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Abstract:

Introduction/purpose: Degree-based graph invariants are a type of
molecular descriptor that represent the connectivity of atoms (vertices)
in a molecule through bonds (edges). They are used to model structural
properties of molecules and provide valuable information for fields such
as physical chemistry, pharmacology, environmental science, and mate-
rial science. Recently, novel degree-based molecular structure descrip-
tors, known as Sombor index-like graph invariants, have been explored
from a geometrical perspective. These graph invariants have found ap-
plications in network science, where they are used to model dynamic
effects in biological, social, and technological complex systems. There
is also emerging interest in their potential military applications. Among
these descriptors is the KG-Sombor index which is defined using both
vertex and edge degrees.
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Methods: The study uses combinatorial graph theory to identify and an-
alyze extremal graphs that either maximize or minimize the KG-Sombor
index.

Results: The extremal graphs are characterized concerning the KG-
Sombor index, with a particular focus on trees, molecular trees, and uni-
cyclic graphs.

Conclusion: This research advances the theoretical understanding of
Sombor index-like graph invariants.

Key words: KG-Sombor index, tree, unicyclic graph, molecular tree.

Introduction

Let G = (V, E') be a graph with the vertex set V' and the edge set E. For
a vertex v, the degree of the vertex v, denoted by d,,, is the number of edges
incident with v. The first Zagreb index M; and the second Zagreb index M>
of the graph G are among the most famous and extensively studied vertex-
degree-based topological indices (Gutman & Das, 2004; Horoldagva et al.,
2021; Selenge & Horoldagva, 2015; Zhang & Zhang, 2006) defined as:

Mi(G)= ) (du+tdy) and My(G)= ) dudy.

wweE wekl

For an edge uv, (d,, d,) and (d,, d,,) are referred to as the degree-points
of the edge wv. Let O be the origin of the coordinate system, and M (d,, d,)
and M*(d,,d,) represent the degree-points of an edge. The distance be-
tween the points O and M is /d2 + d2. Computing this for all edges in a
graph and summing them yields the Sombor index (Gutman, 2021), defined

as:
SO(G)= > [OM|= > \/d +d2. (1)

uwveE wek

The Sombor-type indices (Dorjsembe & Horoldagva, 2022; Gutman,
2022, 2024; Tang et al., 2023) represent the latest addition to a plethora
of topological indices in chemistry. The degree of an edge e = wv € E,
denoted by d., is the number of edges incident to e. In (Kulli et al., 2022);
a novel topological graph invariant named the KG-Sombor index is intro-




duced:

KG(G)=> i+, (2)

where ) = denotes summation over the vertices u € V' and the edges
e € Fincident to . Some fundamental properties of the KG-Sombor index
are established in (Kulli et al., 2022), along with its relationships with other
topological indices.

Cruz et al. (Cruz et al., 2021) and Cruz and Rada (Cruz & Rada, 2021)
investigated the extremal values of the Sombor index for chemical graphs,
unicyclic graphs, and bicyclic graphs. Recent studies on the Sombor index
and the KG-Sombor index can be found in (Damnjanovi¢ et al., 2023; Das
et al., 2021; Horoldagva & Xu, 2021; Kosari et al., 2023; Liu et al., 2022;
Rada et al., 2021; Selenge & Horoldagva, 2024) and the references cited
therein. In this paper, we aim to determine the extremal graphs concerning
the KG-Sombor index for trees, unicyclic graphs, and chemical trees of a
given order.

KG-Sombor index of trees and unicyclic graphs

For e = uv of a graph G, let us denote

Fdyydy) = V@2 + (dy + dy — 2)2 + /@2 + (dy + dy — 2)? 3)

and call it the weight of uv. On the other hand for an edge ¢ = uv, there
are two terms in the summation ) © . Hence, we can reformulate the KG-
Sombor index as follows.

KG(G) =Y f(du,dy). 4)

uwveE

LEMMA 1. (Gutman & Das, 2004) Let T' be a tree of order n > 2. Then
M, (T) > 4n — 6 with equality if and only if 7" is isomorphic to P,.

