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Abstract:

Introduction/purpose: The study of the theory of fuzzy sets was prompted
by the presence of uncertainty as an essential part of real-world prob-
lems, leading Zadeh to address the problem of indeterminacy. The no-
tion of fuzzy logic was introduced by Zadeh. Unlike traditional logic the-
ory, where an element either belongs to the set or does not, in fuzzy
logic, the affiliation of the element to the set is expressed as a number
from the interval [0, 1].

Methods: The theory of a fixed point in fuzzy metric spaces can be
viewed in different ways, one of which involves the use of fuzzy logic.
Fuzzy metric spaces, which are specific types of topological spaces
with pleasing "geometric” characteristics, possess a number of appeal-
ing properties and are commonly used in both pure and applied sci-
ences. Metric spaces and their various generalizations frequently occur
in computer science applications. For this reason, a new space called a
Pompeiu-Hausdorff fuzzy b-metric space is constructed in this paper.
Results: In this space, some new fixed point results are also formu-
lated and proven. Additionally, a general common fixed point theorem
for a pair of multi-valued mappings in Pompeiu-Hausdorff fuzzy b-metric
spaces is investigated. The findings obtained in fuzzy metric spaces,
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such as those discussed in the article of Shen, Y. et al. (2012. Fixed
point theorems in fuzzy metric spaces. Applied Mathematics Letters, 25,
pp.138-141), are generalized by the results in this paper, and additional
specific findings are produced and supported by examples.

Conclusions: The study of denotational semantics and their applications
in control theory using fuzzy b-metric spaces and Pompeiu-Hausdorff
fuzzy b-metric spaces will be an important next step.

Key words: fuzzy metric space, fuzzy b-metric space, t-norm, fixed point,
implicit relation.

Introduction and preliminaries

In 1975, Kramosil and Michalek (Kramosil & Michalek, 1975) proposed
the idea of a fuzzy distance between two elements of a nonempty set, using
the concepts of a fuzzy set and a ¢t-norm.

A binary operation T : [0,1] x [0,1] — [0,1] is a continuous ¢-norm if it
satisfies the following conditions: T is continuous, associative, and com-
mutative, T'(a,1) = a for all a € [0,1] and for all a, b, ¢,d € [0, 1] if a < c and
b < dthen T(a,b) <T(c,d).

The study of fixed point theory in metric spaces has a variety of appli-
cations in mathematics, particularly in solving differential equations. Many
authors have studied the new class of generalized metric spaces, known
as a b-metric space, introduced by Bakhtin (Bakhtin, 1989). For example,
see (Aghajani et al., 2014; Aydi et al., 2012; Bota et al., 2011; Czerwik,
1993; Dosenovi¢ et al., 2023; George & Veeramani, 1997; Makran et al.,
2023; Raki¢ et al., 2020).

The relationship between b-metric and fuzzy metric spaces is consid-
ered in (Hassanzadeh & Sedghi, 2018). Conversely, (Sedghi & Shobe,
2012) introduced the concept of a fuzzy b-metric space, substituting the
triangle inequality with a weaker one.

In this paper, a general common fixed point theorem for a pair of multi-
valued mappings in Pompeiu-Hausdorff fuzzy b-metric spaces is of interest
to be proven.

DEFINITION 1. (Sedghi & Shobe, 2012) A 3-tuple (X, M, T) is called a fuzzy
b—metric space if X is an arbitrary nonempty set, T' is a continuous t-norm,
and M is a fuzzy set on X x X x (0,00) satisfying the conditions for all
z,y,z € X, t,u > 0 and a given real number s > 1 :

(bl) M(x7y7t) >0,
20



(b2) M(x,y,t) =1 ifandonly if x =y,

(b3) M(z,y,t) = M(y,x,1t),

(ba) M (x,2,5(t +u)) =T (M (z,y,t), M(y, z,u)),
(bs) M(z,y,.): (0,00) — [0, 1] is continuous.

REMARK 1. In this paper we will further use a fuzzy b-metric space in
the sense of Definition 1 with the additional condition tli)m M(x,y,t) =

1.

Note that every fuzzy metric space is a fuzzy b—metric space with s = 1.
But the converse need not be true as is shown in the following example.

— ‘P

EXAMPLE 1. (Dahhouch et al., 2024) Let M(z,y,t) = e~ +, where p > 1
is a real number, and T'(a,b) = a.b for all a,b € [0,1]. Then (X, M,T)is a
fuzzy b-metric space with s = 2P~1,

DEFINITION 2. (Sedghi & Shobe, 2012, 2014)
Let (X, M,T) be a fuzzy b-metric space.
(i) A sequence (x,) converges to z if M (zy,x,t) — 1 asn — oo for
each t > 0. In this case, we write nlggo Ty = X.

(i) A sequence (z,,) is called a Cauchy sequence if for all ¢ € (0,1)
and t > 0, there exists no € N such that M (x,,, zy,,t) > 1 — ¢ for all
n,m > ng.

(iii) The fuzzy b-metric space (X, M, T) is said to be complete if every
Cauchy sequence is convergent.

(iv) A subset A C X is said to be closed if every sequence x,, € A such
that x,, — x we have z € A.

(v) Asubset A C X is said to be compact if every sequence x,, € A has
a convergent subsequence.

