncek matemaruike,
Wmdban, Manunyp, Penybnuka MHguja

® YHuBEp3WUTeT 3apaBcTBeHMX Hayka Cedako MakraTto,
[lenapTmaH 3a MateMaTuky 1 NpUMer-eHy MaTeMaTtuky,
la-PaHkyBa, Jy>xxHoadpunyka Penybnvka

" YHuBepauTet y Beorpaay, MHCTUTYT 3a HykneapHe Hayke “BuHuya” —
HaunoHanHun nHetutyT Penybnuke Cpbuje, beorpaa, Penybnvka
Cpbuja, ayTop 3a npenucky

OBJIACT: matemaTtuka
KATEFOPWNJA (TUM) YNAHKA: opyrmHanHiu Hay4Hu pag
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Caxxemak:

Yeod/uurb: Y osom pady yeodu ce nojam 3 — F—cnabe KOH-
mpakuyuje kopucmehu KoHuenme F —cnabe koHmpakyuje u o —
1) —KOHmMpakuyuje.

Memode: Kopuwherem 3 — F—cnabe koHmpakuyuje 0okasyjy ce
Heke meopeme 0 (hUKCHUM madkama y OKeupy S—Mempuydkux
npocmopa.

Pesynmamu: [obujeHu pedynmamu 0 DUKCHUM madykama y
S—mMempuy4KuM npocmopuma 2eHeparnusyjy Heke rnosHame pe-
3ynmame y aqumepamypul.

Bakmpyvak: 3 — F—cnaba KOoHmMpaKkyuja 2eHeparu3syje Heke ea-
JKHEe muroge KoHmpakuyuja u ucriumyje nocmojaqse huKcHe mau-
Ke y S—mempuykum nipocmopuma. Pe3ynmamu ce kopucme
3a pewasar-e HernuHeapHe ®pedxonmose uHmezparHe jedHa-
YuHe.

KrbyyHe pedu: gpukcHa madka, S—mempuyKku rnpocmop,

B — F—cnaba koHmpakuuja, HefluHeapHa UHmezparsHa jedHaqu-
Ha.
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