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Abstract:

Introduction/purpose: The Euler-Sombor index (EU) is a new vertex-
degree-based graph invariant, obtained by geometric consideration. It is
closely related to the Sombor index (SO). The actual form of this relation is
established.

Methods: Combinatorial graph theory is applied.

Results: The inequalities between EU and SO are established.
Conclusion: The paper contributes to the theory of Sombor-index-like graph
invariants.
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Introduction

Vertex-degree-based (VDB) graph invariants are much studied in the
current mathematical and applied-mathematical literature; see for instance
the recent papers (Das et al, 2021; Hu et al, 2022; Liu, 2023a; Monsalve
& Rada, 2021; Rada et al, 2022; Yuan, 2024). A few years ago, it was
discovered that some of these graph invariants have a geometric
interpretation (Gutman, 2021). Eventually, this triggered a whole series of
geometry-based research studies on VDB invariants (Ali et al, 2024;
Gutman, 2022; Gutman et al, 2024; Imran et al, 2022; Liu, 2023b; Tang et
al, 2024). The first geometry-motivated VDB invariant is the Sombor index
(Gutman, 2021), defined as

SO=S0(G)= Y, Jd2+d? (1)

uveE(G)
-
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Although relatively new, the Sombor index has been a subject of
numerous mathematical studies; see the review (Liu et al, 2022), the most
recent papers (Attarzadeh & Behtoei, 2024; Chen & Zhu, 2024; Selenge &
Horoldagva, 2024; Shetty & Bhat, 2024), and the references cited therein.
The Sombor index found also noteworthy applications, especially in
chemistry (Hayat et al, 2024; Rauf & Ahmad, 2024; Redzepovi¢, 2021).

In some recent studies, a similarly-looking quantity has been
encountered (Ali et al, 2024, Gutman et al, 2024, Tang et al, 2024), namely

EU=EU(G)= > .dz2+d}+d,d,. )
uveE(G)
For the reasons explained below, it can be named the “Euler-Sombor
index“.

In this paper, we use the following notation and terminology. By G we
denote a simple graph with n vertices and m edges. Let E(G) be its edge

sets, and then | E(G) |= M. The edge of the graph G, connecting the

vertices u and v is denoted by uv. The degree d, of a vertex u is the
number of the first neighbors of this vertex.

For additional details of graph theory, see (Harary, 1969; Bondy &
Murty, 1976).

A geometric approach to VDB invariants

The general form of a VDB graph invariant is Z f (du ) dv) , Where
uveE(G)

fis a pertinently chosen function with the property f(x,y)=f(y,x). In (Gutman,
2021), it was recognized that the vertex-degree pair (d,,d,) can be

interpreted as a point in a 2-dimensional coordinate system, representing
the edge uv, called the degree-point of the edge uv (point A in Figure 1). If

so, then (d,,d,) would be the dual degree point, pertaining to the same
edge uv (point B in Figure 1).
The (Eucldean) distance between the degree-point (du . dv) and the

origin O is \/duz +d\,2 , which then directly leads to the concept of the
Sombor index, Eqg. (1).
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B(b,a)

A(a, b)

Figure 1 — A geometric representation of the edge uv of a graph G. Here du=a and dv=b.
The distance between the origin O and either the degree-point A or the dual degree-point
B leads to the Sombor index, Eq. (1). The distance between the points A and B pertains
to the Albertson irregularity index, see (Gutman, 2021).

Recently, in (Gutman et al, 2024), a geometric model was proposed,
in which the degree-point and the dual degree-point play equivalent roles:
these are set to be the two foci of an ellipse passing through the origin (see
Figure 2).

