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Abstract:

Introduction/purpose: Pata-type and Zamfirescu mappings are extended
beyond metric spaces.

Methods: The concept of Pata-type Zamfirescu mapping within the
framework of S-metric spaces is employed.

Results: A series of corresponding outcomes has been established. Fur-
thermore, the obtained results are employed to solve an integral equa-
tion.

Conclusions: S-Pata type and Zamfirescu mappings have unique fixed
points.
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Introduction

In 1922, Banach (Banach, 1922) established that every contraction
mapping on a complete metric space possesses a unique fixed point. This
theorem is commonly referred to as the Banach fixed point theorem.

Since Banach’s theorem was proven, various other types of mappings
have been demonstrated to possess the same fixed point property. Among
these mappings are Kannan-type mappings and Chatterjea-type map-
pings, both of which were introduced in the 1960s. These mappings hold
significance because they enable the existence of fixed points even for
non-continuous mappings.

In 1972, Zamfirescu (Zamfirescu, 1972) introduced a generalized con-
traction mapping that further extended the class of mappings for which the
fixed point property can be guaranteed. Zamfirescu’s results generalized
the work of several other mathematicians, including Kannan (Kannan,
1968) and Chatterjea (Chatterjea, 1972).

In the paper, ¥ represents the set of ascending functions ¢ : [0,1] —
[0, +00), where 1) exhibits continuity at 0 and starts at ¢/(0) = 0.

Definition 1. (Zamfirescu, 1972) If (V,d) is a metric space, a function T" :
V — V is referred to as a Zamfirescu mapping if it satisfies the following
condition for any points ¥ and ¢ in V and real numbers a, b, and ¢ within
the interval [0, 1):

d(I'(9),1(0)) <
max {ad(9,0), L[d(9, T(9)) + d(0,T())], £[d(9, T(60)) + d(6, T'(9))] }

In 2011, Pata (Pata, 2011) introduced an improved version of the classi-
cal Banach Principle. This enhancement enables the identification of fixed
points for mappings that lack strict contraction properties, instead relying
on approximate contraction characteristics.

Theorem 1. (Pata, 2011) If (X,d) is a metric space that is complete and
fixed constants A > 0, « > 1 and 8 which lies in the interval [0, a]. If the
mapping I' : X — X fulfills the subsequent inequality for each ¢ € |0, 1]
and all 9,0 € X,

d(T9,T0) < (1 —e)d(9,0) + Ae®[1 + |9 + ||0])]°
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then T possesses a unique fixed point 9* € X, and the sequence {I'"Vy}
exhibits convergence towards ¥* for any given initial element 9, € X.

Many other authors have previously employed the Pata-type condi-
tion to derive novel fixed point outcomes (Kadelburg & Radenovi¢, 2014;
Ozgirr & Tag, 2021; Kadelburg & Radenovi¢, 2016; Karapinar et al., 2020a;
Saleem et al., 2020; Karapinar et al., 2020b; Aktay & Ozdemir, 2022; Ya-
haya et al., 2023; Roy et al., 2024).

Further, in 2018 Jacob et al. (Jacob et al., 2018) defined Pata type
Zamfirescu mapping and generalized the results of (Chatterjea, 1972; Pata,
2011).

Definition 2. (Jacob et al., 2018) If (V, d) is a metric space, a mapping I :
V — V is considered as a Pata-type Zamfirescu mapping if, for all ¥ and 0
in V, and for every ¢ € [0, 1], it holds the following inequality with « in ¥ :

d(L(9),1(6)) < (1 —e)M(9,0) + Ae*y(e)[L+ 0] + [|9]] + [T9]| + |76}

where M(¥9,0) = max {d(ﬁ, 9), d(z?,l“(ﬁ));-d(e,l“(e))7 d(ﬁ,l“(@))—;—d(e,l“(ﬁ))} and
A>0,a>1, 3 € [0,a] are constants.

In 2012, Sedghi et al. (Sedghi et al., 2012) presented the notion of an
S-metric space.

Definition 3. (Sedghi et al., 2012) If V is a nonempty set, an S-metric is a
function S : V x V x V — [0, +00) on V that meets the requirements for
every 4,60,6,a € V as follows:

(i) S(v,6,0) >0,

(i) S(v,0,0) =0ifand only if ¥ =0 =4,

(iii) S(v,0,0) < S(9,9,a) + S(0,0,a) + S(9,9,a).
The term ”S-metric space” refers to the pair (V, 5).

Example 1. (Sedghi et al., 2012) If V is a nonempty set equipped with an
ordinary metric d on V, then the following are S-metrics on V.

