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Abstract:

Introduction/purpose: The paper presents a novel approach to certain
well-established fixed point theorems for multivalued probabilistic con-
tractions in b-Menger spaces, leveraging the boundedness of the orbits.
The aim was to generalize and enhance the results previously derived
by Fang and HadZzic.

Methods: The boundedness of orbits in b-Menger spaces is used to es-
tablish their approach for multivalued probabilistic contractions.

Results: The findings of the study not only generalized the existing fixed
point theorems but also enhanced them significantly. The effectiveness
of the approach in extending the results originally proposed by Fang and
Hadzi¢ was showcased. Moreover, the applicability of the coincidence
fixed point theorem in fuzzy b-metric spaces was demonstrated.
Conclusions: The study presented a novel perspective on fixed point the-
orems in multivalued probabilistic contractions within b-Menger spaces.
By leveraging boundedness and introducing a coincidence fixed point
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theorem for fuzzy b-metric spaces, the work contributed to the advance-
ment in this field.

Key words: fixed point, b-Menger spaces, multivalued 1-contraction,
fuzzy b-metric space.

Introduction

In 1981, Vul'pe et al. (Berinde & Pacurar, 2022) introduced the concept
of b-metric space as a generalization of metric spaces, a framework later
utilized by Bakhtin and Czerwik (Bakhtin, 1989; Czerwik, 1993) to estab-
lish the well-known Banach fixed point theorem in these spaces (Banach,
1922). The significance of the fixed point theory resonates across vari-
ous branches of pure and applied mathematics due to its broad range of
applications.

The concept of probabilistic metric spaces, introduced by K. Menger in
1942 (Menger, 2003), constitutes a crucial extension of metric spaces. The
exploration of the fixed point theory in Menger spaces, concerning both
multivalued and single-valued contractions, has become an integral part
of probabilistic analysis, attracting the attention of numerous mathemati-
cians (Achtoun et al., 2023; Mbarki & Oubrahim, 2017; Huang et al., 2023;
Mihet, 2005; Patle et al., 2019). Recently, Mbarki and Oubrahim (Mbarki
& Oubrahim, 2017) introduced the b-metric version of probabilistic met-
ric spaces, termed a b-Menger space, which stands as the most general
concept among those mentioned earlier. Notably, numerous fixed point
results have been derived within this type of space (Mbarki & Oubrahim,
2017; Mihet, 2005). A parallel idea emerged in the realm of fuzzy met-
ric spaces, where Nadaban (Nadaban, 2016) introduced the concept of
a fuzzy b-metric space, generalizing the notion put forth by Kramosil and
Michalek (Kramosil & Michalek, 1975).

The concept of multivalued contractions in metric spaces was pioneered
by Nadler (Nadler Jr, 1969), and Hadzi¢ (Hadzic, 1989) later extended this
notion to multivalued v-contractions in probabilistic metric spaces. She es-
tablished a fixed point theorem employing the concept of probabilistic func-
tion of non-compactness. Building on this foundation, Fang (Fang, 1992)
presented a generalization of HadZi¢’s results by substituting the condition
of a continuous t-norm with a t-norm of H-type.

This paper contributes a new fixed point theorem for multivalued map-
pings satisfying 1-contractive conditions in b-Menger spaces, leveraging
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the concept of bounded orbits. As an application, these results are ex-
tended to establish a corresponding fixed point theorem in fuzzy b-metric
spaces. These authors’ findings not only improve upon the work of Hadzi¢
(Hadzic, 1989) and Fang (Fang, 1992) but also generalize their results.

The structure of this article unfolds as follows: Section 2 provides es-
sential concepts and lemmas in b-Menger spaces. Section 3 establishes
the existence of fixed points for multivalued -contractions in b-Menger
spaces, employing two distinct approaches and offering illustrative exam-
ples. Finally, Section 4 identifies a coincidence fixed point for multivalued
1-contraction mappings in fuzzy b-metric spaces.

Preliminaries

To start with, here are some basic definitions and facts from b-Menger
spaces.

Definition 1. Let AT be the class of all distance distribution mappings ~ :
[0, 4+00] — [0, 1] such that:

1. v is left continuous on [0, +o0],

2. = is non-decreasing,

3. v(0) =0 and y(4o00) = 1.

