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Abstract:

Introduction/purpose: In this article, the author’s goal is to seek to obtain
new inequalities of the Berezin type.

Methods: The methods used are standard for operator theory.

Results: Various inequalities of the type given by Huban et al. and Erkan
have been obtained.

Conclusions: In addition to obtaining various inequalities of the form
given by Huban et al. and Erkan in particular, the authors sharpened
the inequalities related to the Berezin norm.
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Introduction

The Berezin norm and the Berezin number of an operator have been
researched for their many applications in numerical analysis, quantum
physics, engineering, and other domains in the literature related to operator
theory. In order to explain the Berezin number and norm, the authors first
go over several ideas and traits of bounded linear operators on a Hilbert

Let £ ($) denote the C*-algebra of all bounded linear operators defined
on a complex Hilbert space $ with the an inner product (.,.) and a corre-
sponding norm ||.||. Recall that the functional Hilbert space $ = H(E) is
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a Hilbert space of complex-valued functions on a (nonempty) set = such
that the evaluation functionals ¢,(f) = f(0), 0 € E, are continuous on
and for every ¢ € = there exists a function f, € $ such that f,(¢) # 0
or, equivalently, there is no gy € = such that f(g9) = 0 for all f € $.
The Riesz representation theorem ensures that for each ¢ € = there is a
unique element s, € § such that f(o) = (f,»,) forall f € $. The col-
lection {s, : o € =} is called the reproducing kernel of $. For p € Z, let
Hy = ﬁ be the normalized reproducing kernel of §). The absolute value

of the positive operator is denoted by |3| = (3*3)"/2.

For a bounded linear operator 3 on $, the function 3 defined on = by
3(0) := (332,(2), 32,(2)) is the Berezin symbol of 3, which firstly have been
introduced by Berezin (Berezin, 1972). In other words, the Berezin symbol
5 is the function on = defined by restriction of the quadratic form (3x1, x1)
with z1 € $) to the subset of all normalized reproducing kernels of the unit
sphere in $. It is clear from the Cauchy-Schwarz inequality that 3 is the
bounded function on = whose values lie in the numerical range of the op-
erator 3. The Berezin set (or range) and the Berezin number (or radius) of
the operator 3 are defined by

Ber(3) := {3(0) : 0 € 2} and ber(3) := sup

0€=

3(0)]

respectively (see (Karaev, 2006)).
A relevant and important concept is a numerical radius which is the
supremum of the absolute values of all numbers in 20 (3), that is

m3)= sup  |(3z,2)].
z€H,||z||=1

It is obvious that ber(3) < w(3) < ||3|| and Ber(3) C 20(3), where tv(3) de-
notes the numerical radius and 20(3) is the numerical range of the operator
3. Itis well known that

Bl <) <30

and
ber (3) <1 (3) <3|, (M

forany 3 € £(9).




In (Huban et al, 2022a), Huban et al. substantially improved the upper
bound in (1) by showing that if 3 € £ ($), then

1 1 1
ber (3) < 5 1131+ 137 er < 5 (13lher + 3202, - 2)

Another improvement for inequality (1) was provided by Huban et al.
(Huban et al, 2021) as

ber? (3) < 3 |13 +137|_. (3)

which was further improved in (Gurdal & Basaran, 2023) by Basaran and
Gurdal as

1 1
ber? (3) < o [|I3P + 37|+ 5ber ) I3+ 13 - (@)

The following inequalities for ber?(.) have been obtained in (Huban et al,
2021)

L e3E <verdy < BEeE, - ®

Furthermore, Huban et al. (Huban et al, 2022a) established some re-
finements of (2) and (5), respectively, that can be presented as

berd (3) < |13 + 137209 6)
and

bex(3) < ||€[3% + (1 - ) 37

where 3€ £(9),0<¢<1,andj > 1.

