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Abstract:
Introduction/purpose: The aim of the paper is to prove the existence of
solutions for a special case of the sixth-order boundary value problem.

Methods: The Leray-Schauder fixed point theorem is used in order to
determine lower and upper bound solutions.

Results: Lower and upper bound solutions have been found.
Conclusions: The sixth-order boundary value problem admits solutions.
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Introduction

Many modern mathematical studies are based on modeling phenom-
ena in various applied branches, and simulating the results. Often, it is
important to evaluate the obtained results at least with approximate so-
lutions. One of these cases concerns BVPs related to sixth-degree dif-
ferential equations derived mostly from physical phenomena and applied
mathematics.

Some authors have addressed the problem of obtaining positive solu-
tions to a sixth-degree BVP by employing multiple methods, such as the
spectral operator theory, the general bifurcation theorem, the minimization
theorem, and the fixed point theory in the cone, see references (Moéller &
Zinsou, 2013; Tersian & Chaparova, 2002; Li, 2012; Agarwal et al., 2013;
Jietal., 2012; Kovacs & Guedda, 2014; Zhang & An, 2010; Mirzaei, 2016;
Yang, 2019). Not a long time ago, the authors of this paper analyzed sixth-
order BVPs with different boundary conditions at two points (Bekri & Be-
naicha, 2018, 2020). In 2018, see reference (Bekri & Benaicha, 2018), the
same authors formed the conditions for finding the existence of solutions
for a sixth-degree BVP:

() + 5 (2,6(),€'() =0, 0<e<T,

£(0) = w0 = £'0) = 0,
€'(1) = €W (1) =€9(1) =0,

where i € C([0,1] x R?). Suitable operators are employed in the proof
of the nonlinear Leray-Schauder alternative. Also, in 2020, (Bekri & Be-
naicha, 2020), created all the necessary factors to prove the existence of
non-negative solutions for a BVP of the sixth-order

—£O () + 2(e)h (e,€(2), € (), €7 (), €7 (€), €W (e), 6P (e)) = 0,
0<e<,
£0)=€¢01)=¢ (0) =0,
(1) =€eW(0) =0 (1) =
where 1 € C([0,1] x [0, +00) X [0,+oo) X (—00,0] x (—00,0] x [0, +00) %
[0,400) — [0,400)). The authors focused on the fixed point theorem
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of Leray-Schauder and on a nonlinear version of the theorems of Leray-
Schauder type. For more examples, see (Chabanea et al., 2022; Fabiano
& Parvaneh, 2021; Samei et al., 2021b; Fabiano et al., 2020; Samei et al.,
2021a; Boutiara et al., 2021; Santra et al., 2023; Houas & Samei, 2023;
Hammad et al., 2022; Amiri & Samei, 2022; Boutiara et al., 2023).

This work demonstrates the existence of a solution for sixth-degree six-
point BVPs

—£O (&) + 1 (c,6(e),B) () =0, O<e<1,
£(0) = €£'(0) =¢€"(0) =0, (1)
£'(1) =eW(1) =¢B0) =0,

where i € C([0,1] x R?), and

—£O)(e) + h(e,£(e),€ (6),6P)(e)) =0, 0<e<1,

£(0)=¢€(0)=¢£"(0) =0, (2)
€' (1) =€W1) =¢P(0) =0,

where h € C([0, 1] x R3).

This article is structured as follows. The section on the basic concepts
reviews the definition and three lemmas to realize the analysis. Then, the
part on the main results presents some desired results because there are
solutions for two nonlinear sixth-order BVPs. The methodology used here
is based on the Schauder fixed point theorem and the lower and upper
solution method by creating the aforementioned estimates. The fourth, final
part, Application, offers a few similar examples to demonstrate the findings.

Basic concepts

Within this section, a BVP (1) with the condition 2 € C(]0,1] x R% R),
and A = C9)0,1] is put forward. Some lemmas that define the role of the
nonlinear term are summarized and lower or upper solutions are generated.

DEFINITION 1. Assume (,n € C?[0,1] N A lower and upper solution of
the BVP (1), respectively, if for0 < e < 1,

—¢Oe) + he, ¢(e), P (e)) > 0,
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n(0) =n'(0)=7"(0)=n"(1) =gW1)=0, 1®0)<o0.