* S(0,0,6) =d(9,6)+d(6,9)

¢ S(1,60,6) =d(9,0) +d(0,9) + d(J,9)
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Lemma 1. (Sedghi et al., 2012) If the space (V,S) is an S-metric space,
then as a result, there is for all 4,0 € V,

S(9,9,0) = 5(6,6,9)

Lemma 2. (Sedghi et al., 2012) In an S-metric space (V,S), forall 9,0, €
V, there is
S(09,19,0) < 25(19,9,6) + 5(0,0,0)

and
S(¥,9,0) <25(9,9,0) + 5(4,6,0)

Definition 4. (Sedghi et al., 2012) If (V, .S) is an S-metric space,
(i) a sequence {¥,} in V converges to ¢ if and only if S(9,,,%,,9) — 0
as n — +oo. This convergence is denoted as lim,,—, - ¥, = ¢,

(i) a sequence {¥,} in V is referred to as a Cauchy sequence if, for
given ¢ > 0 there is a ny € N such that S(¢,,,9,,9,) < ¢ for every
n,m > ng, and

(ii) the space (V, S) is defined as complete when it satisfies the condi-
tion that every Cauchy sequence in V converges.

Several other authors have contributed to the field of S-metric spaces,
establishing numerous results within this framework as well as in various
extended spaces related to S-metric spaces. Some of these pertinent
works can be found in the references (Sedghietal., 2012; Chand & Rohen,
2023; Ozgir & Tas, 2023; Priyobarta et al., 2022).

Inspired by the findings outlined above, this paper introduces the
concept of S-Pata type Zamfirescu mappings and demonstrates the
existence of fixed point results within the framework of S-metric spaces.
Notably, these results extend the findings from a previous study (Jacob
et al.,, 2018). Furthermore, the best proximity point theorem has been
established and findings applied to the context of integral equations.

Main results

In this section, the aim is to demonstrate the existence and uniqueness
of fixed points for S-Pata type Zamfirescu mappings. Consider an S-metric
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space denoted as (V, S). Throughout this discussion, the norm of an ele-
ment 4 is represented as ||| = S(¥, ¥o, ¥), where ¥ is a chosen element
in V.

Definition 5. In an S-metric space (V, S), a mapping I' : V — V is referred
to as an S-Pata type Zamfirescu mapping if it satisfies the following
inequality for all 9,0, € V, ¢ € ¥, and every ¢ € [0, 1]:

S(T9,T6,T8) < (1 — )M (9,0,5) + Aep(e)[1+
IO N+ 000+ 181+ 1T+ T0] +]Ts )

where

S(9,9,T9) + S(0,0,T0) + S(5,5,T5)
3 )

S(9,9,16) + S(6,0,T6) + S(5,6,T0) }
4

M(9,0,6) = maX{S(ﬂ,G,(S),

A >0,a>1,5 € [0,q] are the constants.
Note: From the above definition, it can easily be deduced that
S0, T9,T0) < (1—e)M(9,9,0) +Aep(e) [1 42|90 +1/0]|+2( T + T[]

where

S(¥,9,I'9) + S(0,0,10)
3 )

S(¢,9,T'9) + S(9,9,10) + 5(0,0,T'9) }

M(®,9,0) = max {5(19,19,@, 2

4

A>0,a> 1,5 € |0,a] are the constants.

The following lemma is a key ingredient in the proof of this work. This
lemma will be used to prove the main results. The proof of the lemma in a
metric space can be found in (Alghamdi et al., 2021). Here, it is extended
it to the framework of an S-metric space.

Lemma 3. (Alghamdi et al., 2021) Consider an S-metric space (V, S). Ifthe
sequence {V,,} in V which is not Cauchy with lim,,_, { oo S(Vr, Op, ny1) = 0.
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Then, two sub-sequences {V,, } and {9,,,} of {9, } exist forany ¢ > 0 such
that

lim S(ﬁnk-l-lv ﬁnk+17 ﬁmk-l-l) = €+ (1)
k——+o0

lim S(ﬁnwﬁnmﬂmk) = lim S(ﬁnk—ﬂ—l;ﬁnk—i-lyﬁmk) =

k——+o0 k——+o0
Proof. Since, {¥,} is not a Cauchy sequence and

limy, 5400 S(9y, 9y, 9p+1) = 0, one can get e > 0 and Ny > 1 such
that forany N > N, there is m,n > N with m > n and

S('ﬂn—i—ly 19n—l—la ﬁm—i—l) > e and S(ﬂn—&—la ﬁn-ﬁ-lv 1977,) <e.

By selecting the smallest m > n so that S(¢,,4+1, 941, 9m+1) > € holds,
it is concluded that for each NV > N, there exists m,n > N such that

S(ﬁn-l-h 7971—}—17 ﬁm-‘,—l) > e and S(ﬁn-H, 7971—&—17 ﬂm) <e.

Thus, one can construct two sub-sequences {49, } and {¥,,, } of {¥,,} such
that
S(ﬁmﬁrl? ﬂn;ﬂrla ﬂkarl) > ¢ and S(ﬁnkJrl, ﬂnkJrla ﬂm;) <e.