Another important fact about the Berezin number upper bounds that are
of our interest are due to Huban et al. in (Huban et al, 2021): Let 31, 32 €
£($)and r > 1, then

, (7)

ber

ber(3331) < o |31 + 13 ®)

ber

For an in-depth exploration of the intricacies surrounding the Berezin
symbol, interested readers are strongly encouraged to refer to (Bakherad
& Garayev, 2019; Basaran et al, 2022; Chalendar et al, 2012; Garayev
& Alomari, 2021; Garayev et al, 2020; Gunturk & Gurdal, 2024; Garayev
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et al, 2021; Stojilikovi¢ & Gulrdal, 2024a,b; Gurdal et al, 2023; Glrdal &
Tapdigoglu, 2023; Tapdigoglu et al, 2021; Yamanciet al, 2020; Gurdal &
Stojilikovic, 2024a; Huban et al, 2022b; Gurdal & Stojiljkovic, 2024b) and
the comprehensive references provided therein.

In this paper, motivated by previously reported results (Stojiljkovi¢ &
Dragomir, 2024), this work aims to develop new Berezin number upper
bounds for reproducing kernel Hilbert space operators by introducing new
improvements to the well-known Cauchy-Schwarz inequality.

Preliminaries

We require a few well-known lemmas in order to demonstrate our ex-
tended Berezin number inequalities.

According to the traditional Schwarz inequality for positive operator, for
any xy,rs € 9

(321, 22)|* < (31, 21) (372, 2) 9)

if 3 € £(9) is a positive operators. Kato’s inequality, sometimes referred to
as the combined Cauchy-Schwarz inequality, was initially put out by Kato
(Kato, 1952) in 1952 as a companion to the Schwarz inequality (9). It says
that

(321, 22) > < (13121, 21) (|32 2, 20), v € [0, 1] (10)

for any operator 3 € £($) and any x1,z2 € $). In order to generalize this
result, in 1994 Furuta (Furuta, 1994) obtained the following result:

(313177 ay, w2) [P < (|31 w1, 1) (| 3% P2, 22), (11)
forany x1,z2 € H and v,n € [0, 1] with v +n > 1.

LEMMA 1. (McCarthy, 1967). Let 3 € £($), 3 > 0 and let x € $ be any unit
vector. Then there is

(3z,z)" < (3*z,z) forv > 1, (12)
(3'x,x) < (3z,z)" for0 < v < 1. (13)
The well-known Buzano’s inequality is the following outcome.

LEMMA 2. Let z,y,e € $ with ||e|| = 1. Then there is

[(z, e){e, y)| < S (Il Iyl + [z, )])- (14)

| =




The following result is found in (Singh Aujla & Silva, 2003) and is related
to non-negative convex functions.

LEMMA 3. Let f be a non-negative convex function on [0, +oo) and 31, 32 €
£($) be positive operators. Then

Hf (31 +32>H Hf (31) +f(52) (15)

LEMMA 4. Letz,y € HandA € £(H).

(R, ) < (F(ADz, 2) (g (A Dy, v).- (16)

is the case where f and g are two nonnegative continuous functions on
[0, +00) that fulfill f(t)g(t) =t,t> 0.

With regard to the mapping ¢, Stojilikovi¢ and Gurdal (Stojiljkovi¢ &
Gurdal, 2024c) recently acquired the following modification.

LEMMA 5. Let uy, g, e € 9,1, > 1,p > 1, { + 1 = 1. Let J be a set such
that (0,1) C J C R. Let p be a of mapping such that p : 3 — R™, such that
the following holds """ ¢(«;) = 1. Then the following inequality holds

l

n Sor_ 0?2 (ag) (e, vp) PO
q

. TS A2 (o) | (g, €) P!
S wlan) (ug, e) e, v)| < +
k::l(p k k k

(17)

Main results

We give our first result, a consequence of Lemma 5 which is instrumen-
tal in the development of the later results.

