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Abstract:
Introduction/purpose: The aim of the paper is to prove the existence of
solutions for a special case of the sixth-order boundary value problem.
Methods: The Leray-Schauder fixed point theorem is used in order to
determine lower and upper bound solutions.
Results: Lower and upper bound solutions have been found.
Conclusions: The sixth-order boundary value problem admits solutions.
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Introduction
Many modern mathematical studies are based on modeling phenom-

ena in various applied branches, and simulating the results. Often, it is
important to evaluate the obtained results at least with approximate so-
lutions. One of these cases concerns BVPs related to sixth-degree dif-
ferential equations derived mostly from physical phenomena and applied
mathematics.

Some authors have addressed the problem of obtaining positive solu-
tions to a sixth-degree BVP by employing multiple methods, such as the
spectral operator theory, the general bifurcation theorem, the minimization
theorem, and the fixed point theory in the cone, see references (Möller &
Zinsou, 2013; Tersian & Chaparova, 2002; Li, 2012; Agarwal et al., 2013;
Ji et al., 2012; Kovács & Guedda, 2014; Zhang & An, 2010; Mirzaei, 2016;
Yang, 2019). Not a long time ago, the authors of this paper analyzed sixth-
order BVPs with different boundary conditions at two points (Bekri & Be-
naicha, 2018, 2020). In 2018, see reference (Bekri & Benaicha, 2018), the
same authors formed the conditions for finding the existence of solutions
for a sixth-degree BVP:

−ξ(6)(ε) + ℏ
(
ε, ξ(ε), ξ

′′
(ε)

)
= 0, 0 ≤ ε ≤ 1,

ξ(0) = ω
′
(0) = ξ

′′
(0) = 0,

ξ
′′′
(1) = ξ(4)(1) = ξ(5)(1) = 0,

where ℏ ∈ C([0, 1] × R2). Suitable operators are employed in the proof
of the nonlinear Leray-Schauder alternative. Also, in 2020, (Bekri & Be-
naicha, 2020), created all the necessary factors to prove the existence of
non-negative solutions for a BVP of the sixth-order

−ξ(6)(ε) + z(ε)ℏ
(
ε, ξ(ε), ξ

′
(ε), ξ

′′
(ε), ξ

′′′
(ε), ξ(4)(ε), ξ(5)(ε)

)
= 0,

0 ≤ ε ≤ 1,

ξ(0) = ξ
′
(1) = ξ

′′
(0) = 0,

ξ
′′′
(1) = ξ(4)(0) = ξ(5)(1) = 0,

where ℏ ∈ C([0, 1] × [0,+∞) × [0,+∞) × (−∞, 0] × (−∞, 0] × [0,+∞) ×
[0,+∞) −→ [0,+∞)). The authors focused on the fixed point theorem
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of Leray-Schauder and on a nonlinear version of the theorems of Leray-
Schauder type. For more examples, see (Chabanea et al., 2022; Fabiano
& Parvaneh, 2021; Samei et al., 2021b; Fabiano et al., 2020; Samei et al.,
2021a; Boutiara et al., 2021; Santra et al., 2023; Houas & Samei, 2023;
Hammad et al., 2022; Amiri & Samei, 2022; Boutiara et al., 2023).

This work demonstrates the existence of a solution for sixth-degree six-
point BVPs 

−ξ(6)(ε) + ℏ
(
ε, ξ(ε), ξ(5)(ε)

)
= 0, 0 < ε < 1,

ξ(0) = ξ
′
(0) = ξ

′′
(0) = 0,

ξ
′′′
(1) = ξ(4)(1) = ξ(5)(0) = 0,

(1)

where ℏ ∈ C([0, 1]× R2), and
−ξ(6)(ε) + ℏ

(
ε, ξ(ε), ξ

′
(ε), ξ(5)(ε)

)
= 0, 0 < ε < 1,

ξ(0) = ξ
′
(0) = ξ

′′
(0) = 0,

ξ
′′′
(1) = ξ(4)(1) = ξ(5)(0) = 0,

(2)

where ℏ ∈ C([0, 1]× R3).

This article is structured as follows. The section on the basic concepts
reviews the definition and three lemmas to realize the analysis. Then, the
part on the main results presents some desired results because there are
solutions for two nonlinear sixth-order BVPs. The methodology used here
is based on the Schauder fixed point theorem and the lower and upper
solutionmethod by creating the aforementioned estimates. The fourth, final
part, Application, offers a few similar examples to demonstrate the findings.