Figure 2 — Ellipse whose foci are the degree-point A and the dual degree-point B of the
edge uv of a graph G.The point C is the center of the ellipse.
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In (Gutman et al, 2024), it was shown that the lengths of the semi-
major and the semi-minor axes of the ellipse in Figure 2 are

L=va’+b?=d’+d? and TL=a+b=d,+d,. (3

Using formulas (3), the area of the ellipse, equal to 7l I, , can

easily be calculated and related to a VDB graph invariant. On the other
hand, the calculation of the perimeter of the ellipse is a difficult task and
(because of its importance in astronomy) a large number of various
approximations have been proposed; for details, see (Gutman et al, 2024).
The approximate formula for the perimeter of an ellipse, proposed by

Leonhard Euler (Euler, 1773), is m/Z(I’l 2 I‘22) . When relations (3) are

substituted into this formula, and the multiplier abandoned (since it is
irrelevant for the present considerations), we arrive at the expression

Jd2+d?+d,d, .

This expression directly leads to the VDB graph invariant (2). Because
of its origin, the name Euler-Sombor index for it would be appropriate.

Evidently, there is a close algebraic analogy between the Sombor
index, Eq. (1), and the Euler-Sombor index, Eqg. (2). In what follows, we
determine the actual form of the relation between these two VDB graph
invariants.

Estimating SO by means of EU

From now on, in order to avoid trivialities, we restrict the consideration
to connected graphs. The results obtained could then be directly extended
to disconnected graphs, taking into account that, for a graph G consisting
of disconnected components G; and G ,

SO(G) =SO(G,) +SO(G,) and EU(G)=EU(G,)+EU(G,).

Theorem 1. Let G be a connected graph. Then

\E EU(G) <SO(G) <EU(G). “)

The equality on the left-hand side is attained if and only if the graph

G is regular.
<>



Proof. It suffices to verify that the relations

\/g\/x2+y2+xys\/x2+y2s\/x2+y2+xy (5)

hold forall X>0and y >0.

The right-hand side inequality in (5) is obvious. The equality in it
occurs if and only if either x=0 or y=0 (or both), which in the case of vertex
degrees of connected graphs cannot happen.

In order to obtain the left-hand side inequality in (5), we seek A
satisfying

/1\/x2+y2+xy£\/x2+y2 . (6)

From (6), we get
APXy < (1= 23X +(1-A%)y?

APy — 21— A%)xy < (1-A2)X* + (1- A7) y? —2(1—- A%)xy

[ A2 =2(1-2%) [xy < (1-2°)(x—y)".
Assuming that 1-A>>0, we conclude that it must be
A2=201-2%)>0 e, A2=+2/3.

Then the best choice for relation (5) is the smallest value of A, i.e.,

A=+213.

From the above consideration, it is seen that the equality will hold if
and only if x=y. Applying this to graphs, the equality will hold if the end-
vertices of the edge uv have equal degrees. If this must be valid for all
edges of the (connected) graph G, then all vertices of G must have equal
degrees, i.e., then G must be regular.

This completes the proof of Theorem 1. [

>
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Inequalities (4) provide lower and upper bounds for the Sombor index
in terms of the Euler-Sombor index. Of course, these relations can be
inverted, so that EU is estimated by means of SO:

SO(G) < EU(G) < \E SO(G).

Improving the inequality SO < EU

In this section, if the end-vertices of an edge uv have the degrees d,=i
and dv=j (or vice versa), we say that the edge uv is of the (i,j)-type.

The right-hand side inequality (4) in Theorem 1 is strict. Therefore, it
would be of interest to modify it so as to get equality for some graphs. In
order to achieve this goal, we first establish the following:

Lemma 1. For X,Y =0, the function

F(X,Y) :\/x2 +y 4+ Xy —\/x2 +y°
is monotonically increasing. More precisely, in the domain
D={(x,y) e R*| x>0,y >0}, for any (X, ¥,),(X,,¥,) € D, if X > X,
and Y, > Y,, then F(X,V,) > F(X,,Y,) holds.