LEMMA 1. (Sedghi & Shobe, 2012, 2014)
In a fuzzy b—metric space (X, M, T)
(i) If a sequence (z,,) in X converges to z, then x is unique.
(i) Ifasequence (x,)in X converges to z, then itis a Cauchy sequence.
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Main results

In this section, a new space called a Pompeiu-Hausdorff fuzzy b-metric

space was constructed. Several examples were presented to illustrate the
properties of this space. In this framework, some new common fixed point
results were formulated and proven. The following was introduced as the
starting point:
Throughout this paper, C'(X) will denote the family of nonempty compact
subsets of X, and C'L(X) will denote the family of nonempty closed subsets
of X. Forall A, B € C(X) and for all t > 0, we define a function on C'(X) x
C(X) x (0,00) by

Hy (A, B,t) = min {;ggM(a,B,t),ggg M(A, b,t)},

where M (C,y,t) = sup M(z,y,t).
zeC

Then H), is called the Pompeiu-Hausdorff fuzzy b-metric induced by the
fuzzy b-metric M. The triplet (C(X), Hys,T) is called a Pompeiu-Hausdorff
fuzzy b-metric space.

We define also d,,(A, B,t) by

om(A, B,t) =inf{M(a,b,t), ac€ A be B}, t>0,
and it follows immediately from the definition of §,, that
om(A,B,t)=1 <= A=B={}and

M(a,b,t) > 6p (A, B,t) Yae A Ybe B, t>0.

Indeed: If A = B = {.}, then §;/(A, B,t) = dpr({a},{a},t) = M(a,a,t) =
1.

Now, if 0p7(A,B,t) = 1, ¥t > 0, thenVa € A, b € B, M(a,b,t) >
v (A, B,t) =1.

So, A=B={a}={b} ={}.

LEMMA 2. Let (X, M, T) be a fuzzy b-metric space with the constant s.
Then H)y is a fuzzy set on C(X) x C(X) x (0, 00) satisfying the conditions

(Hl) HM(Aant) > 0,

forall A,B,C € C(X), t,u > 0:
4D



(H2) Hy(A,B,t) =1ifandonly if A= B,

(Hg) HM (A C s(t+u)) > T(HM (A,B,t) ,HM(B,C,’U,)),
(Hy) Hy (A, B, ) : (0,00) — [0, 1] is continuous.

(Hs) hm Hy (A, B,t) =1 ifand only/f hm M(z,y,t) = 1.
Proof

(Hy) Let A, B € C(X), and show that Hy,(A, B,t) > 0, Vt > 0, one
obtains

Hy (A, B,t) = min{lnf M(a, B,t), gnlng(A,b,t)},
€

acA

= min { inf sup M(a,b,t), inf sup M(a,b t)}
a€ApeB beB qcA

Suppose that Hy,(A, B,t) = ing sup M (a,b,t), according to the character-
acApcB

ization of inf and sup, there exist a,, € A,b,, € B such that
lim M (an, bo,t) = Hur(A, Bt), Vit > 0.
Since A, B two compact, then (a,), (b,) admit respectively two subse-
quences also noted (ay,), (b,) such that a, - a € Aandb, — b € B
By Definition 1 (b4), one gets

t t
M ny Uns Z T(M ny Wy 5 >M yUny o5
(Gp,, by, t) < (a a 23) <ab 28))
t t t
Z T\ M anva'u% 7T M a, b7 482 7M b7 b'fl7 482 9

letting n — oo one obtains

mas > 1(ur (a (a5 1))

t
= M(a,b,482> >0, Vt>0

Similarly, if Hy;(A, B,t) = inf sup M(a,b,t), then Hy (A, B,t) > 0,

bEB qcA
vt > 0.
(H2) Let A,B € C(X), t > 0and show that Hy/(A, B,t) =1, < A= B.
If A = B, there exists Hy;(A, B,t) = Hy (A, A t) = ;relgM(a,A,t).
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According to the characterization of inf, there exists a,, € A, such that
lim M(an, A, t) = Hy (A, A, t). Since A is a compact, then (a,,) admits a

n—oo

subsequence also noted (a,,), such that a,, — a € A. On the other hand,
there is

M(anaA7t) = sup M(an,x,t) > M(an,a,t),
€A

letting n — oo one obtains

Hy (A A L) = nlggo M(an, A, t) > lim M(an,a,t) = 1.

n—oo
So, Hy (A, A t) = 1.
Now, if Hy/(A, B,t) = 1, then
inf M(a,B,t)=1and inf M(A,b,t) =1
acA beB

Vaec A, M(a,B,t)=1andVbe B, M(A,b,t) =1,

Vae A, supM(a,b,t) =1and Vb e B, sup M(a,b,t) =1,
beB a€A

= VaeA, ElbneB:nli_{goM(a,bn,t)zl

and Vbe B, da, EAinh_{IOloM(amb,t) =1,

= Va€eA db,eB:b,—>acBandVbe B, da, €A: a, >beE A,
= A=0D.

ol

(Hs) Let A,B,C € C(X), t,u > 0and s > 1, show that
HM(A,C,S<t+u)) ZT(HM(A,B,t>,HM(B,C,U))

Suppose that Hy, (A, C, s(t 4+ u)) = ingM (a,C,s(t+u)).Firstone proves
ac
that Va € A, Vb € B, one has
M (a,C,s(t +u)) > T(M(a,b,t), M (b, C, u)).
Indeed, there is M (b, C,u) = sup M (b, ¢, u), then there exists ¢, € C such
ceC
that:

lim M (b, c,,u) = M(b,C,u). By Definition 1 (b4) one gets

n—oo

M(a,cp,s(t+u)) > T(M(a,b,t), M(b,cp,u)),

letting n — oo one has

<»