Basic concepts
Within this section, a BVP (1) with the condition ℏ ∈ C([0, 1] × R2,R),

and A = C6[0, 1] is put forward. Some lemmas that define the role of the
nonlinear term are summarized and lower or upper solutions are generated.

DEFINITION 1. Assume ζ, η ∈ C2[0, 1] ∩ A lower and upper solution of
the BVP (1), respectively, if for 0 < ε < 1,

− ζ(6)(ε) + ℏ(ε, ζ(ε), ζ(5)(ε)) ≥ 0,
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ζ(0) = ζ
′
(0) = ζ

′′
(0) = ζ

′′′
(1) = ζ(4)(1) = 0, ζ(5)(0) ≥ 0,

− η(6)(ε) + ℏ(ε, η(ε), η(5)(ε)) ≤ 0,

η(0) = η
′
(0) = η

′′
(0) = η

′′′
(1) = η(4)(1) = 0, η(5)(0) ≤ 0.

LEMMA 1. Let it be k ∈ C([0, 1]). So the five-point BVP{
ξ(5)(ε) = k(ε), 0 < ε < 1,

ξ(0) = ξ
′
(0) = ξ

′′
(0) = 0, ξ

′′′
(1) = ξ(4)(1) = 0,

(3)

is simulated by the integral equation

ξ(ε) =

∫ 1

0
χ(ε, ϱ)k(ϱ) dϱ,

where χ : [0, 1]× [0, 1] → [0,+∞) is the Green’s function defined by

χ(ε, ϱ) =
1

24

{
ε3(4ϱ− ε), 0 ≤ ε ≤ ϱ ≤ 1,

ϱ2(ϱ2 + 6ε2 − 4εϱ), 0 ≤ ϱ ≤ ε ≤ 1.
(4)

Define the integral operator P : A→ A by

Pξ(ε) = 1
24

∫ ε

0
ϱ2

(
ϱ2 + 6ε2 − 4εϱ

)
k(ϱ) dϱ+ 1

24

∫ 1

ε
ε3(4ϱ− ε)k(ϱ) dϱ.

According to Lemma 1, if the operator P admits a fixed point in A, it im-
plies that the BVP (1) has a solution. Thus, one found a fixed point of P
in A. Using the theorem of Ascoli-Arzelà, one checks that P is an oper-
ator which is completely continuous. Therefore, a nonlinear alternative of
Leray-Schauder is given.

LEMMA 2. (Deimling, 1985) Let A be a Banach space of and Ψ be a subset
that is open and bounded of A, 0 ∈ Ψ. Let P : Ψ → A be a completely
continuous operator. Therefore, either

(i) ∃ ξ ∈ ∂Ψ and ν > 1 in which P (ξ) = νξ, or
(ii) ∃ ξ∗ a fixed point such that ξ∗ ∈ Ψ.

LEMMA 3. By χ(ε, ϱ) given by (4), the following holds

(J1)
χ(ε, ϱ)

χ(ϱ, ϱ)
≤ 1 for ε, ϱ ∈ (0, 1),
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(J2)
χ(ε, ϱ)

χ(ϱ, ϱ)
≥ V > 0 for ε, ϱ ∈ (0, 1),

(J3) ς =

∫ 1

0
χ(ϱ, ϱ)ϱdϱ, such that ς > 0.

Main results
This section introduces some concepts in the form of lemmas indicating

some bounds on the nonlinear term and the construction of lower or upper
solutions. Consider that ℏ ∈ C([0, 1]× R2), and ℏ ∈ C([0, 1]× R3).

LEMMA 4. Let there be a real ϖ ≥ 0 in which

ℏ(ε, µ, ν) ≤ ϖ, for 0 ≤ ε ≤ 1, ςϖV ≤ µ ≤ ςϖ, −ϖ ≤ ν ≤ 0,

so the BVP (1) admits an upper solution.

Proof. We put Σ(ε) = ξ(5)(ε), so problem (1) is parallel to the equivalent
problem {

Σ
′
(ε) = ℏ (ε, (ϑΣ)(ε),Σ(ε)) , 0 < ε < 1,

Σ(0) = 0,
(5)

where (ϑΣ)(ε) =
∫ 1
0 χ(ε, ϱ)Σ(ϱ) dϱ and χ(ε, ϱ) is given by (4). It is obvious

that the bound on ℏ ensures that Ξ(ε) = ϖε realizes the inequality{
Ξ

′
(ε)− ℏ (ε, (ϑΞ)(ε), ϑ(ε)) ≥ 0, 0 < ε < 1,

Ξ(0) ≥ 0.
(6)

From this, it holds that η(ε) = (ϑΞ)(ε) is an upper solution of the BVP (1).