Proof. We need to show that the right-hand side of

oF(x,y) 2X+Y A
OX 2 X +y +xy 2 X +y?

is positive-valued for all X,y > 0. We start with an evident relation

(7)

X°y?+y* +4xy* > 0.
Using it, we have

4x* +4x%y? +4x3y+[x2y2 +y* +4xy3] > 4x* +4x°y? +4x%y
(AX* + Y2 +4xy) (X + Y?) > 4% (X* + Y2 + Xy)

(2x+Y)* (¢ +y%) > (2%)° (X" + y* +xy)
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(2x+y)* _ (2%)°
X+ yr4exy  xP+y?
2X+Y S 2X
DE+Y24xy X +y?
from which it immediately follows that the right-hand side expression

in Eq. (7) is greater than zero.
Because of F(x,y)=F(y,x), we also have aF(x, y)/éy > 0. [

In view of Lemma 1, we need to find the minumum value of F(x,y)
when x and y are the degrees of adjacent vertices of some graph.
Evidently, this would happen if x=1 and y=1, i.e., for an edge of the (1,1)-
type, resulting in

FLY <X +y2+xy —X2 +y?
i.e

) \/x2+y2 s\/x2+y2+xy—(«/§—«/§).

Recall that in the above inequalities, it is assumed that x and y pertain
to the degrees of vertices of graphs.

Taking into account Egs. (1) and (2), by summation over all edges of
the undelying graph, we arrive at:

Theorem 2. Let G be a connected graph with n vertices and m edges.
Then

SO(G) < EU(G)—(v3—-+/2)m.

The equality holds if and only if all edges of the graph G are of the
(1,1)-type, which at connected graphs can happen only if n=2, m=1, i.e., if
G is the two-vertex path.

In a fully analogous manner, we obtain the following theorems, which
hold not for all connected graphs, but for those satisfying some structural
requirements.

Theorem 3. Let G be a connected graph with n=3 vertices and m
edges. Then

SO(G) < EU(G)— (N7 =+/5)m.

-
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The equality holds if and only if all the edges of the graph G are of the
(1,2)-type, which only can happen if n=3, m=2, i.e., if G is the three-vertex
path.

Proof. If a connected graph has 3 or more vertices, then none of its
edges can be of the (1,1)-type. Then the next-smallest value of F(x,y) is
F(1,2), pertaining to an edge of the (1,2)-type. Graphs possessing (1,2)-
edges exist for n23, but only the 3-vertex path has all its edges of the (1,2)-
type. [ ]

Theorem 4. Let G be a connected graph with n=3 vertices, m edges,
and without vertices of degree 1. Then

SO(G) <EU(G) - (V12 -+8)m

The equality holds if and only if all edges of the graph G are of the
(2,2)-type, which is the case with the n-vertex cycles, n=3.

Proof. If pendent vertices (those of degree one) do not exit in the
underlying graph, then the minimum possible value of F(x,y) is F(2,2),
pertaining to an edge of the (2,2)-type. The connected graphs in which all
edges are of the (2,2)-type are the cycles, and these exist for all n=3.
Therefore, the claim of Theorem 4 is applicable to all graphs with 3 or more
vertices. [

Theorem 5. Let G be a connected graph with n vertices, m edges,
and let & be its smallest vertex degree (6=1). Then

SO(G) < EU(G)—(v3=+/2)m

The equality holds if and only if all edges of the graph G are of the
(6,8)-type, i.e., if G is regular of the degree 8. If & is even, then graphs of
this kind exist for all n= +1. If & is odd, then graphs of this kind exist for
all even-valued n, n= 0+1.

Proof. By the same argument as in the previous proofs, the minimum
possible value of of F(x,y) is F(8,8). The equality requires that all edges be
of the (8,8)-type. If so, then all vertices must be of the degree &. Thus, the
graphs for which the equality holds must be &-regular. In the last part of
the statement of Theorem 5, the well-known conditions for the number of
vertices of &-regular graphs are repeated (Harary, 1969; Bondy & Murty,
1976). [
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Relacionando los indices de Sombor y Euler
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Resumen:

Introduccién/objetivo: El indice de Euler-Sombor (EU) es un nuevo grafico
invariante basado en grados de vértice, obtenido mediante consideracion
geométrica. Esta estrechamente relacionado con el indice de Sombor
(S0O). Se establece la forma real de esta relacion.