These inequalities, along with the triangular inequality, lead to

e< S("&nk-&-lv ﬁn}@-l-la 19mk—|—1) < S(’ﬂn,ﬁ_l, ﬁnk—l—la ”&mk) + 25(19771“ ﬁmk ) 19mk+1)

By means of the Sandwich Theorem, one arrives at (1). Furthermore, there
exists

which implies the second limit of (2). From the subsequent two inequalities,
S(ﬁnk-i-l) 797%—4—17 Q9mk) - QS(ﬁnk y ﬂnk ) ﬂnk—i—l) < S(ﬁnm ﬁnk ) ﬁmk) <
€+ 2S(19nk’ ﬁﬂk ) ﬁnk‘i’l)?

€= 25(,1977%7 19”1@ ) ﬂnk"l‘l) < S(ﬁnw ﬁnk’ ﬁmk-‘rl) < S(ﬁnk+17 ﬁnk-i-lv ﬂmk-f—l)"’_
25(1971«1@ ) ﬂnk? ﬁnzﬁ”l)

from these inequalities one will get the required limits. O
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Theorem 2. Let (V, S) be a complete S-metric space. IfTI" : V — V is an
S-Pata type Zamfirescu mapping, then I" possesses one and only one fixed
point.

Proof. Assume %, is any element within the set V. Create a sequence
with the definitions: 4,1 = T'(¥,) and ¢, = S(Un,,,Y). In order to
demonstrate that the sequence S(9,,11, V., ¥,,) is non increasing, consider
setting € = 0, which leads to the following result

S<79n7 ﬁny 7911—4—1) S

S(Pn—1,0n-1,9.)+S(Vn_ , Ge1,00)+S (90,00, 0n
S(9n—1,9n—1,9p), 20n=1:0n1,0u) b8 W1 P00 ) £5C 1),
max S 100+ S (B 1 Py Dmgs s+ S (P P )
4

25 19’” M IL 3 ’!L +S 19’77,719”1719”
519 ,’9 ,19 < 5(19717177971 1719 )7 ( 1 : ) ( +1)
(On, Un, Uny1) < max S(On1,0n 1,19n)+5(19n 00 1,19n+1>
251,00 1,00)+S (00,090,900
S 79 19 79 < S<79n—1719n 17’19 )7 ( ’ o 3) ( +1)7
(Vn, Un; Uny1) < max 35 (1101 s )+ (DD )
4

Now, considering S(9,,—1,9n—1,%,) < S(9n, ¥n, Unt1), ONE gets

2S 1971— 7”Qn— 71977, +S 19n7ﬁn719n
S B ) < 2ot Ut ) 5 +1)

25(19n’19na"9n+1) S QS(ﬁn—hﬁn—laﬁn) + 5(19”,79”,’[9714_1)
S(ﬁruﬁnvﬁn—i—l) S S(ﬁn—lyﬂn—laﬁn)

This results in a contradiction. Therefore, it can be deduced that
SO, U, Ung1) < S(Op—1,9n-1,9,) < -+ < S0, Y0, 01) = c1.

Claim1: ¢,, is bounded.
Define

cn = S (99,00, 9y) < 250, Yo, Y1) + S (U, Un, V1)
< 2500, %0,%1) + 25 (On, U, Ons1) + S(Unt1, Int1, 1)
< 2c1 +2¢1 + S(Vnt1,Ung1,01)
< 2¢1 4 2¢1 + S(91,91,9n41)
<decy + S(TYy, TV, TVy)
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S(B0,00,01)+S (90,900,091 )+ (9 00
<4 1 5(190779&1971), (90,90,91)+5(J 03 1)+5( +1)’
< ey + (1 —€)max S(90,00,91)+S (90,90, 0 41) LS (V0,01

4

+ AP (@)1 + 9ol + 190l + 9]l + 11921 + [[92]] + [[9n2 1)
<4dec1+(1—¢)-
S (90, Y0, ), 25(P0,90:91)+ 5000 P Fntn) }

max 3 ’
S(90,%0,91)+25(%0,90,9n)+S (Fn,0n,0nt1)+25(F0,90,9n)+S (F0,%0,91)
4

+ A ()L + 201 + 19l + (101 + [191))°

3c1 + 4cp,
<dey + (1 —g) max{ey, c1, %} + Ae“(e)[1 + 3|91 + 2/|9 |17

3

<4c; + (1 — ) max{cp, c1, % + en} + AP (e)[1 4 3c1 + 2¢,)°
3

<dey + (1 — e) max{ep, 1, % + e} + AP (e)[1 + Ber + 2¢,)”

If there is a subsequence ¢,, — +o0,

3
en, < do1 4+ (1= ) (5 + cn) + Aefib(e)[L + Ber + 2, )"

3
en, — (L —¢gi)en, < dep + %(1 — &) + Aeip(ei)[1 + 3er + 2¢,,]¢
gicn, < A+ Beip(ei)cy,

for some A, B > 0. The choice ¢; = {:*—A leads to the inequality,
1< B+ A)*Y(g;) — 0,
which is a contradiction. Hence, {¢, } is a bounded sequence.

