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Abstract:

Introduction/purpose: The Collatz conjecture has been considered and
the stopping time needed for the recursive transformation to end has
been investigated.

Methods: A statistical analysis on the stopping time has been used.
Results: The statistical approach shows that the probability of finding
an infinite stopping time, that is a violation of the Collatz conjecture, is
extremely low.

Conclusion: Picking precisely one particular atom in the Universe is still
more favorable, by more than 61 orders of magnitude, than encountering
an infinite total stopping time.

Key words: Collatz conjecture, recurrences, statistical analysis, curve
fitting.

Introduction and definitions

The Collatz conjecture starts from a very simple function. For N € N
define C(N) as

N .
C(N) = : if N even, (1)
3N +1 if N odd.
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This function applied recursively creates a sequence. Translating C'(N)
to a sequence {a;};cn, applying recursively the operation starting from a
positive integer N, one could write a; as follows:

0 — N fori =0 @)
C(ai_l) fori >0 s

so that a; is obtained by iterating the application of C for i times,
C(C(C(...C(ap)))) , written as a; = C(N)".
Starting the sequence from N = 12, for instance, one has:

12,6,3,10,5,16,8,4,2,1,
while the same procedure for N = 3333 leads to

3333, 10000, 5000, 2500, 1250, 625, 1876, 938, 469, 1408, 704, 352, 176, 88, 44,
22,11,34,17,52, 26, 13,40, 20, 10, 5,16, 8,4,2,1 .

In both cases, the sequence ends in the same manner with the number
1. The number of steps necessary to end the sequence started with N,
that is, to reach number 1, is called stopping time. The conjecture of Col-
latz, stated almost a hundred years ago in 1937 (MacTutor, 2024), is that
for every N € N the stopping time is finite. Up to now, there is no proof of
the conjecture, or a counterexample disproving it. There is a huge amount
of literature on the subject; for a short list, see, for example (Applegate
& Lagarias, 1995a,b; Fabiano et al., 2021, 2023; Guy, 2004; Kurtz & Si-
mon, 2007; Lagarias, 1985; Weisstein, 2024) and the references therein.
Empirical evidence, that is, numerical simulation, confirms the conjecture
that the stopping time is finite for every N, and that there does not exist
another ending sequence except from the one described above with the
final number 1.

In this work, some results obtained for the stopping time and its conse-
quences will be discussed.

Total stopping time

Collatz transformations (1) and (2) show that even numbers generate
smaller numbers. In particular, powers of 2, 2¥, have the shortest total
stopping times equal to &. Odd numbers clearly add more steps to the




sequence, thus increasing total stopping times. Therefore, even numbers
generated from N tend to shorten the sequence, while odd numbers gen-
erate larger numbers that increase the stopping time. Let us define E(N)
as the number of even numbers generated by the sequence starting from
the value N, and O(N) as the number of odd numbers generated in the
same sequence. Define the total stopping time T'(IV) as

!

T(N) = max T(N') (3)
for N, N’ € N, being the largest stopping time for all numbers smaller or
equal to N, which clearly has the property that T'(N) = E(N) + O(N). To
provide some examples, the Collatz sequences for the first few numbers
of N are, respectively,

N =3:
3,10,5,16,8,4,2,1,

thatis, F(3) =5, O(3) = 3, s0 T(3) = 8.

N =4

4,2,1,

E4) =2, O(4) = 1, and T'(4) = 8 because the loop of N = 3 is longer
than the one of V = 4.

N =5:

5,16,8,4,2,1,

E(5) =4, O(5) = 2,and T'(5) = 8 once again for the same reason of the
case N = 4.

From Collatz transformations (1) and (2), one could write the relation

9P(N) _ 30(N) . N . Res(N), (4)

where Res(NV) is called the residue, and is defined as

Res(N) = [ <1+30(1N)> (5)

0<i<T(N)

where H/ means that the product is taken on all odd values of C(N)'.
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The coefficient R is defined as

_ E(N)
“ o) ©)

sometimes the inverse of R is called “completeness”. The following theo-
rem could be stated:

THEOREM 1. Forevery N e N, N > 1:

~ 1.58 . (7)

Proof. Looking at egs. (4) and (6) and taking the logarithm, it is possible to

write

E(N) _In(3) _(n(N)+InRes(N)) _ In(3) @)
O(N) ~ In(2) O(N)1n(2) n(2)

O

The investigation shall now proceed further on the behaviour for large
N of the residue (4). From eq. (1), C(N) > N/2, therefore

Res(N) <[] <1+3%i>.