LEMMA 1. Let it be k € C([0,1]). So the five-point BVP

"

E0)=¢€(0)=¢"(0)=0, €'(1)=£W)=0,

is simulated by the integral equation

{ £0)(e) = k(e), 0<e<l,

1
€)= | ok
where x : [0,1] x [0,1] — [0, +00) is the Green’s function defined by

1 [ o—e), 0<e<op<l,

x(e,0) = = 4)
) 24{92(Q2+6€2—4EQ)7 0<p<e<l.

Define the integral operator P : A — A by

€ 1
PEe) = 54 /0 0% (0% + 66 — 4eg) k(o) do + o / e’(40 — )k(0) do.

According to Lemma 1, if the operator P admits a fixed point in A, it im-
plies that the BVP (1) has a solution. Thus, one found a fixed point of P
in A. Using the theorem of Ascoli-Arzela, one checks that P is an oper-
ator which is completely continuous. Therefore, a nonlinear alternative of
Leray-Schauder is given.

LEMMA 2. (Deimling, 1985) Let A be a Banach space of and ¥ be a subset
that is open and bounded of A, 0 € V. Let P : U — A be a completely
continuous operator. Therefore, either

(Y3 &£ €0V and v > 1 in which P(§) = v¢, or

(ii) 3 ¢* a fixed point such that ¢* € .

LEMMA 3. By x(¢, o) given by (4), the following holds

(¢,0)
(0,0)

>

(J1)

<1 for e,0€(0,1),

=
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(¢,0)
x(o, 0)

>

(J2) >V >0 for gp0€(0,1),

1
(J3) €=/ x(0, 0)odo, such that ¢ > 0.
0

Main results

This section introduces some concepts in the form of lemmas indicating
some bounds on the nonlinear term and the construction of lower or upper
solutions. Consider that 71 € C([0,1] x R?), and h € C([0,1] x R3).

LEMMA 4. Let there be a real @ > 0 in which
he,p,v) <w, for 0<e<1, swV<pu<sw, —-w<rv<0,
so the BVP (1) admits an upper solution.

Proof. We put X(e) = £0)(¢), so problem (1) is parallel to the equivalent
problem
{ Y (e) = h(e, (98)(e),2(e)), 0<e<1, (5)
$(0) = 0,

where (9X)(e) = fol x(e,0)3(0) do and x(e, o) is given by (4). It is obvious
that the bound on 7 ensures that =(¢) = we realizes the inequality

='(e) — h(e, (VE)(e),9(e)) >0, 0<e<1,
{ =(0) > 0. (©)

From this, it holds that n(c) = (9=)(¢) is an upper solution of the BVP (1).
]

LEMMA 5. Let there be a real number k < 0 such that
he,p,v) >k, for 0<e<1l, ¢c<pu<ckrV, 0<v<-—k,

so the BVP (1) has a lower solution.
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Proof. Suppose that I'(¢) = ke. Then, it is obvious that the bound on #
ensures that I'(¢) = ke provides

{ I'(e) — h(e, (W) (e),T()) <0, 0<e<1, @
T'(0) < 0,

this inequality proves that ((¢) = (JT")(¢) is a lower solution of the BVP (1).
O

COROLLARY 1. The upper solution n(e) and the lower solution ((¢) of the
BVP (1) can be written in a simple manner:

w g Wy

THEOREM 1. Let there be two real numbers w > 0 > k, w > |k| such that

Sla CWV§M§§W» _w§y<07 (8)

(e, p,v) < @, 0<
0 , k< pu<grV, 0<v<-—-k (9

FL(E,H, V) 2 K,

If h(e, p, v) is nondecreasing in 1, so the BVP (1) admits a solution (<) for
which

((e) <€(e) <nle), ¢(Pe)<eB®(e)<n®(e), ee€lo,1],

where
1 1
() =r [ eoode we)=w [ reoede =k

Proof. According to formulas (8) and (9), Lemmas 4 and 5 together pro-
duce the result that the BVP (1) accepts an upper solution n(¢) and a lower
solution ¢(¢). Define I' = ¢©®, = = ), therefore I'(¢) = v < w = Z.
In another way, @ > 0 > & implies ¢(®)(e) < 5®)(e). This implies
that x(e, ) > 0 and, depending on the boundary condition, {(¢) < n(e),
for 0 < ¢ < 1. Now, introduce the following operators A, ©, where
A :domA = { € C'(0,1) N C[0,1] — C[0,1] : £(0) = 0} is a derivative
operator such that (AX)(e) = ¥'(¢), ¢ € (0,1), and © : C[0,1] — C[0,1] is