As S(9,-1,9,-1,9,) is a non-increasing sequence and it has a lower
bound of 0, it follows that

lim S(9n,0n, Op_1) =d >0

n—-+oo

S(’ﬂn, ﬁna 29n+1) = S(Fﬁnfla 1ﬂﬁnfla Fﬁn)
<(1-e¢):
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S(Vp_1,9 s
max S(9n-1,90-1,00)FS (001,00 -1,0n41)+S(0n,00,91)
4

9 S(0n—1,90-1,9)+S(0n_1,90_1,9,)+S (9,9, 0n41)
n—1, TL); )

+ AP ()L + [[Fnrl| + [Fnrll + 9]l + [[9n ]| + 19 ]| + 1In411]7

25 19"7,7 719'”.7 719”’/ +S 19"L7197L7’l97l
<(1— S(ﬁnflaﬁnflvﬂn)) ( : - 3) ( +1)7
S (L=e)max § g9, L 0 1 00)L2S (001 s0m1,92)-LS (D0 sOmss)

4
+ AP ()1 + 2/[In-1ll + 3 Inl + [[Onta]]’

25(0n-1,9n-1,05)+S (90,005,095
SO 1,01, 0y), 22 0nmrncr D)5 +1)

< (1 —¢) max { 35(On_ 1.9 1,00) S (Fn0nInr) 7} + Keype)
4

Now, the limit as n approaches infinity is considered, one obtains
d < K¥(e), and consequently, one gets d = 0.

Claim2: The sequence {9, } is a type of Cauchy sequence.

Assuming that {#,} is not Cauchy, one can apply Lemma 3 to conclude
that there exists a subsequence {¥,, } and another subsequence {¥9,,,}
of {9,,} where n;, > my, > k, such that

d < S(ﬂmkaﬂmkaﬁnk) = S(Fﬂmkflarﬂmkflarﬂnkfl)

S(ﬁmk—lvﬁmk—hﬁnk—l)v
S0y —1,0my —1,9m, )+ S (Omy —1:9m, —1,9m, ) S (ny —1,9n, —1,9n
< (1 —¢e)max (klklk)+(kl3klk)+(hl 1 k)’
S(Wmy—1:9my —1,0m )+ (Fmy —1,0my =190, )+ (Fny —1,9n, —1,9my )
4

+ Keip(e)

(ﬂmkfla ﬁmkfl) ﬁnk) + S(ﬁnkfla ﬂnkfla ﬁnk)y
25(0my—1,9my —1,0m, ) HS (Ony —1,0n, —1,9

"k)
)

3
S(Fmy—1,9my —1:9m )+ (Omy —1,0my =190, )+ (Fny —1,9n, —1,0my )
4

< (1 —¢)max

+ Key)(e) .

As k approaches infinity, one obtains § < Ku(e). Consequently, it
follows that § = 0, which presents a contradiction. Therefore, it can
be asserted that {¢,,} is indeed a Cauchy sequence. Considering that
V is a complete S-metric space, it can be concluded that there ex-
ists an element ¥ within V such that the sequence ¥, converges to 4.
Now, for all n in the natural numbers, and when ¢ is set to zero, one obtains
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S(9,9,T9) < 2S(0,9, 9ns1) + S(T0, T, 9npr)

S(9,9,9,),
< 23(19’ Y, ﬁn-&-l) + max 3(197197F19)+5(19,19€19)+5(19n719n7r19n) ’
S(9,9,09)+S5(9,9.19,) +-S (9 9,,.['0)
4

S(09,9,9,),

25(9,9,I'0)+S (V0,0
< 25(19719719%+1) -+ max ( )+3( +1)7
S(9,9,I'9)+S(8,8,0,4+1)+S (¥n,0,,I')
4

Allowing n to approach infinity, the aforementioned inequality follows as:
2
S(¥,9,T9) < §S(79,79,Fv9)

= S(0,9,T9) =0
Hence, ¢ is a fixed point of I" as S(I'?, 'Y, ) = 0, one obtains I'Y = 9.

To establish the uniqueness of the fixed point, assume that both ¢, 6 €
V, are the fixed points of I". One obtains

S(09,9,0) S(9,9,1'9)4+5(9,9,1'9)+5(0,0,1'0)
S, T'9,1'0) < (1 — &) max 0 ) 509.0.00) 2 5(0.0.09) N
4

Key(e)

Consequently, one obtains S(v,v,60) < K1 (e), which leads to the conclu-
sion that 1y = 6. Hence, it can be asserted that I" possesses a unique fixed
point in V. O

Example 2. Let V = R. Define a function S : V x V x V equipped by
S(1,0,6) ={|9—60|+10—0|+ 16 —v|} forall 9,0,6 € V. Then (V,S) is a
complete metric space.