Kulli et al. (Kulli et al., 2022) stated the following theorem without proof
and mentioned that the proof is analogous to the proof of Theorem 2 in
(Gutman, 2021). We now give the proof of it using the well-known result of
Lemma 1.
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THEOREM 1. Let T be a tree of order n > 3. Then

4V2(n — 3) +2v2 +2v5 < KG(T)
< (n—1)(vVn2—4n+5+/2n%—6n+5) (5)

with equality on the left-hand side if and only if T' is isomorphic to P,, and
equality on the right-hand side if and only if T' is isomorphic to S,,.

Proof. From (3), one can easily show that

1 1
1
= 5(3(du+dv) —4) (6)

with equality if and only if d,, = d,, = 2.

Since T is the tree, it has at least two pendent edges. Let us denote by
f(1,d,) and f(1,d,) the weights of two pendent edges e; and e,, respec-
tively. Thend, > 2, d, > 2 and

F(Lide) = /14 (dp — 1)2 + /2 + (d — 1)2. (7)
First, it is shown that for d, > 2,
F1,d0) = 224, 4 V5 - 23 = gld) ®

with equality if and only if d, = 2. If 2 < d, < 6 then from (7) and (8), one
obtains f(1,2) = V5+v2 = g(2), V5+V13 = f(1,3) > ¢g(3) = 2.5v2+/5,
VID+5 = f(1,4) > g(4) = 42 + V5, VIT + VAT = f(1,5) > g(5) =
5.5v2 + /5 and v/26 + /61 = f(1,6) > g(6) = 7v/2 + +/5. On the other

hand, one gets
fl,dy) >dy —14+V2(dy —1) = (1 +V2)(dp — 1)
and from this it can easily be seen that inequality (8) holds for all d, > 7.

Similarly as the above there is

f1.4,) > 224, 1 VE—2v3 ©)

with equality if and only if d, = 2.




Then by the definition of the KG-Sombor index and (6), one gets
=3 fldwdy) = > fdudy) + F(1,de) + f(1,dy)

uwvek uwveE\{e1,e2}

1
27 [(3(du+dv)_4)]+f(1ad:r)+f(17d )
\/iuUEE\Z{el,eg} !
3
ﬂuvezE':(T) ’
3 4
- ety +2) = (=
VALY + £ + £0,d,) = 22 44, +2) — 20— 3).

Then, using (8), (9) and Lemma 1 in the above inequality gives the lower
bound in (5). From (6), (8), (9) and Lemma 1, it can be easily concluded
that the left-hand side inequality in (5) holds if and only if T is isomorphic
to P,

To prove the right-hand side inequality, let us consider the function

#) = Vo + (=27 + V(n - 2) + (n - 2)

and
&) = 1 B 72 N 1
T Erm—2F @+ n-22" 2P+ n-2)7
CC2
((n—2P+ (n -2

1 1
=(n —2)? , — | >0.
=2 (o * o )
Therefore the function ¢(z) is convexandif 1 < z < n—1 then the maximum

of pis attainedatz =1orz=n—1.
Let wv € E. Then since T is a tree, one obtains

20n—1)=2|E| =) dy >du+dy+n—2
weV

that is, d,, + d, < n. Therefore,
f(dy,dy) < A2+ (n—2)2 +/d2 + (n—2)2 < ¢(dy) < $(1) = p(n — 1)
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from ¢(z) is convex. Then, by the definition of the KG-Sombor index, one
gets

KG(T) =Y f(dudy) < D (1) = (n—1)e(1)
uwekl uwwel

that is our required upper bound. Suppose now that the right-hand side
equality holds in (5). Thend, =1andd, =n —1foralluv € E. Hence T
is a star S,, and one can see easily that the right-hand side equality holds
in (5) for S,,. This completes the proof. O

LEMMA 2. (Zhang & Zhang, 2006) Let G be a unicyclic graph of order n. > 3.
Then M;(G) > 4n with equality if and only if G is isomorphic to C,.