COROLLARY 1. Let l,q > 1 such that 7 + % =1landp>1,3; € £(9) and
p:J— R withY ! | p(a;) = 1, then the following inequality holds:

n p ~ o~
L S (36l 32,) 0 2 (ay)
;so(ak)@k%g,%ﬁ < ==L 0

o T (305, 2 o) | Ty ¢l (B, Z
21 q

+

. (18)

1541
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Proof. If we take v, = 3}3¢,, up = 3r3, and e = 3, in Lemma 5 above,
one obtains

n p

> () 3k, 7)
k=1
< 2= P12 () (38720, 720) [ N > hey ©Y2 () [(3 52, 720) P
< I p
= {352, )P (o) N > (35PN 52y, 52001 ()
- 21 )
4 Ty ()35, 2P

q

_|_

REMARK 1. Taking supremum over all ¢ € =, one obtains

p

sup
0€EE

> wlar)(3n5, 2)

k=1

1 ~ o~
< gr5up 2 (o)) (136 + 300) 7. 5) +

+ sup Dbt #7200 |(34 7, 7)1
0€EE q

Setting 3%, ¢ox = 0 for k € {2,3...,n},q = | = 2, we obtain the following
inequality which sharpens the one given by Huban et al. (Huban et al,
2022a) (7)

[131%7 + [3*[**(=)|| - ber(3)
4 + 2

5 [131ter + 13y

ber?(3) <

IN

ber

In particular, we obtain a refinement by setting a = % of inequality (7) for

1
5—2.

Proof. Using (8) on the third term, we obtain the desired inequality. O

THEOREM 1. Letp > 1,1, > 1, ;+; =L a€[0,1],p> 1,3, € £(H) and H

be such that H(1) = [(|3:|")-+47(3:%)+ f2(137 1) +g2(| 3110,

1542



then the following inequality holds:

ber? (Z (p(ai)&;) (19)
< { 5 072(00)| (B3i% ) ® | 30" (00)[(3i )| ¥ }

€= ! q

+

i

1 ber4 3 2(1—a 3; 2a ber % 3: 2(1—a) 3; 2a
22<W UBIPUNBE)  ae  Der T (3PP
1

l q

Proof. Start from the left-hand side

n p

> pli)(3i%2, 7,)

=1

<Y (el (37 )

i=1

n 1/ 1/q
= (Z @lﬂ(az‘)KBz‘%’%Hg) (Z o1/ () <3z%g,%g>\p2q>
i=1

o T &)%) 7 | T 0P (i) (3%, )| T
— l M

q

_l’_

We focus now on the first part, second one is done analogous. First use
Kato’s inequality

~ o~ R
(3652, %) =
i pl

< (|3 |2azg,%g>%<ffg, |3*12<1—“>%>f

1 aTs 1 a aTs [0 -
< 5 (el ¥ 150z 13 320 241

L o PAYS * )~ 2 « « =8
< (U3, 7 + (30100 %,%gw) L3 PO 3205, 7))

1 e = * —a)s o a o S\ 2
< (03P 2 + 1310520 3+ SB35, )
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IN

(Cr23a00) 320, Z0) + (P13l 520 24) ) +
(2031020, 32) + (P (311107 24, %) ) +

b

(135 [P079134[252,, 52,)] -

+
N =0 — oo~

_|_

The other part is obtained in an analogous way, adding them and taking a
supremum over g € = we obtain the desired inequality. O

In particulular, by setting 3, = 0, f(t) = g(t) = Vt, o = 0for k €
{2,3...,n},q =1 = 2, we obtain the refinement of (6), namely

ber? (3) <  [I3Pre 1370

‘ ‘3‘2pa + ’3*‘2p(17a)

1 2 * —« [o7
+ Sber (3720 320)
er

b

<
<| :

ber

In the following we give a variation of the inequality given by Erkan and
Gurdal (Erkan & Gurdal, 2024, Theorem 4).