If one defines a self mapping I" on V by I't = %z?, then I" satisfies the
conditions of Theorem 2. For all 9,6, € V one obtains

3.3 3 3 3 3 3 3 3

9,00,16) = S(29,26,26) = {|=0 — = - )
ST, T6,19) 5(819, 89’ 86) {]819 80| + \89 85\ + \85 819]}

3 3
= gsup{\ﬁ — 0| +10—0|+ 0 -9} = gS(ﬂ,Q,(S)
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<(1-2)8(9,0,5) + (g — (1—2))S(4,6,6)

201 21— IS, 9, 90) + 50,60, o) + S(5,6,90)]
< (1= )M(,6,8) + <3 19]) + 18] + 3]

<(1—¢e)M(,0,6) +

3 2
<(1—-e)M(9,0,6) + §€2€3 [L+ (|90 + (01 + ll6]] + ([T + [Tl + [|T6]]]

for all € € [0,1]. This implies that I" is an S-Pata type Zamfirescu mapping
fora =2, 3=1,A=3andy(c) = e5. Furthermore, it can be affirmed that
¥ = 0 is indeed the unique fixed point of T" in V, as asserted by Theorem
2.

Corollary 1. In a complete S-metric space (V, S), if the mappingT’ : V — V
is a Zamfirescu mapping that meets the following inequality criteria for all
9,0,0 € Vanda,b,c € [0,1),

aS(9,0,8),b wﬁWHS(”F@HS(M,m) ’
S(TY,T9,19) < max { ( [S()ﬁ 19[F0)+S(9 0,.08)45(3,, .L9)) ]

In that case, T" possesses a unique fixed point within the space V.

Proof. Considering d = max{a, b, c}, one obtains that

S(9,0, ), SLLLNSOILO+5(GLD)
S(I'9,T9,T6) < dmax o MHS(O oo Fsanro)

S(9,0,5), 220 WHS(G 0 F9)+S(6 618)
< (1 —¢)max S(ﬂ ) F9)+S(9 ) F6)+S(5 o)
5(9,0,6), 2 (’97197F19)+S(9§6,F6)+S(5,5,F6) 7
+ (d4+ e —1)max 000 45(6.0.05) 2 5(6.5.19)
1

< (1—5)M(19,9)+d<1+ €;1> :
maX{WH + 101 + 151, Hv9||+||9||+H6II)+HMIHHF@\HHFJII}

< (1—e)M(9,0) +dea[L+ [ 9]] + [|6] + I3]] + 9] + [T + T}
< (1—e)M(9,0) +dee 3 [L+ [[9] + 18] + (18] + |T|| + [T6]| + 5]
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Therefore, by Theorem 2 with A = d, ¥(e) = % and a = 68 =1,it
follows that I" has a unique fixed point. O

Corollary 2. Consider a complete S-metric space (V, S), and letT : V — V
be a mapping. If for all A € [0, 1), I satisfies the following inequalities

S(I'9,T6,T6) < AS(, 0, 6) (3)

OR .
S(U9,19,1'9) < Z[S(9,0.T9) + S(60,6,10) + S(5,6,19)] (4)

OR \
S(I'0,10,15) < T[S(9,9,10) + 5(0,0,1'9) + 5(5,5,19)] (5)

Then, T has a unique fixed point in V.

Proof. In Corollary 1, if one takes

(1). a =X, b=c =0, inequality (3) is obtained

(2). b= X, a = ¢ =0, inequality (4) is obtained

(3). ¢ = A, a =b=0, inequality (5) is obtained

further steps followed from Corollary 1. O

Existence of the best proximity point for S-Pata type
proximal contraction

This section introduces a new type of proximal mappings called S-Pata
type proximal mappings. It is then proved that these mappings have the
property of having the best proximity points. Let A and B be subsets of a
complete S-metric space (V, S). The distance between two sets is denoted
by D(A, B) and defined by

D(A, B) = inf{S(9,9,0) : 9 € Aand 6§ € B}.
The notation Ay is used to represent the subset of A defined as follows:
Ap={0e€ A:5,9,0) =D(A, B), forsome 0 € B}
Likewise, By is the subset of B defined as follows:
By={0 € B:5(,9,0) =D(A, B), forsome J € A}

Throughout the section, the assumption that both Ay and B, are closed
sets is maintained.
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Definition 6. A mapping I' : A — B is said to be an S-Pata type proximal
contraction of type-l if, for all ©4,0,0 € A, ¢» € ¥, and for any € € [0,1], it
satisfies the following inequality:

S(u,v,w) < (1—¢)S(9,6,6) + Acy(e)[L + [0 + (18] + ]I}

where S(u,u,I'(¥)) = S(v,v,T'(0)) = S(w,w,I'(0)) = D(A,B) and A > 0,
a > 1, B € [0,«] are arbitrary constants.

Definition 7. Amapping I' : A — B is said to be an S-Pata type proximal
contraction of type-ll if, for all 9,6,0 € A, ¢ € ¥, and for any ¢ € [0,1], it
satisfies the following inequality:

S(u,u,v) < (1—¢)S(0,9,0) + Ae%p(e)[1 + 29| + [|0]])°

where S(u,u,I'(9)) = S(v,v,I'(#)) = D(A,B)and A > 0, a > 1, 8 € [0, q]
are arbitrary constants.