M (a,C,s(t +u))

v

ILm M (a, cn, s(t + u))

i T(M(0,b,0), M(b, 0, )

T(M(a,b,t), im M(b,c,,u))
n—oo

T(M(a,b,t), M(b,C,u)).

v

So,
M (a,C,s(t+u)) > T(M(a,b,t), M(b,C,u)). (1)
Now, by (1), one has

M (a,C,s(t+u)) T(M(a,b,t), M(b,C,u)),

T(M/(a, b,t),bin]fBM(b, C,u)), VbeB.
€

AVARAY,

Then
M (a,C,s(t+w)) > T(sup M(a,b, t),gn]gM(b, C,u)),
€

beB
= T(M(a,B,t),gng M(b,C,u)), Vae A.
€

This implies

Hy (A, C,s(t + u))

inf M (a,C, s(t + u))

ac

T(iggM(a’B’t)’égfg M(b,C,u))
T(HM(A,B,t),HM(B,C,U))

v

v

Because (ingM(a,B,t) > Hy (A, B,t) and gn]_f; M(b,C,u) >
ac S

HM(Bv Ca U))
Similarly, if Hys (A, C,s(t+u)) = in(ij (A, c,s(t+u)), then
ce

Hy (A, Cos(t+w)) > T(Hp(A, B, t), Hy (B, Cu)).
(Hy) Let A, B € C(X), show that Hy,(A, B,.) : (0,00) — [0, 1] is continu-

ous, let (¢,) a sequence of elements in (0, cc) which converges to ¢, then
one proves lim Hy(A, B,t,) = Hy (A, B,t).
n—oo

-
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By Definition 1 (b5), for all (a,b) € A x B, one gets

lim M(a,b,t,) = M(a,b,t), ie.,

n—oo

Ve>0 dngeN Vn>ng:

M(a,b,t) —e < M(a,b,ty,) < M(a,b,t)+¢,

= sup M(a,b,t) — e < sup M(a,b,t,) < sup M(a,b,t) + ¢,
beB beB beB

= M(a,B,t) —e < M(a,B,t,) < M(a, B,t) + ¢,

= inf M(a,B.t) —e < inf M(a.B.t,) < inf M(a,B.t)+¢. (2
inf (a,B,t) e < inf (a, ,n)_;gA (a,B,t) +e. (2)

Similarly, one finds

inf M(A,b,t)—e < inf M(A,b,t,) < inf M(A,b,t)+¢. (3)
beB beB beB

Thus, by (2) and (3), one can deduce
Hy (A, B,t) —e < Hy (A, B, ty) < Hy (A, B t) + €.

So, li_)rn Hy (A, B, t,) = Hy (A, B,t).

(Hs) Let A, B € C(X), t > 0 show that tli)m Hy (A, B,t) = 1ifand only
if tlim M(x,y,t) = 1.

—00

If A= {z} and B = {y}, one has

tlLIg)HM(A7Bat) =1 = tlilgoHM({x}v{y}?t) =1
= tlgi(r)loM(x,y,t) = 1.
Now, if tlim M(z,y,t) = 1. Suppose that Hy/(A, B,t) = inf sup M (a,b,t),
— 00

a€ApeB
according to the characterization of inf and sup, there exist a,, € A,b, € B

such that li_>m M(ap,byn,t) = Hy (A, B,t), Vt>0.Thus

Jim Fo(4,B,1) = fim (Jim M (b, )
— lim (lim M(an,bn,t)> _ 1.
n—00 \t—o0
Similarly, if Hy;(A, B,t) = inf sup M (a,b,t), then lim Hy/ (A, B,t) = 1.
beEB 4cA t—o0

(80



DEFINITION 3. Let U be the set of all continuous functions

Y(ty, ta,t3,t4) = [0,1]* — R such that:

(o) : % is nonincreasing in variable t; and nondecreasing in variables
to, t3, ta.

(1) :Vu,v € 10,1 Y(u,v,v,u) <0orp(u,v,u,v) <0 = v <u.

() :Yu e [0,1] Y(u,u,1,1) <0= u=1.

EXAMPLE 2. ¢)(t1, b, t3,ta) = 3ln (t2) — In (t1), with p > 1.

1 t1 1 to
EXAMPLE 3. ¢(t1,t2,t3,t4) = —— = -——=],0< A<
¢(17273,4> 1+t1 9 <1+t2 2)7 < <
EXAMPLE 4. 9 (t1,to,t3,t4) = B(t1) — AB(t2), with g : (0,1] — [0,00) and
B(1) = 0is a continuous function strictly decreasing, 0 < A < 1.

EXAMPLE 5. 1i(t1, 12, 13, 1) = B(t1) — AG(55 + ), with 81 (0,1] = [0, 00)
and 3(1) = 0 is a continuous function strictly decreasing, 0 < A < 1.

EXAMPLE 6. ) (t1,t2,13,t4) = (t1) — k(t)y(t2), with v = (0,1] — [0, 00),
~v(1) = 0 is a continuous function strictly decreasing and k is a function
from (0, c0) into (0,1).