THEOREM 2. Let G be a unicyclic graph of order n > 3. Then
KG(G) > 4nV/2
with equality if and only if G is isomorphic to C,,.
Proof. Letuwv be anedge of G. Then, similarly as in the proof of the previous

theorem, one gets

1

with equality if and only if d, = d, = 2. Therefore, by the above inequality
and Lemma 2, one obtains

3
KGG) = Y fldudy) > 7 > (du+dy) — 20V2

uwveE wek
- %Ml(G) — /2 > 4nV/2
with equality if and only if G is isomorphic to C),. O

KG-Sombor index of molecular trees

By Theorem 1 it is evident that the path P, has a minimal KG-value
among molecular trees of order n. Therefore, this section determines the
extremal graphs with the maximal K G-value among molecular trees of or-
der n. Forn = 3k + 2, k > 1, we denote by 7, the set of trees of order




n such that the degree of every vertex is either one or four. For n = 3k,
k > 3, we denote by 7, the set of trees of order n such that only one vertex
has degree two, and its neighbors have degree four, while the remaining
vertices have degree one or four. Forn = 3k + 1, k > 4, we denote by 7,
the set of trees of order n such that only one vertex has degree three, and
its neighbors have degree four, while the remaining vertices have degree
one or four.

If n < 3 then there is only one tree of order n. If n = 4, then there are
two trees that are P, and Sy, thus KG(P,) < KG(S,). Hence, we assume
thatn > 5. Forn =6, n =7, n = 10, we have determined the graphs with
the maximum KG-Sombor index by using SageMath.

Figure 1 — Graphs with the maximum KG-Sombor index forn = 6,7, 10.

The values of the KG-Sombor index of the above graphs are 3v/10 +

3V +5v2 415, VAL + /34 +2v/13 + 3v/10+2v/5 + 15 and 2v/41 + 2v/34 +
V13 + 6410 + /5 + 30, respectively. For the remaining values of n, the
following theorem holds.

THEOREM 3. Let T be a molecular tree of order n.
(i) fn=3k+2, k>1then

- 10 + 2/10

KG(T) .

(n+1)

+ 4\éﬁ(n —5).

(ii) Ifn =3k, k> 3 then

10 + 21 41
Ko < 0% Sﬁ)n + \/::?’n +8V2 + 4v5 — 12V13.

(iii) ffn=3k+1, k> 4 then

KG(T) <

10 +2v10)n ~ 4v/13 5+V10 5213
10+ \ﬁ)n+ \Fn+3\/3ﬂ+3\/zﬁ+ V10 52VI3

3 3 3 3
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The equalities hold if and only if T € T,,.

Proof. Let n; (i = 1,2, 3,4) be the number of vertices of the degree i in T'.
Also let m; ; (1 < i < j < 4) be the number of edges of 7' connecting the
vertices of the degree i and j. Then there is m; ; = 0 and
ny+ne+nsg+ng=n
mi2+mi3+mia+moo+ma3+mog+mz3+mzst+mys=mn-—1
mi2 +mi3+miq4 =n1
mi2 + 2maog + mao3 + mo 4 = 213
my3+mo3+2mg3 + m3g4 = 3n3

mi 4+ mog +m3a+ 2my 4 = 4ny. (10)

From the above, the following equations are easily obtained:

5
n =5 + 37,3 + 1 +mog2 + 5723 + 124

7 1
+ §m3,3 + ﬁm3’4 + §m4,4,

2
mi4 :g(n + 1)

2 (2muz + 2myg +mas + 2mmas + smo + 2mas+ o
- = - = = -m -m
3 mi,2 3m1,3 ma 2 3m2,3 2m2,4 333+ M |
( 5)+1 +1 1 ) 2 7
=—(n— -m —MmM13 — M2 — —M23— =My4— =M
my 4 3n 32+ Mg = Mo — M2 — oMa4 — giM3,3
8
- — . 11
534 (11)
Then, using (11), one obtains
KGT)= Y f(dudy)
weE(G)
= > VRG22V -2 g
1<i<j<4