Theorem 3. In a complete S-metric space (V,S), consider non-empty
closed subsets A and B. Suppose that there exists a mapping1' : A — B
that is an S-Pata type proximal contraction, and additionally, it holds that
I'(Ag) € By. Then I' possesses one and only one best proximity point
within the set A.

Proof. Let 9 be an arbitrary element in Ay. Then I'(¢y) € By and so there
exists an element ¥, € Aj such that S(¢1,91,T'(9)) = S(A, A, B). Sim-
ilarly, define 9,41 € Ag such that S(¥,+1,9n4+1,1'(9,)) = S(A4, 4, B) and
cn = S(Up,0n,9). Then, one gets

S(ﬁn> 19TL7 ﬁn—&-l) (1 - E)S(ﬁn—lv an—la ﬂn) +A€a¢(€>[1 + 2”/&7"/” + ||19n—1||]/8

where ¢ € [0, 1].
Taking ¢ = 0 in the above inequality, it follows that {S(¢,,, ¥, ¥nt1)} is
a nonincraesing sequence. Therefore,

S(ﬂnaﬁn7§n+1) < S(ﬂnflaﬁnflyﬂn) <... 5(19071907191) =0
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Now, one shows that {c¢,} is bounded:

cn = SV, %0, Uy)
< 2500, 90,01) 4 250, U, Ons1) + S(01, 91, Ons1)
< der + (1 —€)S(90, 90, Un) + AeP(e) [1+ 2|00l + [9a]]7  (6)
<dey + (1 —e)ep + AeyY(e)[1 + cn]ﬁ
<a+ (1 —e)ey, + be“Y(e)ch

where a,b > 0 are constants. Accordingly,
ecn < a+ be“Y(e)ey

If there is a subsequence ¢,,, — +oo, the choice ¢ = ¢; = (1+a)/cy, leads
to the contradiction
1 <b(1+a)P(e;) =0

Hence, {c¢,} is a bounded sequence.
Let limy, 400 S(Vn—1,Un-1,9,) = d. Since S(V,_1,V,—1,7,) is non in-
creasing,

S(Fns Ony U41) < (1= €)S (01, 0n1,9n) + Ae®P(e)[1 + 2[[In1]| + [|9]]]°

<(1-
< (]_ — 5)5('[971717197171’ 1911) + K€¢(€)

As the limit as n approaches infinity is considered, it is deduced that d <
K1(e) implies d = 0. One now makes the assertion that {J,,} is a Cauchy
sequence.

In order to avoid contradiction, assume that {¢,,} is not a Cauchy se-
quence. In such a case, according to Lemma 3, there must exist subse-
quences {9, } and {V,,, } of {¥,} with n; > m; > k such that

<

(1 - 6)[2‘9(19%«—17 ’lgnk_17 ﬁmk) + S(ﬂmk_17 ﬁmk_17 19”1.)] =+ ng(g)

As k tends towards infinity, one reaches the conclusion that d < K1 (e),
which leads to a contradiction. Therefore, it can be affirmed that {4, }
is indeed a Cauchy sequence. Given that V is a complete space, there

596



exists an element ¢ in V such that {¢,,} converges to .

Now, consider S(u,u,I'(¢#)) = D(A, B) and set ¢ to zero. Then, for all
n € N, one obtains

S('LL, U, 19) S 25(”7 U, 1971-"-1) + 5(197 197 1971"!‘1)
< 25(9,9,9,) + S(¥,9,0n41)

This leads to the conclusion that S(u, u, ) = 0. Consequently, it can be
established that 9} serves as a proximity point of T.

In order to demonstrate the uniqueness of the proximity point, suppose,
for the sake of contradiction, that I has two distinct proximity points ¢ and
f in V. One obtains

S(ﬁv 197 6) < (]- - 5)8(197 197 9) + K€1/J(€)
Hence, one obtains S(9,4,0) < K1 (e), which implies ¥ = 6. Thus, I" has

unique proximity point ¢ in A. O

Corollary 3. Consider a complete metric space (V,S), and letT : V — V
be a mapping that adheres to the following inequality:

S(I'9,T6,15) < (1 —¢)S(9.6,8) + Ae®(e)[L + |[9]] + |16 + [I6]1)”

Then, there exists a unique fixed point for T".

Proof. The proof can be derived directly from the previous theorem when
A=D. [

Example 3. Let V = R? under 1-norm and (V, S) be an S-metric space with
a metric defined by 5(9,6,5) = 3{|0—8|+|0—4|}. Consider A = {(0,a)|a €
[0,1]} and B = {(1,b)|b € [0,1]} then D(A, B) = 1. Define f : A — B as
F0,9)=(1,%),A=a=p=1,andforé € (0,1)

(5 ifseo,s),
W)_{f ifsels,
]

One needs to demonstrate that, for all € € [0, 1], f satisfies the inequality
of S-Pata type proximal contraction,

fore=0 = S(u,u,v) < SW,9,0),
foree (0,1 = S(u,u,v) <(1—¢)SW,¥,0)+
epp(e)[1 + 21| + [16"]]],
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where S(u,u, f(¢)) = S(v,v, f(0)) = D(A,B) = 1.
The following inequality shows that f satisfies the first case when ¢ = 0.
Forall ¢ = (0,9), ¢ = (0,0) € A.