0<i<T(N)

Rewriting the upper bound on the residue in the following manner

! 2i
Res(N) < exp Z In <1 + 3Ni> (9)
0<i<T(N)
and taking the limit, one ends up with the result
Nl_l)IEOO In(Res(N)) =0. (10)

The value of R (6) therefore could assume a range of values between
In(3)/1n(2) and k, for N = 2%, N > 2. The minimal value is reached in the
case of an infinite total stopping time, while the value of % is reached when
N equals powers of 2, 2*. Conversely, the completeness has values in the
range [1/k,In(2)/In(3)).

Our analysis starts from the results shown in Figure 4a of (Fabiano et
al., 2021, 2023) and further extends the analysis adding more points from
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Figure 1 — Total stopping time as a function of n = log(N), compared to a linear fit

numerical analysis and also using the available data for the largest total
stopping times discovered up to now (Roosendaal, 2024) for N of the order
of 1020,

Figure (1) shows the plot of the total stopping time as a function of n, n =
log(NN), together with a linear fit of the curve. There is clearly a behaviour
with increasing n that reproduces remarkably well a linear function, from
the fit 139.2n — 249.8 with the correlation coefficient » = 0.9972 quite close
to 1. Thus, the total stopping time does not departure significantly from its
minimal value encountered for the discussed case of powers of 2, a purely
linear function of log(N).

As aresult, it is possible to infer that the behaviour of the total stopping
time for large N is proportional to its log, that is,

T(N) ~ log(N) . (11)

Figure (2) presents the ratio of even to odd numbers for large N, for-
mula (6), of the total stopping time when applying the Collatz procedure. It
is apparent that this ratio decreases with growing N while seemingly ap-
proaching an asymptotic value larger than zero.
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Figure 2 — Even to odd ratio for the total stopping time as a function of n = log(N)

The statistics from the data of Figure (2) gives for the average of R and
its standard deviation:

R+ op = 1.65485 £ 0.00272805 (12)

We assumed that the results of eq. (12) represent a normal distribution.
The hypothesis on the values of R being normally distributed has been
supported by many tests effectuated on the data set, like Kolmogorov—
Smirnov, Pearson x?2, Shapiro-Wilk, Anderson—Darling and Kuiper, which
did not contradict it.

The distance of R from the value of In(3)/In(2) is given by 25.6181
times the standard deviation o, thatis, R — 25.61810 = In(3)/In(2). The
probability for this event to happen is smaller than 107143,

As a comparison term, the number of atoms in the Universe is of the
order of 1032, meaning that picking precisely one particular atom in the
Universe is still more favorable, by more than 61 orders of magnitude, than
encountering an infinite total stopping time. The current agreement for a
discovery in particle physics should have at least a five sigma, 50, discrep-
ancy with the already known physics of the Standard Model. Such an event
has a probability to occur of less than 1075.




This result coming from statistical analysis infers that the probability of
finding an infinite total stopping time is extremely tiny, being “zero” when
compared to other already very small quantities encountered in Science.

It must be stressed however that this result for the finiteness of the total
stopping time cannot rule out the possibility of existence of some values of
N that under the Collatz procedure enter a different kind of loop not ending
with 1.
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Resumen:

Introduccién/objetivo: Se ha considerado la conjetura de Collatz
y el tiempo de parada necesario y se ha investigado la detencién
del tiempo necesaria para que finalice la transformacién recursi-
va.

Meétodos: Se ha utilizado un analisis estadistico de la detencién
del tiempo.

Resultados: El enfoque estadistico muestra que la probabilidad
de encontrar una detencién del tiempo infinito, es decir, una vio-
lacion de la conjetura de Collatz, es extremadamente baja.

Conclusioén: Escoger precisamente un atomo particular en el El
universo es aun mas favorable, en mas de 61 6rdenes de mag-
nitud, que que encontrar una detencién del tiempo total infinita.

Palabras claves: Conjetura de Collatz, recurrencias, analisis es-
tadistico, ajuste de curvas.