THEOREM 2. Let r > 1, € [0,1],31,32,33,34 € £(9) and H(31) =
f2(|31|4ra) +92(’31‘47‘o¢) + f2(|31|4r(1—a)) +92(|51|4T(1—a)) then

ber” (3732 + 3334) < 27" | H (32) + H (31) + H (34) + H (33)l|pe; - (20)

Proof. We proceed

(3132 + 3534) %, )|
27’
(!<3T32% %)| + (333470, %>|)r

<

2
< 1313259, 70)|" + (333470, 70)|"
- 2
1 ~ o~ o)~ o~ o~
< §<‘32|4m%g’ %) + <‘32|4r(1 a)%@v o+ <|31|4m%97 o)+

~

{13005z, 52) + (1341752, S20)+

{13007 52, 52 + (135117 320, 320) + {1370V 52, 7).

Proceeding to use (16) and AG inequality, we obtain the desired inequality.

O
1544



COROLLARY 2. Setting f(t) = g(t) = V't and o = § we obtain a variation of
the inequality given by Erkan and Glirdal (Erkan & Giirdal, 2024)

ber” (3132 + 3534) < 2772|132 + 36" + 137 + 31

ber.
THEOREM 3. Letr > 1, € [0,1], 31,32 € £(9) and f, g nonnegative such
that f(t)g(t) = t also let
H(31) = (1317 + ¢ (13177) + 213570 + g* (13570 )
then
ber" (31 + 32) < 2" | H (31) + H (32)[lper - (21)

Proof.
(31 + 32) 7, 5%,)|"
27‘
< <’<31’/29> QQ>| + |<3252@a J/29>|>r
- 2

< |<31’A{9: %QHT + ’<32Q9729>|r

- 2

< <’31‘2a297’/’}Q>§<’3ﬂ2(170{)5’\‘9729>§ —+ <‘32|2a2w2@>g<‘3§‘2(1—a)2@2@)%
- 2 2

_ U31Pro 2, 2 + (1305, %)

=~

(13252, 52) + (135177~ 52y, 52,)

—~

+

4
The proof is finished with using (16) and AG inequality. O

COROLLARY 3. Setting f(t) = g(t) = v/t and replacing the second slot with
y and proceeding with the proof for the case ((31 + 32),, %,) the proof still
holds and then using triangle inequality we obtain the inequality given by
Huban et al. (Huban et al, 2022a, Theorem 3.7)

131 + 3|1, < 2772 (HB”QM 350207

ber+ H|3*1‘2T(17a) + ‘5*2|2r(17a)

We now present a variation of the inequality given by Huban et al.

‘ber) ’

(Huban et al, 2022a).
1545
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THEOREM 4. Let us define H(31) = f2(|31**") + ¢%(|31]**"), G(31) =
23509 4 g2(13%|*(1=%)) where 31 = 32 + i35 7 > 2,a €
[0,1], 31,32, 33 € £(H) where 32, 33 are the Cartesian decomposition op-
erators of 31 where 3, 33 are selfadjoint, then one obtains

ber’(31) < 257% | H (32) + G (32) + H (33) + G (33)llyer -

Proof.

(31340, %o)|"
25

_ §/<32%9729>2 + <3329729>2
2

< <32?‘@v ng + <33%Q7 ?‘QV

- 2

(13212732, 25) + (1372101 732,, 7,) N
4

<|33|2M29> %g> + <|3*3|2T(1_a)/%\97 Qg>
4

<

_|_

following a similar procedure to the one given in (21), we obtain the desired
result. O

THEOREM 5. Let 31,32 € £(9),r > 2and a € |0, 1], then

ber” (314 32) < 277 1302 + 312707 + 3o + 35707+

+ 272 (ber(3%1 "7 ]317) + ber(|3% "1 7Y32]°7)). (22)

Proof. Following a similar principle to the one given in (21) with an ex-
ception of using Buzano’s inequality, we obtain the desired inequality; one
must only realise that in order to use the Mc-Carthy inequality there must
be r > 2. O

COROLLARY 4. Previously obtained inequality (22) refines the inequality
given by Huban et al. in (Huban et al, 2022a), namely Theorem 3.6 (eq.
3.6) for r > 2; it can be seen by using (6) on both Berezin radius terms,
from which we obtain

ber' (31 +3) < 2777 |31 + 37707 4 135 43370

+
ber




+ 272 (ber (371" 7130]7) + ber (|37 7 3,]7))
< or—3 H’51‘2ar + |3>ﬂ2r(17a) + ’32‘20(7" + |3;|2r(17a)