The subset Dt C A* is the set DT = {7 eAT: lim v(a)= 1}.

a——+00
As a specific element of DT is ¢, defined as:

_f o0 if o€ (—o0,q],
ca(@) = { 1 if ae€(a,+00).

Definition 2. (Schweizer & Sklar, 1983) A triangular norm (briefly t-norm) is
a binary operation 71 on [0, 1] such that for all u,v,w € [0, 1] the following
conditions are verified:

1. e, B) = 1B, @),

2. Ve, 1(B,7)) = 1, 5),7),
3 e, B) < a,y) for g <n,
4. T, 1) =T1,a) =«

Example 1. Here the most basic t-norms are cited:
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1. The minimum t-norm T/ (a, 8) = min(a, ).
2. The Lukasiewicz t-norm T («a, 8) = maz(a +  — 1,0).
3. The product t-norm Tp(a, ) = a - 8

Definition 3. (Pap et al., 1996) A t-norm 7 is said of H-type if the family
(7"()),,en s €qui-continuous at the point o = 1, it means that :

foralle € (0,1), thereexists A € (0,1) : t > 1=\ implies 1" (t) > 1—e foralln > 1,

where for all o € [0, 1] and n € N there exists:

7 _ )1 if n =20,
THe) = { T @), ) otherwise.

A simple example of H-type t-norm is T,;, unlike T, is not of H-type.
The readers are referred to (Pap et al., 1996) for more details.

Definition 4. (Mbarki & Oubrahim, 2017) A quadruple (T, F, 7, s) where T is
a nonempty set, F is a function fromT" x I" into A™, Tisat-normand s > 1
is a real number, is called a b-Menger space if the following requirements
are verified for all p,o,9 € T"and t,v > 0:

1. Fp,p = €0,
2. Fp,a%e() if p#o,
3. Fp,o‘ = Fo,p;

4. Fpo(s(t+v)) > F po(t), Foe(v)).

Note that a Menger space is a b-Menger space with s = 1.
In the topology created by the family of (¢, \)-neighborhoods:

N ={N,(e,\): peT, e>0 and X >0},
where:
Np(e,N) ={qeT: Fpqle) >1—A}.

The space (I, F,,s) is a Hausdorff topological space if the t-norm
T is continuous, as demonstrated by Mbarki and Oubrahim (Mbarki &
Oubrahim, 2017)

Definition 5. A sequence {w,} in a b-Menger space (', F, 7, s) is said to
be:
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1. Convergent to w € T if for any given ¢ > 0 and \ > 0 there exist
N € N satisfying F .,, .(\) > 1 — e whenevern > N.
2. Strong Cauchy sequence ifforany e > 0 and \ > 0 there exist N € N
satisfying F .,, «,,(A) > 1 — e whenever n,m > N.
A b-Menger space (T, F , 1, s) is complete if each Cauchy sequence in T is
convergent to some point in T.

In the following, it is assumed for the b-Menger space (T, /, T, s) that
T is a continuous t-norm, and the class of all nonempty closed subsets of
" is denoted by C(T"), where for all U,V € C(T') and w € T the functions
F,u(.) and Fyy(.) are defined as follows:

Fou(t)=supflou(t) forallteR,
velU
and

Fuv(t) = irelfU Slel‘}; Fuoo(t) forallteR.
v

The first result is the following:

Lemma 1. Let (T', F, 7, s) be a b-Menger space, then for all U € C(T") and
w,v €I there is

Fou)=1forallt>0if andonlyif we U.

Proof. If F,(t) = 1forallt > 0, then for any e > 0 and X € (0, 1) there
exists wp € U such that F, , (¢) >1—X. AsU € C(I') thenw € U.
On the other hand, if w € U, then

Fw,U(t) = sup F wu(t)
velU

> Fow(t)=1 forallt>0.
Hence F,u(t) =1 forallt>0. O

Definition 6. Let (T, F, 71, s) be a b-Menger space and U a nonempty set of
I'. The function Dy defined on [0, +occ] by

lim 6y (t if 0<w< +o0,
Dy(w) = { t-w- ult) S
1 if w=+o0,
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where
Ou(t) = inf {F o4(t) | a,b € U},

is called the probabilistic diameter of U.

It is clear that Dy € A™ forany U c T, and for all p,q € U. Also U is
bounded if Dy; is into DT.