552



a continuous operator for which
AY = 0%, ¥ € dom(A), (10)

where O is given by

(OX)(e)=h (6,19 (min {E, max { ¥, F}}) min {u, max {3, F}}) (11)

This shows that if ¥* is a solution of (10), then I'(e) < ¥*(e) < E(e),
e € [0, 1]. Therefore, ¥*(¢) is a solution of (7). In addition £*(¢) = (19 “)(e)
is a solution of the BVP (1) realizing {(¢) < £*(g) < n(e). If T'(e) > X*(¢),
there exists £; € [0, 1] suchthatT'(s;) > X*(e1). Also, ¥*(0) = 0 = ¢®)(0) =
I'(0) = 0, as ¥* and I' are continuous, so we have an interval (e2,e3) in
which I'(e3) = ¥*(e2) and I'(e) > X*(e), for ¢ € (e2,e3). Then, for ¢ €
g2, €3],

(BX")(e)=h (5,19 (min {E, max{Z*,F}}) , min {E, max {Z*,I‘}})

=h (6,19 (min {E, max{Z*,F}}) ,F) )

There exists Y(¢) = ¥*(¢) — I'(¢), h and ¢ are monotonic, and one has

’

U'E)=¢9) <h(20@).¢P) =h(EI0E)IE), €01,

> =h (5,19 (min {E,max {Z*,F}}) ,qﬁ) ,

s0 Y'(¢) > 0, ¢ € [e2,e3). Consequently, T(e2) = 0 implies Y(¢) > 0,
€ € [e2,e3]. From the relation I'() < ¥*(¢), € € [e2,¢e3]. This contradicts the
given hypothesis. So, I'(¢) < ¥*(¢), € € [0,1]. The proof of Z(¢) > X*(e),
e € [0,1], is analogous to I'(e) < ¥*(¢).

One will now introduce 2 : C[0, 1] — [0, 1], given by

(O)(e) = /0 O o) e, ce 0,1

It is obvious that the operator is continuous and a fixed point of Q2 is a
solution of the BVP (10). Let there be aset VU, = {p € C[0,1] : ||p]] <
w}, and is easy to observe that Z,I' € U,. Now, one demonstrates that
Q: ¥, — U, is a completely continuous operator. By formula (9), one

553

Bekri, Z. et al, Confining a non-negative solution between a lower and upper solution for a sixth-degree boundary value problem, pp.547-562



@ VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 2

obtains

(OD)(e) - (@) (0)] = <wle— -

/O COx)(r)dr

Thatis, {2(¥)} is bounded uniformly and equi-continuous. According
to the theorem of Arzela-Ascoli, it is affirmed that Q2 : ¥, — ¥, is a com-
pletely continuous operator, and the Schauder fixed point theorem ensures
that Q admits a fixed point ¥* € ¥ . Hence,

1
£(e) = /0 x(5,0)5*(0) do.

is a solution of problem (1) such that ¢(¢) < &(g) < n(e), ¢®)(e) < €B)(e) <
n®)(e), e € 0,1]. O

Now, let us consider problem (2). Suppose that i1 € C([0,1] x R?) is a
continuous function. Itis possible to obtain lemmas analogue to Lemmas 4
and 5. This is evident by observing that the equation of problem (2) is
parallel to

{ ¥ (e) = hi(e, (98)(e), (TIX)(e), X(e)), 0<e <1,
2(0) = 0,

where
1 1
02O = [ (ot @D = [ S de

LEMMA 6. Let there be a real number o > 0 such that

e, p,v,7) <w, for0 <e <1, %,QV €0,w], 7€[-w,0].
So the BVP (2) accepts an upper solution.
LEMMA 7. Let there be a real number . < 0 such that

he,pv,7) >k, for0<e <1, pé€l[sk,0], 2u,7€]0,—kK]
So the BVP (2) admits a lower solution.