+ or—3 <H’31’2ar + |3>{|2r(17a)

< 9r-2 H’SI‘QO&T X ’3=ﬂ2r(1—a)

+
ber

+ “’32’2017" + |3;’2r(17a)
ber

R (ETRE T

ber)

ber

If we were to use the triangle inequality on eq. (3.6) (Huban et al, 2022a) we
would obtain the right hand side of the above chain of inequalities, which
shows that our inequality is sharper than it.

Further, setting 31 = 32 we obtain (6) on the right-hand side which
shows that our inequality (22) is a refinement of (6) for r > 2.
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Resumen:

Introduccién/objetivo: En este articulo, el objetivo del autor es
buscar obtener nuevas desigualdades del tipo Berezin.

Métodos: Los métodos utilizados son estandar para la teoria de
operadores.

Resultados: Varias desigualdades del tipo dado por Huban et al.
y Erkan han sido obtenidas.

Conclusion: Ademas de obtener en particular diversas desigual-
dades de la forma dada por Huban et al. y Erkan, los autores
agudizaron las desigualdades relacionadas con la norma Bere-
zin.

Palabras claves: norma de Berezin, niumero de Berezin, des-
igualdades.
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B[O CTATbW: opurnHanbHas Hay4Hasi cTaTbs

Pesrome:

BesedeHue/uensb: Llenbto 0aHHOU cmambU s18711emMcsi IOUCK HO-
8bIX HepaseHcme murna bepeauHa.

Memoobi: B uccnedosaHuu ucronb3oearnuck cmaHOapmHbie
mMemodbl 8519 meopuu ornepamopos.

Pesynbmamei: Bbinu rnonyyYeHsb! pasfiudyHble HepageHcmea mu-
na HepageHcms, rpusedeHHbIX XybaHoM u Op. U SpKaHOM.

Bbigo0bi: B dornonHeHue K rnosy4eHHbIM HepageHcmeam mura
HepageHcms, npusedeHHbix XybaHom u Op. u SpkaHOM, asmo-
pbl YMOYHUIU HepaseHcmea, cesi3aHHble ¢ HopmoUl bepesuHa.




Knouesnie crioga: Hopma BepesuHa, ducro bepesuHa, Hepa-
eeHcmea.

BepesnHoBe HejeqHaKOCTM 3a 30Up onepaTopa M KiacuyHe
HejeHaKoCTu Koje ce ogHoce Ha bepeanHoBy Hopmy

Mexmem T'yppan?, Byk H. CtojurbkoBuh®, ayTop 3a npenucky

2 YHuueepsutet ,Cynejman Oemupen”, Kategpa 3a matemaTuky,
Wcnapta, Penybnuka Typcka

6 YHusepauteT y HoBom Capy, MNMpupoaHo-matematuyku hakynTer,
Kategpa 3a matematuky, Hosu Cag, Peny6nuka Cpbuja;
MatemaTtunuka rumHasuja, beorpag, Penybnuka Cpbuja

OBJIACT: matemaTuka
KATEFOPWJA (TUIM) YUNAHKA: opurmHanHu Hay4Hu pag

Caxxemak:

Yeood/uurb: Ljurb ogoe pada jecme Oa ce u3eedy Hoge HejedHa-
kocmu bepesuHogoz mura.

Memoode: [lpumereHe cy cmaHOapdHe Memode 3a meopujy
onepamopa.

Pesynmamu: [obujeHe cy pa3He HejeOHakocmu muna Koje cy
usHenu XybaH u 0p. u EpkaH.

Bakrpyyak: lNoped dobujarba pa3Hux HejeOHakocmu obriuka Koje
cy usHenu Xyb6aH u Op. u EpkaH, aymopu cy moowmpusiu Hejeo-
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