DEFINITION 4. A function & : X — CL(X), where (X, M,T) is a fuzzy
b-metric space, called closed if for all sequences (x,,) and (y,,) of elements
from X and xz,y € X such that ILm Tp = T, ILm yn =y and y, € I(z,)

for every n € N, one has y € 3(x).

THEOREM 1. Let (X, M,T) be a complete fuzzy b-metric space with con-
stant s, it can be supposed that M is continuous with respect to one of its
variables. Let 3, R : X — C(X) be two closed maps and i) € ¥ such that

o ( Hu (S(@),R(y), 1), M (z,y,1), M ((x),2,t), M (R(y),y,t) ) <0. (4)

Then < and R have a common fixed point x € X.
Moreover, if © is absolutely fixed for & and R (which means that 3(x) =
{z} and R(x) = {z}), then the fixed point is unique.

For the proof of this theorem one needs two lemmas.

(oD
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LEMMA 3. In a fuzzy b-metric space (X, M,T), if the function M is continu-
ous with respect to one of its variable, then it is continuous with respect to
the other.

Proof

Suppose that M is continuous with respect to the first variable, and let
(yn) be a sequence of the elements of X such that (y,,) is b-convergent to
y € X. Then since M is symmetric one has for all x € X:

li_)rn M(x,yn,t) = le M(yp,x,t) = M(y,x,t) = M(x,y,t), t>0.
LEMMA 4. Let (X, M, T) be a fuzzy b-metric space and let A € C(X). If M
is continuous with respect to one of its variables, then for all x € X, there
exists yy € A such that

M(z,A,t) =sup M (z,y,t) = M(z,yo,t), t>0.

yeA

Proof

One has M (z, A,t) = sup M(x,y,t), so for every n € N*, ¢t > 0, there
yeA

exists z,, € A such that
1 1
M(z, A t) — — < M(z,zp,t) < M(x,A,t) < M(x, A t)+ —.
n n

Since A is compact, (z,) has a subsequence, also noted (z,), which is
b-convergent to yy € A. Therefore:

1
|M(z, xp,t) — M(z, A t)] < — — 0 when n — occ.
n

from where lim M(z,z,,t) = M(x, A,t), so since M is continuous, one

n—o0

deduces that
lim M(z,xz,,t) = M(x,yo,t),

n—oo
hence from the uniqueness of the limit in a fuzzy b-metric space, one has
M(x,yo,t) = M(x, A, t), t>0.
Proof of the Theorem
Let 29 € X, and x; € Sxg. Since z1 € Sz, one has

Hy (S, Rxp,t) = min{ inf M(x,Rxy,t), inf M(%xo,y,t)}

€Ty yeRT,

<



< inf M(z,Rzi,t)

€T
< M(x1,Rxq,t) = sup M(x1,y,t).
yeRT

Rz, is compact and M is continuous with respect to one of its variables,
so, according to Lemma 4, there exists z» € Rz such that

Hyp (Swo, Ry, t) < M(x1,12,t), t>0.
In the same manner, since z2 € Rz, one gets

Hyr (S, Rxy,t) < M(Swo,29,t) = sup M(z,x2,t).

IS ¥

Sz is compact and M is continuous with respect to one of its variables,
so, according to Lemma 4, there exists z3 € Sx, such that

Hy, (%%2,%331,15) §M($2,x3,t), t > 0.
In the same way, there exists x4 € Rz3 such that
Hyy (%.’L’Q,%.’L‘g,t) SM(.’L’g,.ﬁE’zl,t), t>0.

By recurrence, we construct a sequence (z,,) such that x9,, 11 € Sz2,, and
ZTonto € Rrony1 Which satisfies:

Hyy (Szop, Reop—1,t) < M(x2p41, Ton, t), (5)
and
Hy (S, Rropyi,t) < M(xop+1, Tant2,t). (6)
According to (4), with z = x2, and y = z2,,_1 one has

" ( Hr (Saon, Reop—1,t) , M (22, on—1,1t) , M (Swap, Tan, t), ) <0
M (Rzop—1, x2n—1,1) -

Since xzop,+1 € Sway, and o, € Rroy,—1, then
M (%xZH, L2n, t) > M (x2n+la TL2n,y t) s (7)
and

M (Rzop—1,xon—1,t) > M (225, Ton—1,1) . (8)

>
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By (5), (7), (8) and (¢¢) one has

M (I2n+17 L2n,s t) 7M (l‘2ny Ton—1, t) 9 M (:’UQTL-F].) Lo,y t) ) <
Y <0.
M (w20, T2n-1,1)

By (¢1), one has

M ($2n,$2n+1,t) <M ($2n71,$2n,t) , n c N, t> 0. (9)
In the same way, by (4) with z = x5, and y = z2,11, One gets

1/} ( HM (§x2n7%$2n+lut) 7M ($2n,x2n+17t) 7M (%x2m$2nat)) ) < 0
M (Rzon+1, Ton+1,t) -

Since Ton4+2 € ﬂ?xgm_l, then
M (Rxont1, Tant1,t) > M (Tan12, Tant1,t) . (10)

By (6), (7), (10) and (¢9) one has

" M (z2n+41, Tant2,t) s M (Ton, Tont1,t) s M (Ton41, Ton, t), > <0
M (x2n42, Ton+1,1t) -

By (¢1), one has

M ($2n,$2n+1,t) <M (:C2n+la $2n+2)t) ) n e Na t>0. (11)
According to (9) and (11), one has:
M (xp—1,2n,t) < M (xp, Tpi1,t), n e N* t > 0. (12)

Therefore, (M (x,, z,+1,t)) is a strictly increasing sequence of positive real
numbers in [0, 1].