In an analogous fashion, we can write the same proof for Lemmas 6
and 7 in the same way, as formulated in Lemmas 4 and 5. The similarity in
Theorem 1 allows obtaining the following results of problem (2).
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THEOREM 2. Let there be two real numbers w > 0 > k, w > |k| such that

(e, p,v,7) < w, 0<e<l, & 2vel0,w], 7€ [-w,0], (12)
e, p,v,7) > K, 0<e<1,puc€ sk 0], 2v,7 €0, —K]. (13)

If h(e, u, v, T) is nondecreasing in each p and v, then problem (2) admits a
solution £(e) such that

() <éle) <mle), (Pe) <€P(e) <nP(e),  eco,1],

where
1 1
C(e) = K/o x(e;0)odo,  n(e) :w/o x(e,0)0do, <=3

Application

Some examples are given in order to illustrate the results obtained
above.

ExAMPLE 1. Extrapolate the following application of the BVP

[5+cos§ 5(5)(5)] =0, O<e<1,

g,) <> £'(0) =0, (14)
£ < 00) = £910) =0

There is h(e, p, v) = 4% [e + cos 4 v]. Itis not difficult to verify that the
values of w = 24, k = 0 meet conditions (8) and (9), respectively; hence,

1
(e)=0, ) =24 /0 x(&: o) de,

represented by the lower and upper solutions of (14). According to Theo-
rem 1, problem (14) admits a positive solution ¢* such that

1
0<&(e) < 24/0 x(g, 0)odo.

Figure (1) shows the search for a result of the comparison of the nu-
merical solution to (14) and its estimate given by the Green’s function.
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Figure 1 — The lower plot is the numerical solution of (14), multiplied by a large
coefficient 4 x 10% for comparison purposes, while the upper plot is the estimate
of the above, given by the Green’s function. Observe how the two curves present
the same behavior as functions of .

EXAMPLE 2. Extrapolate the following application of the BVP

—¢0) 4+ L le +siné (¢) + cos (5,(5))4 + 5(5)(5)} =0, 0<e<],

£(0) =€(0) =€7(0) =0,
§'(1)=¢W1) =) =0.
(15)
Thereis h(e, p, v, 7) = %[5+Sinu+cos(u)4 +7]. Itis not difficult to verify
that the values w = 25, x = 0 meet conditions (12) and (13), respectively;
hence,

() =0, ne)=25 /0 x(&: e)ede,

are the lower and upper solutions of (15). According to Theorem 2, prob-
lem (15) admits a positive solution £* such that

1
0<&(e) < 25/0 x(g, 0)odo.

Figure (2) shows the desired result of the comparison of the numerical
solution to (15) and its estimate given by the Green’s function.
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0.2 04 06 08 10

Figure 2 — The lower plot is the numerical solution of (15), multiplied by a large
coefficient 4 x 103 for comparison purposes, while the upper plot is the estimate
of the above, given by the Green’s function. Observe how the two curves present
the same behavior as functions of .
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CAMPO: matematicas
TIPO DE ARTICULO: articulo cientifico original
Resumen:

Introduccién/objetivo: EI objetivo del articulo es demostrar la
existencia de soluciones para un caso especial del problema del
valor limite de sexto orden.

Métodos: El teorema del punto fijo de Leray-Schauder se utiliza
para determinar las soluciones de limite superior.

Resultados: Se han encontrado soluciones de limite inferior y
superior.

Conclusion: El problema del valor limite de sexto orden admite
soluciones.

Palabras claves: alternativa no lineal de Leray-Schauder, fun-
cién de Green, teorema del punto fijo, soluciones inferior y su-
perior, problema de valor limite.

OrpaHquHme HeoTpuuaTeribHOro peweHna mexay HWXH1UM 1
BEPXHUM peLlleHNAMN B KpaeBbIX 3adavax LWecToro nopaaka

3yayu Bekpu?, Hukona ®abuaHo®,
Moxammad Vicmasanbe Camen®, CmosH PageHoBuy"

2 YuueepcuteT OpaHa 1, lTaGopaTtopusa doyHaaMeHTanbHom u
npvknagHon matematuku, r. OpaH; YHUBepcuTeTckuin LeHTp Hyp
Bawwp Onb-basg, NHCTUTYT ecTecTBEeHHbIX HayK, dhakynsTeT
€CTeCTBEHHbIX HayK 1 TexHonorun, r. Anb-basg; Amxknpckas
HapogHo-[emokpaTtuyeckasa Pecnybnuka,

6 Benrpagckuin yHusepcutet, IHCTUTYT agepHbIX nccrnegosaHui
«BuHuya» - MHCTUTYT rocygapctBeHHOro 3HaveHus ansa Pecnybnvkn
Cepbus, . benrpag, Pecnybnuka Cepbusi, KoppecnoHaeHT