LEMMA 5. Let there be a real number κ ≤ 0 such that

ℏ(ε, µ, ν) ≥ κ, for 0 ≤ ε ≤ 1, ςκ ≤ µ ≤ ςκV, 0 ≤ ν ≤ −κ,

so the BVP (1) has a lower solution.
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Proof. Suppose that Γ(ε) = κε. Then, it is obvious that the bound on ℏ
ensures that Γ(ε) = κε provides{

Γ
′
(ε)− ℏ (ε, (ϑΓ)(ε),Γ(ε)) ≤ 0, 0 < ε < 1,

Γ(0) ≤ 0,
(7)

this inequality proves that ζ(ε) = (ϑΓ)(ε) is a lower solution of the BVP (1).

COROLLARY 1. The upper solution η(ε) and the lower solution ζ(ε) of the
BVP (1) can be written in a simple manner:

η(ε) =
ϖ

720
ε6 − ϖ

48
ε4 +

ϖ

18
ε3,

ζ(ε) =
κ

720
ε6 − κ

48
ε4 +

κ

18
ε3.

THEOREM 1. Let there be two real numbers ϖ ≥ 0 ≥ κ, ϖ ≥ |κ| such that

ℏ(ε, µ, ν) ≤ ϖ, 0 ≤ ε ≤ 1, ςϖV ≤ µ ≤ ςϖ, −ϖ ≤ ν ≤ 0, (8)
ℏ(ε, µ, ν) ≥ κ, 0 ≤ ε ≤ 1, ςκ ≤ µ ≤ ςκV, 0 ≤ ν ≤ −κ. (9)

If ℏ(ε, µ, ν) is nondecreasing in µ, so the BVP (1) admits a solution ξ(ε) for
which

ζ(ε) ≤ ξ(ε) ≤ η(ε), ζ(5)(ε) ≤ ξ(5)(ε) ≤ η(5)(ε), ε ∈ [0, 1],

where

ζ(ε) = κ

∫ 1

0
χ(ε, ϱ)ϱ dϱ, η(ε) = ϖ

∫ 1

0
χ(ε, ϱ)ϱ dϱ, ς = 1

48 .

Proof. According to formulas (8) and (9), Lemmas 4 and 5 together pro-
duce the result that the BVP (1) accepts an upper solution η(ε) and a lower
solution ζ(ε). Define Γ = ζ(5), Ξ = η(5), therefore Γ

′
(ε) = κ ≤ ϖ = Ξ

′ .
In another way, ϖ ≥ 0 ≥ κ implies ζ(5)(ε) ≤ η(5)(ε). This implies
that χ(ε, ϱ) ≥ 0 and, depending on the boundary condition, ζ(ε) ≤ η(ε),
for 0 ≤ ε ≤ 1. Now, introduce the following operators ∆, Θ, where
∆ : dom∆ =

{
Σ ∈ C1(0, 1) ∩ C[0, 1] → C[0, 1] : Σ(0) = 0

}
is a derivative

operator such that (∆Σ)(ε) = Σ
′
(ε), ε ∈ (0, 1), and Θ : C[0, 1] → C[0, 1] is
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a continuous operator for which

∆Σ = ΘΣ, Σ ∈ dom(∆), (10)

where Θ is given by

(ΘΣ)(ε) = ℏ
(
ε, ϑ

(
min

{
Ξ, max

{
Σ,Γ

}})
,min

{
Ξ, max

{
Σ,Γ

}})
. (11)

This shows that if Σ∗ is a solution of (10), then Γ(ε) ≤ Σ∗(ε) ≤ Ξ(ε),
ε ∈ [0, 1]. Therefore, Σ∗(ε) is a solution of (7). In addition ξ∗(ε) = (ϑΣ∗)(ε)

is a solution of the BVP (1) realizing ζ(ε) ≤ ξ∗(ε) ≤ η(ε). If Γ(ε) > Σ∗(ε),
there exists ε1 ∈ [0, 1] such that Γ(ε1) > Σ∗(ε1). Also,Σ∗(0) = 0 = ζ(5)(0) =