One puts M,,(t) = M (2, zn41,t). Then, (M,(t)) is a strictly increasing
sequence.

So, there exists M (t) such that lim M, (t) = M(¢), t > 0.

n—oo

G



Suppose that 0 < M(t) < 1. According to (4), with x = x5, and y =
ZTon+1 ONE has

" ( Hp (Saon, Rropy1,t) , M (22, ont1,t) , M (Swap, x2n, ), ) <0
M (Rxop41, Tont1,t) -

By (6), (7), (10) and (¢y), one has

'(/) ( M($2n+17x2n+27t) ,M($2n7$2n+1,t) 7M(:B2n+17$2n7t)7 ) <0
M (zan+2, Tant1,t) -

= ( Mony1(t), Map(t), Moy (t), Mapi1(t) ) <O.
Since v is continuous function, letting n — oo one obtains
¢ (( M(t), M(t), M(t),M(t) ) <0.

By (¢1), one gets M(t) < M(t), a contradiction. Then M (t) = 1. Now,
we will prove that (z,,) is a Cauchy squence. Suppose that (x,) is not a
Cauchy sequence, then for all 0 < ¢ < 1, there exist two sub-sequences
(Zn(i)) @nd (z,,(;)) such that for each i € N, let n(i), m(i) € N satisfying
n(i) > m(i) > 4, such that

M (Zn33)s Tom(iy+1,t) <1 —€. (13)

Now, we choose 2n (i) corresponding to 2m(i)+1 such that it is the smallest
even integer with n(i) > m(i) and satisfies Inequality (13). Hence,

M (Zon(i)—1: Tam(i41:1) > 1 —¢ (14)
By (13), we get

1—¢

v

M (T2 (i), Tom(i)+1, t)

L t
T (M (9327%(2')’332”(@‘)—1’ 23) M <x2n(i)—17x2m(i)+la 25)) .

By (14), we have

v

t
1—e> M (x93 Tom@y41.t) = T <M <$2n(i)ax2n(i)—17 25) 1= 5)

T
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t
=T <M2n(i)l (25> 1= 5)

1—¢ Z lim M ($2n(i),$2m(i)+1,t) Z T(]., 1-— 8) =1-—=¢.

1—00

letting ¢ — oo we obtain

So
Hm M (2n3), Tom(iy+1,t) = 1 — €.

1— 00
By (4), W|th X = $2m(l) and Yy = ¢T2n(i),1, we get
" < Ht (Szam)s Reon@y—1:1) s M (Tam(i)> Tan(i)—1,t) > <0
M (ST (i), Tom(i) 1) » M (R ()1, Tan()—1, ) -
Since Tom(i)+1 S %$2m(i)a and ZTan(i) S %xQn(i)—h then
M (SZom(i)s Tam(i)s t) = M (Tam@) 1 Tam(i)s t) » (15)
and
M (RTopn ()15 Tan(i)—1,t) = M (Tan(iy: Tan()—1,1t) - (16)
By (15), (16) and (), we have

IN

" < Ht (Szamys Roony—1:1) s M (Tam(i)> Tan(iy—1,t) > 0.

M (me(i)+17x2m(i)7t) M (xQn(i)v'T%z(i)—lat)
Since x2m(i)+1 S %me(l) and $2n(z) € g&flan(i),l, then
Hup (STom(iy: Rony—1,t) < M (Tam(iy1, Ron()—1, 1)
= T (M (zom(i)+1, REan(i)—1,t) , 1)

_ T< M (Cﬁzm(i)ﬂa%ﬂ?zn(i)q,t), >
M (%9n(s), Ron(i) -1, 1)

IN

M ($2m(i)+1, Ton (i) 2t5) .
So
Hyy (%me(i), %mgn(i)_l,t) <M (xgm(i)ﬂ,mgn(i), 2ts) . (17)
By (17) and (¢), we get
M ($2n(i),$2m(i)+1,28t) , )

(0 ( T (MZm(i) (2%) , M (me(i)+17x2n(i)fla %)) )
MZm(z) (t) 7M2n(i)71 (t)

<0

G



M (xQn(i)> me(i)—f—la 25t) 7T (M2m(z) (QL) ) - E) ; ) <
s 0.
= ( Moy (t) s Mopgiy—1 (1) -

letting ¢ — oo, we obtain

Y(1-¢T(1,1-¢),1,1)<0
= ¢(l-e1-¢11)<0.
By (v2), we get 1 — e = 1, which is a contradiction.

Hence, (x,) is a Cauchy sequence in a complete fuzzy b-metric space.
So, there exists x € X such that ILm M (xy,z,t) = 1. Next, we show that

x € Sz N RNz, indeed, we have xo, € Rxo,_1 and xo,41 € Sy, n €N,
Since hm Top—1 = hm Top = hm Toptr1 = x, & and R are closed,

then z € Sx ﬂ Rz.
Unicity. Suppose that Sz = {z} and that there exists y € X is another
common fixed point of & and R, such that ®y = {y}. Then by (4), we have

7,[} HM (%x,?Ry,t),M(x,y,t),M(%x,m,t), <0
M (Ry,y,t) -

M(‘T’y’t)’M(‘/E?y7t)?M(:E’:L"t)’
- 1/}( M (y,y,t) )SO

= w( M (z,y,t), M (x,y,t),1,1 ) <.
By (v2) we get M (z,y,t) =1, then z = y.