Lemma 2. Let (T', F, 1, s) be a b-Menger space and U a nonempty set of
I', the probabilistic diameter has the following proprieties:

1. Forall a,b € U, there exists F,;, > Dy.

2. Dy = ¢ ifand only if U is a singleton.

3. IfU C V, then Dy > Dy,.

Main result

Throughout this section, a point z € I' is said to be a fixed point of
f:T = CM)ifz € fz. Ifforwg € T, there exists a sequence {w;} C T
such that w; € fw;_1, then pr(wo) = {wo,w1,ws, ...} is called an orbit of f
starting at wy.

Let x denote the family of all function ¢ : [0, +00) — [0, +00) satisyfing

0<¢(t)<t and ET P"(t) =0 forallt>D0.

The definition of multivalued probabilistic ¢-contraction is first intro-
duced in a b-Menger space.

Definition 7. Let (I, F,™1,s) be a b-Menger space and ¢ : [0,+0c0) —
[0,+00).A @ mapping f : I' — C(I") is called a multi-valued probabilistic
W-contraction if for every w,v € T and every p € fw there exists o € fuv
such that

Foo((t) > Fuu(st) forallt>O0. (1)
Remark 1. Note that if f is a multi-valued 1)-contraction, there exists
F pu,fo(¥(t)) = Fuu(st) forallw,v €T, andt > 0. (2)

Before stating the main result, one will use later the following lemma.
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Lemma 3. Let {w,} be a bounded sequence in a b-Menger space
(T, F, 71, s)where RanF C D™. If there exists a function v € x such that

Fnwn (W) > Fuw, 1w . (st) foralln,m > 0suchthatm > nand forallt
(3)

Then {w,} is a Cauchy sequence.

Proof. Let {w,} be a bounded sequence in I' that satisfying the condition
(3). Then one obtains

Faonion W (1) = Fa, w0, (s9"7H(1)
) R ()

(Y1)

L W)

On the other hand, let e > 0 and § € (0, 1) be given, since D, (t) — 1 as
t — +oo, then there exist ¢t > 0 such that

'Dp(w)(to) >1-—20.
From that ¢ (ty) — 0 as n — +o0, then there exist ny € N satisfying
Y"(ty) < € whenever n > ny.

By using the monotonicity of F, one obtains

Fwn,wm<5) > Fw,wn (@Dn(t()))
> Dp(w) (to)
>1-—0.

Therefore, {w, } is a Cauchy sequence. O

Theorem 1. Let (T, F, 71, s) be a complete b-Menger space where Ranf C
Dt and f : T — C(T") is a multivalued probabilistic +)-contraction mapping
with ¢ € x. If all the orbits o (. for some w € T are bounded, then there
exists z € I satisfying z € f=z.
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Proof. Let wy € I" and w; € fwy such that the orbit o, starting at wy is
bounded. Then there exists ws € fw; thus by (1) one obtains

Fonwn(0(#)) > F o (st) forall t > 0.

Inductively, one constructs a sequence {w, } satisfying the following condi-
tions:

Wntt € fwn and F o, 0, (V) > Fu, w0, (st) foralln €N, andt > 0.

It will shown first that for each ¢t > 0,

F o wonim (W) 2 F s wnim_i(8)  for all m > 0. 4)

It is obvious that (4) is true for m = 1.
It is claimed that (4) holds for m > 0.
Since wy, € fw,—1 and wpimi1 € fwnaim, Using Remark 1, one gets

mewnerJrl (’l[)(t)) Z Ffwn—lvwn+7n+1 (¢(t))
Z Ffwn,l,fwn+m (’(/}(t)>
Z Fwnfl,wner (St)

So, by induction, it is proved that (7) holds for all m > 0.

Therefore, from Lemma 3, it follows that {w,,} is a Cauchy sequence.

As (I', F, T, s) is complete, then {w, } converge to some z € T".

It will be demonstrated that z is a fixed point within f. For that, lett > 0,
then, from (1), one has

Fwn,fz(d’(t)) > Fwnfl,Z(St)
Z Fwn—l,z(t)'

Since that ¢ € y, it follows
Fonf2(t) = Fu,_2(1),
by letting n — +oc one gets
F.p(t)>1 foreacht >0,

which implies by Lemma 1 that z € fz. Hence, z is a fixed point of f.
O
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Example 2. Let " = [0, +00). Define F : T x ' — AT by
Fuw(t) = et — |w—v]?).