Métodos: Se aplica la teoria combinatoria de grafos.
Resultados: Se establecen las desigualdades entre UE y SO.

Conclusion: El articulo contribuye a la teoria de las invariantes graficas
similares al indice de Sombor.

Palabras claves: grado (de vértice), indice de Sombor, indice de Euler-
Sombor.

CooTHowweHne mexay nHagekcamm Combopa n dvinepa

UeaH lN'yTmaH

KparyeBauxknii yHMBepCUTET, €CTECTBEHHO-MATEMaTUYECKUA DaKyNbTeT,
r. Kparyesau, Pecnybnuka Cepbus

PYBPUKA TPHTW: 27.29.19 KpaeBble 3agauun 1 3agadm Ha cobCTBEHHbIE
3Ha4eHust AN 06bIKHOBEHHbIX
anddepeHumanbHbIX ypaBHEHUI U CUCTEM
YPaBHEHUM

BWO CTATbW: opurmHansHasa Hay4Has ctaTbs

Pesrome:

BeedeHue/uenb: Combopckuli uHdekc Olnepa s659emcs HO8bIM
UHeapuaHmoMm 2pagha, OCHO8aHHbIM Ha CMerneHu 8epUlUHb,
Mos1y4eHHbIM ymeM 2eoMempuyYyecKoeo aHanusa. ¥ oH coomHocumcsi
¢ uHOekcom Combopa. B 0OaHHOU cmambe ycmaHO8MeHO
Mamemamuyeckoe COOmHouweHue mexoy  amumu osymsi
UHeapuaHmamu 2paga.

Memodeki: B daHHOU cmambe npumeHsemcs KoMbuHamopHasi meopusi
epacghos.

Pesynbmambi: BepxHss u HuxHss epaHuubl uHOekca Combopa 6biiu
onipedernieHbl 8 3asucumocmu om uHOekca Olnepa-Combopa U
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Haobopom. 3amem amu epaHuUbl BbiflU OMKOPPEKMUPOBaHbI C y4emom
cmpyKkmypHbIx ocobeHHocmel epaghos.

Bobigodbl:  [daHHoe uccredosaHue eHocum 8Krnad 8 Mmeopuro
UHeapuaHmos 2pagha combopckozo suoda.

Knroyesbie cnoea:. cmerneHb (8epuiuHbl), uHOekc Combopa, UHAEeKC
Olinepa-Combopa.

Besa usmehy Combopckor n Ojneposor nHgekca

UeaH N'yTmaH

YHusepautet y Kparyjesuy, lNpupogHo-matematnyku pakynTer,
Kparyjesau, Peny6nuka Cpbuja

OBJIACT: maTtemaTtuka
KATEITOPWUJA (TWUIM) YITAHKA: opyruHanHu Hay4Hu pag

Caxemak:

Yeod/yurs: Ojnep-combopcku UHOEKC je HO8a, Ha CmereHuUMa 4eoposa
3acHosaHa epaghoscka uHeapujaHma, 0obujeHa eeoMempujcKum
pasmamparuma. CpodaH je Combopckom uHOekcy. Y pady cy
ymepheHe Mamemamuyke ee3e u3smelly oee 0ge epaghoscke
UHeapujaHme.

Memode: lNpumer-eHa je KombuHamopHa meopuja epaghosa.

Pesynmamu: OdpeheHe cy eopre U Oome 2paHuuye 3a Combopcku
uHlekc y 3asucHocmu 00 Ojnep-combopckoe uHlekca, u obpamHo. Oge
epaHuue cy 3amum rnobosrbwaHe, y3umajyhu y o63up cmpykmypHe
Kapakmepucmuke gpaghosa.

Sakrbyyak: Pad QonpuHocmu meopuju epaghos8cKuUX UHeapujaHmu
combopckoe muria.

KrbyyHe pedu: cmeneH (Yeopa), Combopcku uHdekc, Ojnep-combopcKku
UHOekc.
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