THEOREM 2. Let (X, M, T) be a complete fuzzy b-metric space with the
constant s. Let S : X — CL(X) be a closed maps and ) € ¥ such that

¢( 6M (%(x)7%(y)at) 7M(xayat) ,M(%(m),x,t) 7M(%(y)7y7t> ) <0. (18)

Then < has a unique fixed point x € X.

Proof Let zy € X, define the sequence (z,,) of the elements from X
such that: z, 11 € Sz, for every n € N.

According to (18), with = z,,_; and y = z,, we have
Y ( ar (Sp—1, S, t) , M (Tp—1, 20, t) , M (Sp_1, Tn_1,t) , M (STp, Tn, t) )
<0.
Since z,, € Sx,—1 and z,+1 € Sz, We get

M(%xn—hxn—ht) > M(l’n,xn_l,t), M(%wn,xn,t) > M($n+1,l’n,t)

G
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and 0y (Szp—1,Sxp, t) < M (Tp, Tpyi,t).
By (¢9), we have
¢( M (xy, Tpi1,t) , M (2p—1, T, t) , M (Xp, Tp—1,t) , M (Tpi1, Tn, t) ) <0.
By (¢1), we have
M (zp—1,zpn,t) < M (zy, Tnt1,t), ne N t>0.

So, using the same argument as in Theorem 1, we deduce that z,, is a
Cauchy sequence and converges to z € X, the fixed point of 3.

Unicity. Suppose that there exists y € X is another fixed point of .
Then by (18), we have

ey Cx x
¢< 5M (J.’I},J:y,t),M(I‘,y,t),M(J%,m,t), ) S 0

by (1), we have

M (z,y,t), M (x,y,t), M (z,z,t),
¢( M (y,y,1) >§0
= 1/1( M (z,y,t), M (z,y,t),1,1 ) <0.

By (v2) we get M (z,y,t) =1, then z = y.
As a consequence of Theorem 2, if & = f is single-valued mapping,
then we obtain the following:

COROLLARY 1. Let (X, M,T) be a complete fuzzy b-metric space with the
constant s. Let f : X — X be a continuous mapping and ) € ¥ such that

O ( M (fzx, fy,t), M (x,y,t), M (fx,z,t), M (fy,y,t) ) <O.

Then f has a unique fixed point x € X.

EXAMPLE 7. Let X be the subset of R? defined by X = {A, B, C, D},
where A = (1,0,0), B = (0,1,0), C = (0,0,1) and D = (2,2,2). T(c,d) =
c.d for all ¢,d € [0,1] and (X, M, T) is a complete fuzzy b—metric space
such that:

—d(=z,y)

M(z,y,t)=e ¢ , zyeX,t>0,

where d(x,y) denotes the Euclidean distance of R3.

G



Let 3 : X — X be given by 3(A) = X(B) = 3(C) = A,3(D) = B.
Show that for all z,y € X

w( M (Sz, Sy, t), M (z,y,t) , M (Sz,z,t), M (Sy,y,t) ) < 0.
with ¢ as in Example 4, and §(t) = —In(t).

So S(M (S, Sy, 1)) = 0 < AB(M (x,y,1)), A
If z € {A,B,C}and y = D, we find

—va
M (Sz, Sy, t) = e

and M (z,y,t) = et
So, B(M (Sz,Sy, 1)) < AB(M (z,y,1)), A € (3, 1).

Now, all the hypotheses of Corollary 1 are satisfied and thus < has a
unique fixed point, which is z = A.

REMARK 2. From Corollary 1 and Example 6 we obtain Theorem 3.1 (Shen
et al., 2012) Let (X, M, x) be an M-complete fuzzy metric space and T" a
self-map of X and suppose that ¢ : [0,1] — [0, 1] satisfies the foregoing
properties (P1) and (P2). Furthermore, let k be a function from (0, c0) —
(0,1). Ifforany ¢t > 0, T satisfies the following condition: ¢ (M (Tz,Ty,t)) <
k(t)p(M(x,y,t)), where z,y € X and = # y, then T has a unique fixed
point.

Conclusion

In this paper, a new space called a Pompeiu-Hausdorff fuzzy b-metric
space is constructed. Some examples in this space are presented. Ad-
ditionally, some new fixed-point results in this space are formulated and
proven, which extends the results of (Shen et al., 2012), and the existence
and uniqueness of the common fixed point in such a space are demon-
strated.

The approach proposed may pave the way for new developments in
generalized metrical structures and fixed-point theory.
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Resumen:

Introduccién/objetivo: El estudio de la teoria de conjuntos difu-
S0S surgid a partir de la presencia de la incertidumbre como parte
esencial de los problemas del mundo real, lo que llevé a Zadeh
a abordar el problema de la indeterminacion. Zadeh introdujo el
concepto de Iégica difusa. A diferencia de la teoria logica tra-
dicional, en la que un elemento pertenece o no al conjunto, en
la I6gica difusa la afiliacion del elemento al conjunto se expresa
como un numero del intervalo [0, 1].