Itis claimed that (T, F, 71, 2) is a complete b-Menger space. Let us consider
the mapping f : I' — C(I') given by f(w) = [0, &].
It will be proven that for all w,v € T"and p € fw there exists ¢ € fv such
that

Fpqg((t) > Fuu(2t).

With ¢(t) = 3t. Letw,v € T'and p € fw one has
Case 1 If p < ¢ then p € fu. so there exists o € [0, §] such that

| |<‘(.U v
-0 - ——|.
p =273

Case 2 If p > 5, since 0 < p < %, one gets

V<, VoW v
=PT 9 =977
Then if one takse o = 5, one obtains
w v

—o|<|= -2,
lp 0\_‘2 5

Therefore, from case 1 and case 2, one obtains that

Fpa(w(t» - EO(Zt - ‘)0 - 0—’2)
3 w  vl|2
,t = = —
zeolt—|53 7 3])
= ot~ gl —vf?)
> eo(3t — |w —v]?)
> Fww(2t)

Since p(0) is bounded, then all the conditions of this Theorem are satis-
fied. Hence f have a fixed point which is 0.

Remark 2. One should mark down that the condition propriety about the
boundedness of the orbits p(w) is an obligatory condition to prove the
existence of a fixed point as the next example shows.
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Example 3. (Sherwood, 1971) Define the distribution function as:

0 if <4,
K(t>_{1—i Si 2¢<t<2ot a>1.

Consider " = {1,2,3, ...,a,...}. Define F : T' x I' — D™ as follows :

a,a+b\l) = _ili (]C(Qat),/C(2a+1t), .”’]C(Qa"‘bt)) if ¢t>0.

Then, one obtains that (', f,™;,1) is a complete b-Menger space, and
since every single-valued mapping is a multi-valued mapping, one puts
f(a) = a+ 1, which is y-contractive with ¢ (t) = 1¢. However, f have no
fixed point, since there exists any n € I' such that p;(w) is bounded.

Lemma 4. Every Cauchy sequence in a b-Menger space (T, F , 7, s) such
that RanF C D' is bounded.

Proof. Let {w,} be a Cauchy sequence. Taking ¢ > 0, then for ¢ > 0 there
exists a positive integer N € N such that

Fy, 0, (t) >1—€¢ whenever n,m > N. (5)
Since Ranf C DT there exists to > t such that

Fy, w, (to) > 1 —¢€ whenever n,m < N. (6)
Then, from (5) and (6), one obtains

Fo, w, (to) > 1 —¢€ whenever n,m € N.

Hence,
Gp(w) (tO) >1—¢
which implies also that for all ¢; > ¢y one gets
Qp(w) (tl) > Qp(w) (tl) >1—ce
Since that ¢ > 0 is arbitrary, there is ¢; > 0 such that
Dp(w) (tl) >1—c¢€.

Thus,
Dywy(t1) = 1 asty — +oo.

The proof is completed. O
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Lemma 5. Let (T, F, T, s) be a complete b-Menger space where Ranf C
Dt and f : T — C(T') is a multivalued 1)-probabilistic contraction mapping
on T with ) € x. If the t-norm 7 is of H-type, then for all w € T, the orbit
pf(w) is bounded.

Proof. Let w € I and {w,} be a sequence of the orbit p(w) starting at w.
From Lemma 4, it suffices to show that {w,, } is a Cauchy sequence.
Since f is y-probabilistic, then there exists ¢ € x such that

F o wnn (W) > Fo, w0, (st) foralln eN, andt > 0.
Then, by induction, it is shown, as in the proof of the Theorem, that

Fwn,wn+k (¢(t)) Z F"Jn717wn+kfl(8t) fOT CL” k > O (7)

Next, for k = 1, one obtains that

FWmWn-H (wn(t)) Z Fwo,wl (St)
> [ wown () foralln € Nandt > 0.

Since lim F ., () =1.
t——+o00

Then, for any e € (0, 1], there exists ¢y > 0 such that
Fwo’m (to) >1—e€.
As i € x, then there exists t; > ¢ty such that

lim " (t) = 0.

n—-4o0o
So forany t > 0, there exists ny € N such that
Y™ (t1) <t forall n > ny.