Γ(0) = 0, as Σ∗ and Γ are continuous, so we have an interval (ε2, ε3) in
which Γ(ε2) = Σ∗(ε2) and Γ(ε) > Σ∗(ε), for ε ∈ (ε2, ε3). Then, for ε ∈
[ε2, ε3],

(ΘΣ∗) (ε) = ℏ
(
ε, ϑ

(
min

{
Ξ, max

{
Σ∗,Γ

}})
, min

{
Ξ, max

{
Σ∗,Γ

}})
= ℏ

(
ε, ϑ

(
min

{
Ξ, max

{
Σ∗,Γ

}})
,Γ

)
.

There exists Υ(ε) = Σ∗(ε)− Γ(ε), ℏ and ϑ are monotonic, and one has

Γ
′
(ε) = ζ(6)(ε) ≤ ℏ

(
ε, ζ(ε), ζ(5)(ε)

)
= ℏ (ε, ϑΓ(ε),Γ(ε)) , ε ∈ [0, 1],

Σ∗′
= ℏ

(
ε, ϑ

(
min

{
Ξ,max

{
Σ∗,Γ

}})
, ϕ

)
,

so Υ
′
(ε) ≥ 0, ε ∈ [ε2, ε3]. Consequently, Υ(ε2) = 0 implies Υ(ε) ≥ 0,

ε ∈ [ε2, ε3]. From the relation Γ(ε) ≤ Σ∗(ε), ε ∈ [ε2, ε3]. This contradicts the
given hypothesis. So, Γ(ε) ≤ Σ∗(ε), ε ∈ [0, 1]. The proof of Ξ(ε) ≥ Σ∗(ε),
ε ∈ [0, 1], is analogous to Γ(ε) ≤ Σ∗(ε).

One will now introduce Ω : C[0, 1] → [0, 1], given by

(ΩΣ)(ε) =

∫ ε

0
(ΘΣ)(ϱ) dϱ, ε ∈ [0, 1].

It is obvious that the operator is continuous and a fixed point of Ω is a
solution of the BVP (10). Let there be a set Ψϖ = {ρ ∈ C[0, 1] : ∥ρ∥ ≤
ϖ}, and is easy to observe that Ξ,Γ ∈ Ψϖ. Now, one demonstrates that
Ω : Ψϖ → Ψϖ is a completely continuous operator. By formula (9), one
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obtains ∣∣∣(ΩΣ)(ε)− (ΩΣ)(ϱ)
∣∣∣ = ∣∣∣∣ ∫ ε

0
(ΘΣ)(τ) dτ

∣∣∣∣ ≤ ϖ
∣∣ε− ϱ

∣∣.
That is, {Ω(Ψϖ)} is bounded uniformly and equi-continuous. According

to the theorem of Arzelà-Ascoli, it is affirmed that Ω : Ψϖ → Ψϖ is a com-
pletely continuous operator, and the Schauder fixed point theorem ensures
that Ω admits a fixed point Σ∗ ∈ Ψϖ. Hence,

ξ∗(ε) =

∫ 1

0
χ(ε, ϱ)Σ∗(ϱ) dϱ,

is a solution of problem (1) such that ζ(ε) ≤ ξ(ε) ≤ η(ε), ζ(5)(ε) ≤ ξ(5)(ε) ≤
η(5)(ε), ε ∈ [0, 1].

Now, let us consider problem (2). Suppose that ℏ ∈ C([0, 1] × R3) is a
continuous function. It is possible to obtain lemmas analogue to Lemmas 4
and 5. This is evident by observing that the equation of problem (2) is
parallel to {

Σ
′
(ε) = ℏ(ε, (ϑΣ)(ε), (ΠΣ)(ε),Σ(ε)), 0 < ε < 1,

Σ(0) = 0,

where

(ϑΣ)(ε) =

∫ 1

0
χ(ε, ϱ)Σ(ϱ) dϱ, (ΠΣ)(ε) =

∫ 1

0
Σ(ϱ) dϱ.

LEMMA 6. Let there be a real number ϖ ≥ 0 such that

ℏ(ε, µ, ν, τ ) ≤ ϖ, for 0 ≤ ε ≤ 1,
µ

ς
, 2ν ∈ [0, ϖ], τ ∈ [−ϖ, 0].

So the BVP (2) accepts an upper solution.