V2 V2 62

S(’Uwuvv) - S((O, Z)? (07 Z)? (07 Z))
2 2
=10, %)+ 0,5)
2 2
=15 - TI=1G + (G - 2)
9 0
=l

< S, 9,0

The following inequalities demonstrate that f satisfies the second case
when ¢ € (0, 1]:
Fore € (0,0) and for all ¥/, 0" € A

2 2 2 2 2
I8 0.0 = 1% -

S(u,u,v) = S((0, 1

1 -1
(1+ =7)2S (W), 9. 0') + S (), 0.0")]
2
< (1= )8, 9,0') + 5%[2]19'|| + 0]
< (1—2)S(,0',0) + ()1 +2]19'|| + 6]
Fore € [4,1] and for all ¥/, 0" € A,

U SN 9?62
S(u,u,v) = 5((0, Z)’ (0, Z)? (0, Z)) =|—-—-

< S, 9,0)

=(1—e)S(W,9.0) +eSW, 9, 0)
=(1—2)S(W,9,0) +e[25(9, 9, 9") + S(9,0',0")]
= (1L =)W, 0,0') + ()L + 2| + [16/]]]-

Hence, f fits the criteria of being an S-Pata type proximal contraction, and
as a result, there exists a best proximity point (0, 0) within the set A.
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Application to the integral equation

In this section, an application of the main result is explored by describing
a solution of the integral equation.

Consider M = C(I,R), which represents the set of all continuous func-
tions on I = [0, 1], equipped with the metric S(1J,6,0) = sup{|J(s) — (s)| +
|60(s) —d(s)| + |0(s) —9(s)|, s € I} forall ¥,6,5 € M. ltis worth noting that
(M, S) forms a complete S-metric space. In this context, one delves into
the investigation of the integral equation

1
I(s) = x(s) +/0 K(s,u)n(u,d(u))du, s € I, (7)

where, the functions n : I x R — R and x : I — R are continuous, and
K :Ix1 — R{ is a function satisfying K(s,-) € L'(I) for all s € I. One
examines the mapping I' : M — M, which is defined as follows:

1
L'(9)(s) = x(s) + /0 K(s,u)n(u,d(u))du, s € 1. (8)

Theorem 4. Equation (8) has at least one solution in M, if for all v € I and
a,b € R, there is

1
In(u,a) —n(u,b)| < Z(\a —Ta|+ |a—=Tb|+ |b —Tal), forallue I,

followed by the assumed inequality
1
sup/ K(s,u)du =106 < 1.
sel Jo
where 6 is a fixed constant.
Proof. Note that finding a solution of (7) is equivalent to finding ¥* € M that

is a fixed pointof I'. Now let 4,8 € M, on account of the above inequalities,
one finds that

T()(s) — T(B)(s)| = /0 K (s, )i (s 9(us)) — (s, 6(us))} s

1
< /0 K (s, w)da - 17, 9(u)) — (s, O(20)|
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1
< /0 K(s,u)du - %(\19(5) —T9(s)| + [I(u) = T(0)(w)] + [0(u) — T'(9)(u)])
S(®,9,19) + S(v,9,16) + S(6, 6, m))

— S(I'9,I9,10) =6 - <

4
<6 M(9,9,0)
S(,ﬂ’ 07 5)7 5(19719,1—‘(19))+S(9,%F(9))+S((5,5,F(5)) ,
where M (9,6,6) = max S(8,0,0(0))+S(6,0,06)+5(5,6,00)
4

Hence, it is derived that

S(I'0,T9,T9) < (1 — )M (9,9,0) + (6 + (¢ — 1))M(9,9,6)

d
S(8,9,0), SEIALON+SEI.L)+56.9,0(0))
ax » Y 9 ,

S(1—€)M(?9ﬂ979)+5<1+5_1>'

=

3
S(9,9,0(9))+S(9,9,00)+S(6,0.19)
1

<(1—e)M(¥,9,0) + des max{”ﬁ” + 9] + 161, 4||19|I+2H9H+32||F19||+||F9||}
< (1= 2)M(0,9,0) + dees ' [L+ 2/|9] + 6] +2]T9]| + |06

forallu € I'and 4,6 € M. Hence, I is an S-Pata type Zamfirescu mapping
with A = §,a = 1,8 = 1 and ¢(e) = £'5". Therefore, one deduces the
existence of ¥* € M such that ¥* = I'9* that is ¥* is a solution of integral
equation (7). O
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CAMPO: matematicas
TIPO DE ARTICULO: articulo cientifico original
Resumen:

Introduccién/objetivo: Las asignaciones tipo Pata y Zamfirescu
se extienden mas alla de los espacios métricos.