Métodos: La teoria de un punto fijo en espacios métricos difusos
puede verse de diferentes maneras, una de las cuales implica
el uso de la légica difusa. Los espacios métricos difusos, que
son tipos especificos de espacios topolégicos con caracteristi-
cas “geométricas” agradables, poseen una serie de propieda-
des atractivas y se utilizan comunmente tanto en ciencias puras
como aplicadas. Los espacios métricos y sus diversas gene-
ralizaciones ocurren con frecuencia en aplicaciones de ciencias
de la computacién. Por esta razdn, en este articulo se construye
un nuevo espacio llamado espacio b-métrico difuso de Pompeiu-
Hausdorff.
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Resultados: En este espacio, también se formulan y prueban al-
gunos nuevos resultados de punto fijo. Ademas, se investiga un
teorema de punto fijo comun general para un par de aplicacio-
nes multivaluadas en espacios b-métricos difusos de Pompeiu-
Hausdorff. Los hallazgos obtenidos en espacios métricos difu-
sos, como los discutidos en el articulo de Shen, Y. et al. (2012.
Fixed point theorems in fuzzy metric spaces. Applied Mathema-
tics Letters, 25, pp.138-141), se generalizan a partir de los resul-
tados de este documento, y se producen hallazgos especificos
adicionales que se respaldan con ejemplos.

Conclusion: El estudio de la semantica denotacional y sus apli-
caciones en la teoria de control utilizando espacios b-métricos
difusos y espacios b-meétricos difusos de Pompeiu-Hausdorff se-
ra un siguiente paso importante.

Palabras claves: espacio métrico difuso, espacio b-métrico difu-
so, norma t, punto fijo, relacion implicita.

MHOro3HayHble OTOOpaXKeHWs1 B HEYETKMX b-MeTprnyeckmx
npocTtpaHcTBax Tuna Nomneto-Xaycaopda n pesynesrar ¢
o6LLen HeNoABMKHOM TOYKOM

Hypeddur Makpan?, Cmosit H. PageHoBuy®

@ YuueepcuteT Moxammena MNpembepa, dakynsTeT eCTECTBEHHbIX
Hayk, kacpegpa matematuku, r. Yoxaa, Koponesctso Mapokko,
KOppecnoHAeHT

5 Benrpagckui YHUBEPCUTET, MaLLMHOCTPOUTENbHBIN hakynbTerT,
r. benrpap, Pecnybnuka Cepbus

PYBPUKA TPHTW: 27.25.17 MeTpudeckas Teopus yHKUUNA
B[O CTATbW: opurnHanbHas Hay4Hasi cTaTtbs

Pesrome:

BsedeHue/uenb: N3y4deHuro meopuu HeHemKuUx MHOXecme Crio-
cobcmeoesasno Hanu4due HeorpederieHHOCMU KaKk Heombemsie-
Mol Yacmu pearnbHbIX npobnem, ymo rpusgesio 3ade K pewie-
Huto npobnemb! HeorpederneHHocMU. WIMEHHO OH 88er1 MOHS-
mue HedyemkoU floe2uku. B omnu4yue om mpaduyuoHHouU noeuye-
cKol meopuu, 20e anemeHm fiubo npuHadnexxum MHOXecmey,
nubo Hem, 8 HeYemkKoU noauke NPUHalNeXXHOCMb afieMeHma K
MHOXecmay 8bipaxaemcsi Yuc/ioM u3 uHmepsana |0, 1].

Memodbi: Teoputo HeMnOd8UXXHOU MOYKU 8 HEHEMKUX Mempu-
YecKux npocmpaHcmeax MOXHO paccMmampueams rno-pa3HoMy.

>



OO0uH u3 nodxodos ripedrioniazaem UCIMOMb308aHUE HEYEMKOU
Jno2uku. Hewemkue mempudyeckue rpocmpaHcmea Kak crieyu-
guyeckue murbl MOMNOI02UYECKUX MPOCMPaHCME C MPUSIMHbI-
Mu “2eomempuydeckumu” xapakmepucmukamu obnadarom psi-
Oom nipueniekamersbHbIX C80UCM8 U WUPOKO UCMOMb3YHMCs
Kak 8 yucmol, maK u e rnpuknadHou Hayke. Mempuueckue
rnpocmpaHcmea u ux pasnu4Hbie 0b6obuweHus Yacmo ecmpe-
yarmcs 8 MPUIIOXKEeHUSIX 8bl4UCIUMerbHbIX HayK. B cessu ¢
8bILWEUIIIOKEHHBIM 8 OaHHOU pabome cghopMuUpPOBaHO HOB0E
rpocmpaHcmeo, Ha3bieaeMoe HeYEMKUM b-Mempu4yeckUuM rpo-
cmpaHcmeom [Nomnero-Xaycdopgpa.

Pesynbmamsi: B amom npocmpaHcmee makxe c¢hopmynuposa-
HbI U OOKa3aHbl HEKOMOpPbIE HOBbIE Pe3yribmambl 0 HerMmod8UX-
Hol moyke. Momumo moeo, uccriedosaHa meopema 06 obuweli
Hernod8uXHOU moyke Orid rnapbl MHO203Ha4yHbIX 0mobpaxeHul
8 HedemKux b-mempuueckux rnpocmpaHcmeax muna [Tomnero-
Xaycdopgpa. Pesynbmambl, rofy4YeHHbIe 8 HeYemKUX Mempu-
YecKux rnpocmpaHcmeax, Kak, Harnpumep, me, Komopble 0b6Cyx-
Oanucb 8 cmamee llena u dp. (Shen, Y. et al. 2012. Fixed
point theorems in fuzzy metric spaces. Applied Mathematics
Letters, 25, pp.138-141), o6obwaromcs pe3ynsmamamu 0aHHO-
20 uccnedosaHusi, a 8 O0OroSIHEHUE MPUBOOSIMCS KOHKPEMHbIE
8b1800bI1, MOOKPENIEHHbIE rNpuMepamu.