® YHuBepcuteT By-Anu CuHa, akynsTeT doyHAaMeHTarnbHbIX Hayk,
MaTeMaTnyecknii akyneTeT,
r. XamagaH, Ncnamckas Pecny6nuka MpaH

" Benrpaackuin yHMBepcuTeT, chakynsTeT MalMHOCTPOEHNS,
r. benrpag, Pecnybnuka Cepbus
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PYBPUKA TPHTWU: 27.25.17 MeTtpuyeckas Teopusi pyHKLMNA,
27.29.15 Obwas Teopns 06bIKHOBEHHbIX
anddepeHunanbHbIX ypaBHEHUA U
CUCTEM YpaBHEHUN,
27.39.15 JInHenHble NnpocTpaHCTBa,
CHabXXeHHble TononorMemn, NopsiAKoM
W OPYTMMK CTPYKTYpamm
B[O CTATbW: opurnHanbHas Hay4Has cTaTtbs

Pesrome:

BsedeHue/uenb: [Jokasamenbcmeo cyu,ecmeosaHusi peueHus
4YacmHoe0 crlyqas Kpaesou 3adaqu wecmozo ropsioka.

MemoOdki: Teopema Jlepe-Lllaydepa o Hernod8uUXxHOU MoYKe uc-
ronb3yemcs 8 ornipederieHuUU HUXHeU U 8epxHel epaHuUubl peuwle-
Husi 3adayu.

Pesynbmamei: B xode uccriedosaHusi bbiiiu HallOeHbl peuweHUs
HWKHeU u eepxHel epaHuypbl.

BbigoObi: Kpaeesasi 3a0aqya wiecmoeo riopsioka ooryckaem pe-
WEHUS.

Knrouesbie criosa: HenuHelHas anbmepHamusea Jlepe-
Ulaydepa, pyHkyusi puHa, meopema 0 HEMOOBLXKHOU MOYKe,
HUXHUE U 8epxHUe pelleHusi, Kpaegas 3adaya.

OrpaHnyaBane HeHeraTMBHOT pellera uamehy gower u
ropH-€er peLlera 3a LWecTn cTeneH npobnema rpaHuyYHUX
BPEAHOCTU

3yayu Bekpu?, Hukona ®abuaHo®,
Moxamed Ecmaen Camen®, CmojaH PageHosuh

@ Yuueepautet y OpaHy 1, JlaGopaTopuja 3a OCHOBHY M NMPUMEHEHY
mMatemaTuky, OpaH; YHuBepauteTcku ueHtap ,Hyp bawump”, UHcTuTyT
3a Hayke, Oferbetbe 3a Hayky v TexHonorvjy, En bajaa; HapogHa
Hemokparcka Penybnvka Amkwvp,

6 YHuBepauteT y beorpaay, HCTUTYT 3a HykneapHe Hayke ,BuHuya” —
HaunoHanHu nHctutyT Penybnuke Cpbuje,

Beorpapg, Peny6nuka Cpbuja, ayTop 3a npenucky

® YHuBepauTteT BASU, ®akynTeT 0CHOBHMX Hayka, [lenapTMaH 3a

MaTtemaTuky, XameanaH, Vicnamcka Penybnuka Upax

" YHuBepauTeT y Beorpagy, MalumHcku cakynTer,
Beorpaa, Penybnuka Cpbuja
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OBJIACT: matemaTtuka
KATEFOPWJA (TUM) YNAHKA: opyruHanHiu Hay4Hu pag

Caxemak:

Yeo0d/uurb: [Jokasuear-e rnocmojarba pewera 3a rnocebaH criy-
Yaj epaHu4yHoz npobnema wecmoe peda.

Memode: Jlepaj-Lllaydeposa meopema 0 hUKCHOj mMayku Kopu-
cmu ce Oa bu ce o0pedurie HUXE U 20pH-€ epaHuue pewera.

Pesynmamu: lNpoHaheHa cy pewera 0oHe U 20pH-e 2paHule.

Bakpyyak: paHu4yHU npobnem wecmoe peda do3eosbasa pe-
wemsa.

KmbyyHe peuu: flepaj-LLlaydepoea HeruHeapHa anmepHamuea,
lpuHoBa hyHKUuUja, meopema YUKCHE madke, OoHa U 20pH-a
pewersa, npobnem epaHU4YHUX 8pedHOCMU.
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