Meétodos: Se emplea el concepto de mapeo de Zamfirescu tipo
Pata en el marco de espacios S-métricos.

Resultados: Se han establecido una serie de resultados corres-
pondientes. Ademas, los resultados obtenidos se emplean para
resolver una ecuacion integral.

Conclusion: Los mapeos de tipo S-Pata y Zamfirescu tienen pun-
tos fijos unicos.

Palabras claves: contraccion tipo Pata, mapeo de Zamfirescu,
espacio S-métrico, punto fijo.

OToGpaxeHns 3amdupecky B ycnosusx Tuna MNaTta:
pe3ynbraThl U IPUMEHEHNE B UTErparnbHbIX YpaBHEHUSAX

Jun Yaun?, FOmHam Poan®?, Hukona ®abuaHo®

602


 http://www.vesnik.math.rs/landing.php?p=mv123.cap&name=mv12309
 http://www.vesnik.math.rs/landing.php?p=mv123.cap&name=mv12309
 https://doi.org/10.3934/mfc.2023045
 https://doi.org/10.1007/BF01304884

& HauunoHanbHbIn TeXHONMorMyYeckmin MHCTUTYT Manunypa,
HenaptameHT matematuku, r. Umdpan, Pecnybnuka NHaous

5 YuueepcuteT Manunypa, [lenaprameHT matemaTukm,
r. Mmdpan, Pecnybnvka MHaus

® Benrpaackuii yHuBepcuteT, HCTUTYT sigepHbIX MccreaoBaHuii
«BuH4ya» - MHCcTUTYT rocygapctBeHHOro 3HaveHuns ansa Pecny6nvku
Cepbus, . Benrpag, Pecny6nuka Cepbusi, koppecnoHAeHT

PYBPUKA TPHTW: 27.25.17 MeTpudeckas Teopus dyHKUMN,
27.39.15 JlnHelrHble NpoCTpaHCTBa,
cHabeHHble Tononorven,
NopsiAKoOM 1 ApYrMMK CTPYKTYpamu
BWO CTATbW: opurinHanbHasa Hay4Has ctaTbsi

Pesrome:

BeedeHue/uyenb: OmobpaxeHuss muna [Nambi u 3amgbupecky
8bix00sim 3a rpedesibi MEMPUYECKUX MpocmpaHcms.

Memodbi: B cmambe npuMeHsiemcs KOHuenuyusi omobpaxe-
Husi Bamebupecky muna lNambl 8 pamkax S-mempuyeckux npo-
cmpaHcme.

Pesynbmamel:  Bbin nodmeepxdeH pssd coomeemcmayouux
pesynbmamos. [lony4yeHHble pe3yrnbmamsl Obiu UCO0/Ib308a-
Hbl 8 peweHUU UHmeaparbHbIX ypasHeHUU.

Bbigodsi: OmobpaxeHusi muna S-Pata u 3amgupecky umerom
YHUKaIbHbIe HENMOOBUXXHbIE MOYKU.

Knrouvessie criosa: cxamue muna lNambi, omobpaxeHue muna
Bamabupecky, S-mempuyeckoe npocmpaHcmeo, HernodeuxHas
movuka.

3amdmpecky npecnukaeara nog ycrosvma Tuna lMara:
pe3ynTaTi U NpuMeHa Ha UHTEerpanHy jeaHauvHy

[un Yang?®, Jymram Pynn®?, Hukona ®abuaHo®

& HauunoHanHu MHCTMTyT 3a TexHonorujy Manunypa,
Opcek matematuke, Mimcdan, Manunyp, Penybnuka NHauja

6 YHusepauteT Manunypa, Ogcek matematuke,
Wmdan, Manunyp, Penybnuka NHagwnja

® YHuBepauteT y Beorpagy, MHCTUTYT 3a HykneapHe Hayke "BuH4ya” —
HauuwoHanuu nHctutyT Peny6nuke Cpbuje, beorpag, Penybnuka
Cpb6uja, ayTop 3a Nnpenucky

OBJIACT: matemaTtuka

KATEFOPWJA (TWM) YNAHKA: opurMHanHu Hay4Hu pag
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Caxxemak:

Yeod/yurs: lNpecnukasara muna Nama u 3amgupecky cy npo-
wupeHa usgaH Mempu4Kux npocmopa.

Memode: lNpumerseH je KoHuenm 3amgupecky npecriukasara
muna lNama y okeupy S-mempu4Kux npocmopa.

Pesynmamu: YmepheH je Hu3 odzosapajyhux ucxoda. 3amum
cy ce 0obujeHuU pe3ynmamu Kopucmusu 3a pewasare uHme-
epariHe jeOHaquHe.

Bakrbyyak: lNpecnukasara muna S-llama u 3amgupecky umajy
JjeOuHcmeeHe HeroKkpemHe madke.

KrbyuHe pequ: koHmpakyuja muna lNMama, npecnukasare muna
3amepupecky, S-Mempu4KU IPOCMop, HerNoKpem+a madka.
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