Bbigo0bi:  Crniedyrouum 8a)KHbIM WasoM cmaHem Uu3y4YyeHue
OeHOMaUUOHHOU CeMaHMuKu U ee MPUMEHEHUsT 8 meopuu
yrpaeneHusi C UCrob308aHUEM HeYemKux b-Mmempuyeckux
pocmpaHcme U He4Yemkux b-Mempuyeckux pocmpaHcme
lMomneto-Xaycdoppa.

Knroueebie crioga: Heyemkoe Mempuyeckoe MpOoCmpaHCcmeo,
Heyemkoe b-mempuyecKkoe rpocmpaHcmeo, t-Hopma, hukcupo-
B8aHHasi moyKa, HesiBHoe OMHOWEHUe.

BuwesHayHa npecnunkaBaka pacnimHyTuX 6-MeTpUYKmX
npocTtopa Tuna lNomnejy-Xay3gopd v pesynTaT 3ajeqHunyke
HEeNnoKpeTHe Tadke

Hypedu+ MakpaHn?, CmojaH H. PapeHosuh®

2 Yuusepsutet ,Myxamen MNpemujep”,
MpupogHo-maTtemaTuykm dakynTet, Ogcek 3a MmaTemaTmky,
Oyjaoa, KparbesnHa Mapoko, ayTop 3a npenucky

6 YHusepauteT y beorpagy, MawwuHckn cakynTer,

Beorpaga, Penybnvka Cpbuja
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OBNACT: maTtemaTtunka
KATETOPWJA (TWM) YNAHKA: opurMHanHu Hay4Hu pag

Caxemak:

Yeod/uurn: lNpoydasare meopuje pacrnnuHymux ckyrnosa nood-
CmakHymo je Hecua2ypHowhy Kao CywmuHCKOM Upmom rpobsie-
Ma y peanHom ceemy, wmo je Haeesno 3adea Oa ce ro3abasu
npobnemom HeoOpeheHocmu u ygede rojam pacriuHyme sioau-
ke. 3a pasnuky 00 mpaduyuoHasiHe meopuje 5102uKe, y Kojoj
jedaH enemeHm npunada unu He npurnada HEKOM CKyny , y pa-
CNUHymoj nosuyu npunadHocm efieMeHma HEKOM CKyny u3pa-
)Kaea ce 6pojem u3 uHmepsana [0, 1].

Memode: Teopuja HenokpemHe madke y pacriuHymum me-
MpUYKUM 1IPOCMopUMa MOXe ce rnocMampamu Ha pasnuqume
Ha4uHe, 00 Kojux jedaH rModpasymesa Kopuwhere pacriuHy-
me niozuke. PacnnuHymu Mempuyku npocmopu, Kao crieyu-
uUYHU Munosu MoroAOWKUX Npocmopa ca npujamHuUM ,2eo-
mempujckum” Kapakmepucmukama, UMajy MHO20 UHmepecaHm-
HUX Kapakmepucmuka u 0bu4yHO ce Kopucme u y Yucmum Uy
npuMer-eHUM Haykama. Mempuyku npocmopu u Huxoee pa-
3uyume 2eHepanu3auyuje yecmo ce cpehy y npumeHama pa-
YyHapCKux Hayka. 3amo je y oeom pady KOHCmpyucaH HoO-
8U NPocmop HaseaH pacriuHymu 6-mMempuydKku npocmop muna
lMomnejy-Xay3dope.

Pesynmamu: Y oeom nipocmopy hopmMmyrnucaHu cy u Ookasa-
HU HeKU Hoeu pe3ynmamu HerokpemHe mayvake. [lpu mome
je ucnumaxa onwma meopema 3ajedHUYKe HeroKpemHe mad-
Ke 3a nap euwesHa4YHO2 rfpeciiukasara y pacrniuHymum 6-
mMempu4kuMm ripocmopuma muna llomnejy-Xaysdopgh. Hanasu
0obujeHu y pacriauHymum MemMpUYKUM npocmopuma, Kkao Wwmo
Cy OHU HaseleHU y YnaHKy LlleHa u capadHuka (Shen, Y. et al.
2012. Fixed point theorems in fuzzy metric spaces. Applied Mat-
hematics Letters, 25, pp.138-141), eeHepanu3oeaHu cy pe3ysi-
mamuma 0802 pada Koju rnipeseHmyje u dodamHe crieyuguyHe
Hanase rnomkpernsbeHe npumepuma.

Bakrbyyak: Cnedehu saxaH Kopak buhe npoydyasar-e deHoma-
UUOHE ceMaHmMUKe U HeHe NPUMeHe y meopuju yrpassbarba ro-
MORy pacnuHymux 6-memuykux npocmopa u pacrauHymux 6-
Mempuydkux npocmopa muna lNomnejy-Xay3dopap.

K!'by'-lHe peydu. pacrisiuHymu Mempu4Kku rnpocmop, pacriziuHymu
6—Mempquu rnpocmop, m-HopMa, HerioKpemmHda madka, uMrisiu-

yumeda penauuja.
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