=(V2+ V5)mia + (V5 4+ V13)mis + (5 + V10)my 4 + 4v/2ma
+ (3\/§ + \/ﬁ)mgg, + (4\/5 + 2\/5)771274 + 10m3 3
+ (\/3>4 + \/Zﬁ)mgA + 4\/ﬁm4,4

10 4+ 2v/10 44/13

3 (n —5) 4+ ciami 2 + c13my 3




+ C22mo 2 + C23M2 3 + C24M2 4 + C33M3 3 + C34M3 4, (12)

where cip = v2 + V5 — 1G04 VI8 9495 ¢15 = V5 + VI3 —
0GHVI0) | 4T3 oy 1 695, cpy = 4v/2 — 20YI0 _ 4VTS 4599 0y =

a4 VT3 5*” — 2013 & 3,792, ¢y 4342V _Lf BV/ERS
92,206, ¢33 = 10 <5+W> — V13 ~ 3031 and cgy = \ﬁ+ VAT —
SyI0 _ 325 o 192. Note that

Coo < C93 < (33 < cClg<cCcig<cgg <coy < 0. (13)
Now the following three cases are distinguished.

(i) Ifn =3k +2, k> 1then from (12) and (13), one obtains

10+2v10 +32m(n+ 1)+ 4‘éﬁ(n _5)

KG(T) <
with equality holding if and only if

M1 =1"M13=M22 =Ma3=Ma4=m33=m34 =0.

Hence one gets ny = m14 =2(n+1)/3 and my4 = (n — 5)/3. Also, there
isng = ng = 0.

(ii) If n = 3k, k > 3 then one can easily see that no £Z00rns #0. Ifny > 1
then

mi2 +2maog + Moz +mog = 2ng > 2

from (10). Therefore, one gets

10 +2v/10 413

KG(T) < (n+1)+T(n—5)

3
+ caa(my2 + 2ma 2 + ma 3 + ma4)
10 + 24/10 44/13
Sf(n +1)+ T(n — 5) + 2¢o4
10 + 2+/10 4+/13
_{10+ 3 Jn + 3 D 8v2+4v5-12V13  (14)

since c1o < c93 < o4 and cog < 2c94.
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If n3 > 1 then
mi,3+ma3+2m33+m3s =3ng >3

from (10). Hence, one obtains

KG(T) Slo—i_?/ﬁ(n +1)+ 4\gﬁ(n —5)
+ cza(m13 + ma3 + 2ms3 3+ m34)
gm;\/m(n +1)+ 4\gﬁ(n —5) 4+ 3ca
:(104—2@)72 + 4\/5371 +:’>\/371+?n/ﬁ+5+3\/E
— 52\3/ﬁ (15)

since co3 < c13 < c34 and c33 < 2c¢34. From (14) and (15), one gets the
required result because 3c3s < 2co4. Equality holds in (14) if and only if
no=1,n3 =0 and ma g4 = 2.

(i) fn=3k+1, k > 4then ny # 0 or nz # 0. If ng > 1, then similarly as in
(i), one gets

ke <10F zx/ﬁ)n + 4\/53" 4 3v/34 4 3v/a1 4 210 +3\@
- 52*3@. (16)

Let now ng = 0. If ny = 1, then the system of equations ny + ny = n — 1
and n; +4n4 = 2(n — 2) has no integer solution. Thus ny > 2 and, similarly
as in (ii), one also gets

10 + 2v/10 413
KG(T) <+3‘F(n +1) + =5 (n = 5)
+ 624(m172 +2mg o +ma3 + ma.4)
10 + 2v/10 413
§+3\ﬁ(n+ 1)+ =5 (n = 5) + deas
10 +2v/1 4v/1 1 2/1
<(0+3 O \/;3”+3\/374+3\/4ﬁ+5+3m—5\?)/»3




from 4co4 < 3csq. Equality holds in (16) if and only if ny = 0, ng = 1 and
m3 4 = 3. On the other hand, in each case it can be easily concluded that
the equality holds if and only if T" € 7,,. O