HekoTopble co0BpaxeHUss OTHOCUTENBHO 06LLIErO BpeMeHHU
oCTaHoOBKM AN 3agadyun Konnatua

Hukona ®abuaHo?, koppecnoHaeHT, Hukona Mupkos?,

CmosiH PapeHoBny®

& Benrpafckuii yHuBepcuTeT, MHCTUTYT SaepHbIX UccrneaoBaHuii
«BuHuya» — IHCTUTYT rocyaapcTBeHHOro 3HadeHus ans Pecny6nvkn
Cepbus, . benrpag, Pecny6nuka Cepbus

5 Benrpagckuin yHMBepcuTeT, hakynsTeT MaLLMHOCTPOEHHUS,
r. benrpag, Pecnybnuka Cepbus




PYBPUWKA TPHTW: 27.15.17 OnemeHTapHasi Teopus yucen,
27.43.17 MatemaTtunyeckas ctatucTvka
BWO CTATbW: opurmHanbHas Hay4Has ctaTbsi

Pesrome:

BeedeHue/uenb: B daHHOU cmambe paccMompeHa auriomesa
Konnamua u uccnedoeaHo epemsi ocmaHO8KU, Heobxodumoe
01151 3a8epuWeHUsI PEKYPCUBHO20 rpeobpa3oeaHus.

MemoOsi: Bbbin ucnonb308aH cmamucmuyYeckul aHanu3 epemMe-
HU OCMaHo8KU.

Pesynbmamei: Cmamucmu4yeckuli nodxo0 rokasbieaem, 4mo
8eposSIMHOCMb Haxox0eHuUs1 beCKOHEYHO20 8peMeHU OCmMaHo8-
KU, mo ecmb HapyueHusi auriome3abi Konnamua, 4pe3ebidaliHo
mana.

Bb1800: Bblibop UMeHHO 00HO20 KOHKpEMmMHO20 amoma 6o Bce-
NleHHoU bornbwezo Ha 61 nopssdok eeposimHee, YeM 8eposim-
HOCMb CMOMKHYMbCS ¢ 6ECKOHEYHbBIM 06U UM 8peMeHeM ocma-
HOBKU.

Kntouessie crnosa: aunomesa Konnamua, PEKYPPEHIMHOCMb,
cmamucmuyeckuli aHasu3, No02oHKa K,OUGOL7.

Heka pasmaTparsa 0 yKynmHOM BpeMeHy 3aycTaBrbama 3a
Konauos npobriem

Hukona ®abwnaHo®, ayTop 3a npenucky, Hukosa Mupkos?,

CmojaH PageHosuh®

@ YHuBep3auTeT y beorpagy, HCTUTYT 3a HykneapHe Hayke “BuHya” —
HaunoHanHu nHctutyT Penybnuke Cpbuije,
Beorpaga, Penybnvka Cpbuja

5 YHuBepauTeT y Beorpaay, MalumHcku hakynTer,
Beorpaa, Penybnuka Cpbuja

OBJTIACT: matematuka
KATETOPWJA (TUM) YNAHKA: opurMHanHu Hay4Hu pag

Caxxemak:

Yeod/uurb: PasmompeHa je Konauyoea npemrnocmaseka u ro-
mpebHo 8pemMe 3a 3aycmass/bare PEKyp3usHe mpaHcgopmayu-
je.

Memode: KopuwheHa je cmamucmuyka aHanu3sa epemMeHa 3ay-
cmaesbamsa.
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Pesynmamu: Cmamucmudku npucmyn riokasyje 0a je eepo-
eamHoha npoHanaxema b6ecKoHa4yHO2 epeMeHa 3aycmaessba-
Ha, wmo Hapywasa Konayosy xuriomesy, u3y3emHo HUCKa.

Bakrpyyak: Beposam+oha odabupa mayHo jeOHo2 amoma y ue-
JIOKYrHOM yHuUgep3yMy je 3a suwe 00 61 peda senuyuHe 8epo-
eamHuja 00 Haunaxera b6pojHoe Hu3a ca becKoHa4yHUM epeme-
HOM 3aycmassbarba y Konayosom npobnemy.

KmbyyHe peuyu: Konauoea xurniomesa, rioHas/baka, cmamu-
cmuyka aHanusa, arnpokcumauuja Kpuse.
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