By the monotonicity of F', one has for all n > ny,

FmenH(t) > mewnu(wn(tl))
> wown (t1)
> F wown (to)
>1—e
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Hence
lim Fy, 0., ()=1 forallt>D0. (8)

n—-+oo

Now, one proves by induction that for any & > 2,

F o wnsn (st) > Tt (Fwn,wn+1(t - T/J(t))) . 9)

Inequality (9) is satisfied for k = 3.
Now, suppose that (9) holds for & > 2.
Using (7), the monotonicity of 7 and the induction hypothesis, one obtains

Fwn,wn+k+1($t) = Fw717wn+k+1 S( %ZJ t)) + 57/’@))

( (
> W wpwna (&= D), F s wn i (@(1))
> _I(Fwn,wnﬂ(t w(t»?Fwn,wnM (st))
> T wpionyn (= @), TN o (8= (1))

= T w0 yr (= 0(1))).

Hence, (9) is proved for all £ > 2.
Now, let € € (0,1) be given. From that 7 is of H-type, there exists § > 0
such that

T(t)>1—€ forallte (1—46,1] andn € N. (10)
As =20 > o, then by (8), one has that
lim mewﬂﬂ(t_w(t)) =1.

n—-+4o0o

So, there exists V € N such that for all n > N one obtains

t— (1)

Fwn,wnﬂ( ) >1-9.

Finally, from (9) and (10), one gets

t— Yt
Fanwnin(t) > -lk_l(mewnH( ;D( ))) >1—¢€ foralln> N, and k > 1.

Therefore, {w,} is a Cauchy sequence, which implies from Lemma 5 that
pf(w) is bounded. O

As a direct consequence of Theorem 1, Lemma 4, and Lemma 5, one
obtains the following result
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Corollary 1. Let (T, F, T, s) be a complete b-Menger space with 7 is of H-
type and f : T' — C(I') is a probabilistic 1)-contraction mapping where
1 € x. Then there exists z € T satisfying z € fz.

Next, here is an example to illustrate corollary 1.

Example 4. Let " = [0, +00). Define £ : T' x I' — AT as follows
Fuu(t) = et — |w—v]?).

It is easy to check that (T, F, Ty, 2) is a complete b-Menger space with
Ty is of H-type. And one considers the function f : T' — C(T") given by

flw)={1,%.%}.

Then, for any w,y € " and p € fw, there are the following cases:

Case1 If p =1 € fw, then one chooses p = o.

Case2 If p= % € fw, then one chooses o = %

Case 3 If p= % € fw, then one chooses o = 3.
Now, it is necessary to show that the -contraction is satisfied with p(t) =
1

5t.

2

For case 1, there is

F po(1) = eol 1) = eo(21),
hence

Foo(3t) > eof2t — w— of?)

= Fww(2t)
Case 2 gives
Foolgt) =colgt = |2 = 2[) = co(2t — o — vl?) = Fuu(20)
Finally, for case 3, one obtains
Frolzh) =zt = |5 = 3] = colgt —lw—u)

hence

Fool31) > cof2t — o~ vf?)
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= F wu0(2t).

Thus, all the conditions of the above Corollary are satisfied, which implies
that f admits a fixed point.

Coincidence point theorems in a fuzzy b-metric space

Prior to announcing the coincidence, recall first the Definition of a fuzzy
b-metric space.

Definition 8. A quadruple (T', 2,7, s) where T is an arbitrary nonempty set,
I' is a continuous t-norm, Z is a fuzzy setonI' xI' x (0,4+00) and s > 1 is a
real number, is called a fuzzy b-metric space if the following conditions are
verified:

1. Z

ECEE
=
~
|

O A D
[\

Z(a, B,.) : [0,400) — [0, 1] is left-continuous and nondecreasing
forall a,B,v € T"and t,v > 0.

When s = 1 then (T', 2,7, s) is a fuzzy metric space in the form of Kramosil

and Michalek (Kramosil & Michalek, 1975).

The definition of a multivalued +-contraction in a fuzzy b-metric version
is given as the following.

Definition 9. Let (T, Z, 7, s) be a fuzzy b-metric space and v : [0, +00) —
[0,+00). A mapping f : I' — C(I') is called a multivalued fuzzy -
contraction if for every w,v € T and every p € fw there exists o € fuv
such that

Z(p,o,9(t)) > Z(w,v,st) forallt>0.