Conclusions

Topological indices play a vital role in conducting quantitative structure-
activity relationship and quantitative structure-property relationship stud-
ies. Numerous topological indices have been defined in the literature and
several of them are applied as a means to model physical, chemical, phar-
maceutical, and other properties of molecules. Gutman pioneered the in-
troduction of SO-type indices within the field of mathematical chemistry.
Our study determined the minimal and the maximal KG-Sombor index for
the class of trees and chemical trees. Moreover, we proved that C, is
the unique graph with the minimal KG-Sombor index among all unicyclic
graphs of order n. However, the problems of determining the graphs with
the maximal KG-Sombor index in the class of unicyclic graphs, and finding
the extremal KG-Sombor index in the class of bicyclic graphs remain open.
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Resumen:

Introduccién/objetivo: Los invariantes de graficos basados en
grados son un tipo de descriptores moleculares que representan
la conectividad de los &tomos (vértices) en una molécula a través
de enlaces (bordes). Se utilizan para modelar propiedades es-
tructurales de moléculas y proporcionar informacion valiosa para
campos como la quimica fisica, la farmacologia, las ciencias am-
bientales y las ciencias de materiales. Recientemente, se han
explorado desde una perspectiva geométrica nuevos descripto-
res de estructuras moleculares basados en grados, conocidos
como invariantes de gréaficos tipo indice de Sombor. Estas in-
variantes graficas han encontrado aplicaciones en la ciencia de
redes, donde se utilizan para modelar efectos dinamicos en sis-
temas complejos biolégicos, sociales y tecnolégicos. También
esta surgiendo un interés en sus posibles aplicaciones militares.
Entre estos descriptores se encuentra el indice KG-Sombor, que
se define utilizando grados de vértice y borde.

Métodos: El estudio utiliza la teoria de grafos combinatoria para
identificar y analizar graficos extremos que maximizan o minimi-
zan el indice KG-Sombor.

Resultados: Los graficos extremos se caracterizan en relacion
con el indice KG-Sombor, con especial atencion a arboles, arbo-
les moleculares y graficos uniciclicos.

Conclusion: Esta investigacion avanza en la comprension tedri-
ca de las invariantes graficas similares al indice de Sombor.
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Palabras claves: indice KG-Sombor, arbol, grafico uniciclico, ar-
bol molecular.

MHpekc KM-Combop
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PYBEPUKA TPHTW: 27.29.19 KpaeBble 3agaun 1 3agayu Ha
CcoBCTBEHHbIE 3HAYEHNs Ans
0ObIKHOBEHHbIX
anddepeHumnanbHblX ypaBHEHUA U
CUCTEM ypaBHEHWUI

B[O CTATbW: opurnHanbHas Hay4Has cTaTtbs

Pesrome:

BeedeHue/yenb: HedasHo ¢ 2eomempuyecKkol MOYKU 3pe-
Hus1 6biriu uccriedosaHbl HOBbIe GUCKPUMIMOPbI MOSIEKYISPHOU
CMpyKkmypbl Ha 0OCHoge cmerneHel, U38ecmHble Kak UHeapuaH-
mbi 2paghos, NodobHbie Combopckomy UHOEKCY. Omu uHeapu-
aHmbl epagha Hawsu rnpuMeHeHUe 8 cemeeol Hayke, 20e OHU
ucrionb3ytomcsi 018 ModenupogaHus duHaMu4eckux sghghekmos
8 buosio2uYecKux, coyuarnbHbIX U CIIOXHbIX MEXHOM02UYECKUX
cucmemax. Takxe pacmem UHMEPEC K UX romeHyuaribHOMy
MPUMEHEHUI0 8 80EHHbIX Uensx. Cpedu amux 0ecKpurnmopos u
KG-Combopckuli uHOeKc, Komopsbili orpedesisemcs ¢ Ucrosib30-
g8aHUeM cmereHel Kak 8epuwUHbl, mak u pebpa.