LEMMA 7. Let there be a real number κ ≤ 0 such that

ℏ(ε, µ, ν, τ ) ≥ κ, for 0 ≤ ε ≤ 1, µ ∈ [ςκ, 0], 2ν, τ ∈ [0,−κ].

So the BVP (2) admits a lower solution.

In an analogous fashion, we can write the same proof for Lemmas 6
and 7 in the same way, as formulated in Lemmas 4 and 5. The similarity in
Theorem 1 allows obtaining the following results of problem (2).
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THEOREM 2. Let there be two real numbers ϖ ≥ 0 ≥ κ, ϖ ≥ |κ| such that

ℏ(ε, µ, ν, τ ) ≤ ϖ, 0 ≤ ε ≤ 1, µ
ς , 2ν ∈ [0, ϖ], τ ∈ [−ϖ, 0], (12)

ℏ(ε, µ, ν, τ ) ≥ κ, 0 ≤ ε ≤ 1, µ ∈ [ςκ, 0], 2ν, τ ∈ [0,−κ]. (13)

If ℏ(ε, µ, ν, τ ) is nondecreasing in each µ and ν, then problem (2) admits a
solution ξ(ε) such that

ζ(ε) ≤ ξ(ε) ≤ η(ε), ζ(5)(ε) ≤ ξ(5)(ε) ≤ η(5)(ε), ε ∈ [0, 1],

where

ζ(ε) = κ

∫ 1

0
χ(ε, ϱ)ϱ dϱ, η(ε) = ϖ

∫ 1

0
χ(ε, ϱ)ϱ dϱ, ς = 1

48 .

Application
Some examples are given in order to illustrate the results obtained

above.

EXAMPLE 1. Extrapolate the following application of the BVP
−ξ(6) + 1

48

[
ε+ cos ξ(ε) + ξ(5)(ε)

]
= 0, 0 < ε < 1,

ξ(0) = ξ
′
(0) = ξ

′′
(0) = 0,

ξ
′′′
(1) = ξ(4)(1) = ξ(5)(0) = 0.

(14)

There is ℏ(ε, µ, ν) = 1
48 [ε+ cosµ+ ν]. It is not difficult to verify that the

values of ϖ = 24, κ = 0 meet conditions (8) and (9), respectively; hence,

ζ(ε) = 0, η(ε) = 24

∫ 1

0
χ(ε, ϱ)ϱ dϱ,

represented by the lower and upper solutions of (14). According to Theo-
rem 1, problem (14) admits a positive solution ξ∗ such that

0 ≤ ξ∗(ε) ≤ 24

∫ 1

0
χ(ε, ϱ)ϱ dϱ.

Figure (1) shows the search for a result of the comparison of the nu-
merical solution to (14) and its estimate given by the Green’s function.
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Figure 1 – The lower plot is the numerical solution of (14), multiplied by a large
coefficient 4× 103 for comparison purposes, while the upper plot is the estimate
of the above, given by the Green’s function. Observe how the two curves present

the same behavior as functions of ε.

EXAMPLE 2. Extrapolate the following application of the BVP
−ξ(6) + 1

50

[
ε+ sin ξ (ε) + cos

(
ξ

′
(ε)

)4
+ ξ(5)(ε)

]
= 0, 0 < ε < 1,

ξ(0) = ξ
′
(0) = ξ

′′
(0) = 0,

ξ
′′′
(1) = ξ(4)(1) = ξ(5)(0) = 0.

(15)
There is ℏ(ε, µ, ν, τ ) = 1

50 [ε+sinµ+cos(ν)4+τ ]. It is not difficult to verify
that the values ϖ = 25, κ = 0 meet conditions (12) and (13), respectively;
hence,

ζ(ε) = 0, η(ε) = 25

∫ 1

0
χ(ε, ϱ)ϱ dϱ,

are the lower and upper solutions of (15). According to Theorem 2, prob-
lem (15) admits a positive solution ξ∗ such that

0 ≤ ξ∗(ε) ≤ 25

∫ 1

0
χ(ε, ϱ)ϱ dϱ.

Figure (2) shows the desired result of the comparison of the numerical
solution to (15) and its estimate given by the Green’s function.
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Figure 2 – The lower plot is the numerical solution of (15), multiplied by a large
coefficient 4× 103 for comparison purposes, while the upper plot is the estimate
of the above, given by the Green’s function. Observe how the two curves present

the same behavior as functions of ε.
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