Theorem 2. Let (T, Z,71,s) be a complete fuzzy b-metric space where
lim Z(w,v,t) = 1forallw,v € I"'and f : I' — C(I) is a multivalued

t——+o0
fuzzy +-contraction mapping with v € x. If all the orbits ©y,,) for some

w € T" are bounded, then there exists z € T" satisfying z € fz.

576



Proof. From that Z(w, v, .) is left-continuous and nondecreasing mapping
for all w,v € T', then by taking F, ., (t) = F (w,v,t) forall ¢ > 0 and since
the condition of f , ,(4+00) = 1 has not been used in the proof of theorem
1, it implies that this result holds. ]

Similarly, from Corollary 1, one obtains

Corollary 2. Let (T', Z, 7, s) be a complete fuzzy b-metric space with 7 is of
H-type and f : T' — C(T') is a fuzzy 1)-contraction mapping where ) € .
Then there exists z € T satisfying z € fz.

Conclusion

In summary, the novel approach applied in this study has led to signifi-
cant advancements, generalizing and enhancing the results originally pro-
posed by Fang (Fang, 1992) and Hadzi¢ (Hadzic, 1989). These achieve-
ments mark a notable contribution to the fixed point theory literature, partic-
ularly in the context of multivalued maps within probabilistic metric spaces.
Additionally, the authors introduced and defined the concept of multival-
ued y-contraction in a b-Menger space, extending it to encompass fuzzy
b-metric spaces. Moreover, this exploration uncovered a meaningful con-
nection between the boundedness of orbits and the H-type t-norms, pro-
viding valuable insights into the interplay between these concepts. As a
consequential outcome, coincidence point theorems applicable to fuzzy b-
metric spaces are derived, adding a new dimension to the understanding of
these spaces and their applications in the context of multivalued mappings.
This comprehensive study not only broadens the theoretical foundations
but also opens avenues for further research and exploration in the rich and
diverse field of the fixed point theory.
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Explorando la probabilidad multivaluada v-contracciones con
orbitas en espacios b-Menger
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TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccién/objetivo: EI articulo presenta un enfoque novedo-
So para ciertos teoremas bien establecidos de punto fijo para
contracciones probabilisticas multivaluadas en espacios de b-
Menger, aprovechando la acotacién de las orbitas. El objetivo
era generalizar y mejorar los resultados obtenidos anteriormen-
te por Fang y HadZic.

Métodos: La delimitacion de las 6rbitas en los espacios b-
Menger se utiliza para establecer su enfoque para contracciones
probabilisticas multivaluadas.

Resultados: Los hallazgos del estudio no sélo generalizaron los
teoremas del punto fijo existentes, sino que también los mejo-
raron significativamente. Se demostré la eficacia del enfoque
para ampliar los resultados propuestos originalmente por Fang
y AdZic. Ademas, se demostro la aplicabilidad del teorema del
punto fijo de coincidencia en espacios b-métricos difusos.
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Conclusion: El estudio presenté una perspectiva novedosa so-
bre los teoremas del punto fijo en contracciones probabilisticas
multivaluadas dentro de espacios de b-Menger. Al aprovechar la
acotacioén e introducir un teorema de punto fijo de coincidencia
para espacios b-meétricos difusos, el trabajo contribuyé al avance
en este campo.

Palabras claves: punto fijo, espacios b-Menger, contraccion -
multivaluada, espacio b-métrico difuso.
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B[O CTATbW: opurnHanbHas Hay4Hasi cTaTtbs

Pesrome:

BsedeHue/uenb: B daHHoU cmambe npedcmasrieH Ho8bil r1o0-
X00 K HEKOMOPbIM 06wernpu3HaHHbIM meopemam O Hernoo8uUX-
HOU mouyke 05151 MHO203Ha4YHbIX 8ePOSIMHOCMHbIX COKpaueHul 8
b-MeHa2epo8CKUX rpocmpaHcmeax ¢ UCrosib308aHUeM o2paHUu-
yeHHocmu opbum. Llesnbto daHHOU cmambu 66110 0606wWume u
yryqwums rpedbidyujue pesynbmamel, nosy4YeHHbie @aHaoM u
Xaoxuuem.

MemoO0si: OzpaHu4yeHHocmb opbum e b-npocmpaHcmeax Men-
eepa ucrionib3yemcs 0ns1 onpedesieHuUs ux noodxoda K MHO20-
3Ha4YHbIM 88POSIMHOCMHbIM CXamusiM.