Memodsbi: B daHHOM uccrniedosaHuUU UCrONb3yemcsi KoMbuHa-
mopHasi meopusi 2paghos 051 8bIsI8NIEHUST U aHasu3a sKcmpe-
MarsibHbIX epaghos, Komopble U600 MakcuMusupyrom, nubo Mu-
Humusupyrom KIr-Combopckutli uHOeKC.

Pesynbmambi: 3KkcmpemaribHble 2paghbl xapakmepusyromcs
Kr-Combopckum uHOekcom, rnpu amom ocoboe sHUMaHue yoe-
nigemcsi 0epesbsiM, MOJEKYIISIPHbIM 0epeabsiM U OOHOUUKIIUYe-
CKUM 2pagham.

Bbi8o0b!: [JaHHoe uccnedosaHue sHocum 8Kknad 8 pacliupeHue
meopemuyecKko20 NMOHUMaHUsi uHeapuaHmos epaghos, noodob-
Hbix CoMbOpCKOMY UHOEKCY.




Kntouesnie criosa: KIM-Combopckuli uHOekc, depeso, 0OHOUUK-
nuyeckul epagh, MoneKynsipHoe depeao.

KIr-Combopcku nHaekc
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OBJIACT: maTemaTtuka
KATETOPWJA (TWM) YNAHKA: opurMHanHu Hay4Hu pag

Caxxemak:

Yeod/uurb: Ha cmeneHuma 3acHogaHe epaghoscke UHeapujaH-
me mur cy MornekynapHux Aeckpurnmopa Koju npedcmassbajy
roeezaHocm amoma (4eopoea) y Mornekyny riymem eesa (2pa-
Ha). Kopucme ce 3a Modeniogare CmpyKmypHUX ceojcmasa Mo-
niekyna u npyxajy OpasoueHe uHgopmayuje y obnacmuma ro-
nym ¢pusuydke xemuje, chapmakorioauje, Hayke 0 XXUBOMHOj cpe-
OUHU, Kao u Hayke 0 Mamepujanuma. U3 eeomempujcke rep-
criekmuse HedasHO Cy rpoy4YasaHu HO8U OeCKpUNMopu MOJeKy-
nlapHe cmpykmype Ha 6a3u cmerneHa, No3Hamu Kao epaghoscke
uHeapujaHme cpodHe Combopckom uHOekcy. Oege epaghoscke
UHeapujaHme Hauwinie cy npuMeHy y Hayuu o Mpexama 20e ce
Kopucme 3a moderiogarbe QUHaMUYKuUX ymuuaja y 6uonowkum,
OpywimeeHUM U CIIOXKEHUM MEXHOOWKUM cucmemuma. Tako-
he, nocmoju u UHMepecosare 3a NomeHuujasHe fNPUMeHe y 80j-
cyu. Mehy osum deckpunmopuma Hanasu ce KI-CombopcKu UH-
dekc Koju ce dehuHuUWE Kopuwherem cmerneHoea u 4eopoea u
epaHa.

Memode: Y ucmpaxueamy ce Kopucmu KomMbuHamopHa meo-
puja epaghosa 3a udeHmucbukayujy u aHanusy ekcmpemarsHux
epaghosa Koju unu makcumusyjy unu muHumusyjy KIr-Combéopcku
UHOeKC.

Pesynmamu: ExkcmpemarnHu epagosu ce Kapakmepuwy y o0-
Hocy Ha KI'-Combopcku uHdekc, ca nocebHUM ocepmom Ha cma-
bna, monekynapHa cmabna u yHUYUKIu4He epaghose.
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Bakmpyyak: Osum ucmpaxueareM yHaripehyje ce meopujcko
pa3symesarbe epagho8cKuUx uHeapujaHmu cpodHux CombopcKkom
UHOeKcy.

KrbyuHe peuu: KM-Combopcku uHOekc, cmabrno, yHUUUKIUYHU
epagh, cmabrio Mmonekyna.
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