Pesynbmameli: Pe3dynbmamsl uccriedogaHusi He morsko 0606-
wunu cywecmeyrouue meopembl 0 Hernoo8UXHOU MOYKe, HO
U CcywecmeeHHO UX ycoeepweHcmeosasnu.  bbina npode-
MOHCmMpuposaHa 3aghghekmusHocmb nModxoda 8 pacwiupeHuu
pes3ynbmamos, repeoHaqYasribHO npeonoxeHHo2o0 ®aHaoM U
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Xaodxu4dem. Kpome moeo, bbina npodemMoHcmpuposaHa npume-
HUMOCMb meopeMbl O HeNOOBUXXHbIX MOYKax U mo4ykax coerna-
OeHus1 8 HeYemKUX b-Mempu4YecKux npocmpaHCcmeax.

Bbigodsi: B uccnedosaHuu npedcmasneH HoebIlU 63251510 Ha
meopembl 0 HEMOOBUXHbBIX MOYKax 8 MHO203HaYHbIX 8eposim-
HOCMHbIX cxXamusix 8 b-npocmpaHcmeax MeHzepa. Mcrionb3ysa
O2paHU4YeHHOCMb U 880051 meopemMy O cogrnadeHuUU Hernoo8LX-
HbIX MOYeK 0511 HeHdemKux b-mempuy4eckux npocmpaHcms, daH-
Hasi cmambsi eHocum 6orbuwioli eknnad e usyvyeHue 0aHHoU obra-
cmu.

Knrouesbie crioea: HernoOsuxHasi mouka, b-npocmpaHcmea
MeHzaepa, MHO203Ha4yHoe  1p-cxxamue, Heyemkoe  b-
Mempuyeckoe rpocmpaHcmeo.
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OBINACT: matemaTtuka
KATEFOPWJA (TUM) YNAHKA: opurmHanHiu Hay4Hu pag

Caxemak:

Yeod/uurb: Pad npedcmasrba Hosu npucmyn odpeheHum do-
bpo ymepheHum meopemama O (PUKCHOj mayku 3a euLEe3HaY-
He 8eposamHoCcHe KOHmMpakuyuje y b-MeHzeposum rnpocmopuma,
Kopucmehu oegpaHudeHocm opbume. Lurb je 6uo Oa ce 2eHe-
panu3syjy u nobosbluajy npemxodHU pe3ynmamu Koje cy usgenu
®aHe u Xayuh.

Memode: KopuwheHe cy oepaHudeHocmu opbuma y b-
MeHzeposum rnipocmopuma Koje ycriocmaersbajy ¢8oj npucmyrn
3a 8UWE3Ha4YHe 8epoOBaImMHOCHEe KOHmpakyuje.

Pesynmamu: Hana3u cmyduje HuUcy caMo 2eHeparnu3osarnu ro-
cmojehe meopeme 0 ¢hUKCHOj madku geh cy ux u 3HadajHo ro-
bosrbwanu. [MpedcmasrbeHa je u eghekmusHocm npucmyna y
npowupery pesynmama Koju cy rnpeobumHo rnpednoxunu PaHe

581

Achtoun, Y. et al, Exploring multivalued probabilistic ¢)-contractions with orbits in b-Menger spaces, pp.563-582



@i VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 2

u Xaypuh. Takohe, OeMOHcmpupaHa je npuMeHs/bUsocm me-
opeme KOUHUuUOeHUuUje O (bUKCHOj mayku y pacrmauHymum b-
MempuYKUM rpocmopuma.

Bakrbyyak: Cmyduja je npedcmasurna Ho8y repcriekmusy me-
opeme QUKCHE mayke y 8Ue3Ha4YHUM 8epO8armHOCHUM KOH-
mpakyujama yHymap b-MeHzeposux ripocmopa. Kopuwhere
oepaHuyeHocmu U yeoher-e ¢bUKCHe crlydajHocmu meopema
mayke 3a pacriuHyme b-mempuyke ripocmope rnpedcmassba
donpuHoc yHanpehery oge obnacmu.

KmbyyHe peuu: c¢pukcHa madka, b-MeHzeposu npocmopu, eu-
We3Ha4yHO rpecriukasame 1)-KoHmpakuyuja, pacrniuHyma b-
mMempuka.
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