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Abstract:

Introduction/purpose: The present work aims to carry out a static and
dynamic investigation of composite beams composed of two elements

300



https://www.google.com/maps/place/Universit%C3%A9+Mustapha+STAMBOULI+de+Mascara/@35.4137949,0.129647,13z/data=!4m5!3m4!1s0x0:0xb22d42be63a55f03!8m2!3d35.4137949!4d0.129647
mailto:rm.kirachai@univ-mascara.dz
https://orcid.org/0009-0004-7530-433X
mailto:noureddine.elmeiche@
mailto:ismail.mechab@gmail.com
mailto:hi_abbad@yahoo.fr
http://orcid.org/
http://orcid.org/
http://orcid.org/
http://orcid.org/
http://orcid.org/

connected together, with a partial interaction between the beam layers,
while taking into account the interlaminar sliding effect.

Methods: A new interlaminar slip field which takes into account, for each
layer, the axial displacement, the rotation due to bending, and the high-
order transverse shear with a new warping shape function, has been
introduced in this study. The equilibrium equations were solved analytically
based on the principle of Hamilton. In addition, the numerical resolution of
these equations was based on the principle of minimizing all energies using
the Ritz method, while taking into account different beam theories.
Afterwards, a comparative study was carried out in order to calculate the
natural vibration frequencies of two composite beams made of steel and
wood materials.

Results: It was found that the results obtained for the ten natural vibration
frequencies are in perfect agreement with those reported in previous works
found in the literature.

Conclusion: Further, a detailed study was conducted, depending on the
geometric and material parameters, for the two mixed materials, i.e.,
concrete-wood and steel-concrete, with two interlaminar sliding fields,
namely the classical sliding field based on the Timoshenko beam theory
and a new interlaminar sliding field that is based on the high order theory.
Furthermore, bending was studied in the static case in order to examine the
effect of the interlaminar shear force on short and long beams.

Keywords: static and dynamic study, composite beams, partial
interaction, new interlaminar slip field, high order transverse shear, new
warping shape function, Ritz method.

Introduction

Sliding in mixed structures is a complex phenomenon that often
occurs at the interface between two or more different materials, under the
effect of variable static, dynamic or thermal stresses which may engender
some deformation or critical damage. It should be noted that the
connection between a concrete slab and a steel or wooden beam, for
example, is generally ensured by shear connectors placed in the
composite beams. The role of these connectors is to prevent the
occurrence of shear at the interface, along the composite beam, which is
subjected to a bending load. The interface is an essential element that
plays an indispensable role in the behavior of the composite beam. Indeed,
if the concrete slab and the beam are freely superimposed, then the two
elements flex independently and considerable sliding occurs at their
interface. Therefore, in order to reduce or eliminate this sliding, it is
deemed appropriate to have a sufficient number of shear connectors at
the interface between the slab and the beam. This technique allows
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transferring the forces between the two materials, and therefore producing
a mixed bending of one single element that is more resistant and has
higher rigidity. It was revealed that numerous works have been carried out
on the topic under study. Regarding Xu & Wu (2008), they examined the
free vibration and buckling of composite beams with interlayer sliding
based on a two-dimensional theory, and using semi-analytical solutions,
under boundary conditions that were determined with a coupling between
the Differential Quadrature method and the State Space method. As for
Nguyen (2009), he developed numerical models that are capable of
predicting the instantaneous and delayed behavior of composite steel-
concrete beams. Similarly, Le Grognec et al. (2012) proposed an exact
buckling solution for two-layer Timoshenko beams with interlayer slip.
Likewise, Lenci & Clementi (2012) examined the effects of shear stiffness,
rotary and axial inertia, and interface stiffness, on the free vibrations of a
two-layer beam. With regard to Castel (2013), he presented a model that
can be employed to describe the vibrational behavior of composite
structures, i.e., plates that are partially covered with passive constrained
layer damping (PCLD) patches that play the role of damping elements. He
investigated the energy of the system under study using three different
methods, namely the Rayleigh-Ritz method, the Navier method, and the
finite element method. On the other hand, Galuppi & Royer-Carfagni
(2014) investigated the buckling of three-layer composite beams with
viscoelastic interaction. Furthermore, Cas et al. (2018) proposed an
analytical solution to the two-layer three-dimensional composite beam with
interlayer slips. Likewise, Perkowski & Czabak (2019) described the
behavior of composite wood-concrete beams under hygrothermal loading.
The two materials, i.e., wood and concrete, are linked by a joint. In this
case, the eventual interlayer sliding and the joint uplift were taken into
account in order to determine the rigidity of the composite beam and also
to estimate the shrinkage/swelling that is due to humidity of wood and
concrete in the long term. This allowed them to propose a model and
formulate an inverse problem. As for Adam & Furtmuller (2020), they
studied the bending vibrations of composite beams presenting geometric
nonlinearities, and subjected to interlayer sliding. In addition, Santos
(2020) analyzed the buckling of two-layer laminated composite beams,
with interlayer sliding, using the finite element method. It should be noted
that the geometrically nonlinear beam elements have a single flexible
shear interface and each layer is modeled using the Timoshenko theory.
Subsequently, the inter-element equilibrium as well as the Neumann
boundary conditions was applied while using the Lagrangian multiplier
method. On the other hand, Lemes et al. (2021) carried out a numerical

302



analysis of composite steel-concrete beams, with partial shear interaction,
in order to theoretically determine two-dimensional displacement using the
plastic-hinge approach. Moreover, Lemes et al. developed an effective
numerical method for the purpose of analyzing mixed steel-concrete
structures while taking into account the nonlinear geometric and material
effects. Afterwards, a methodology based on the Refined Plastic Hinge
Method (RPHM) was developed and the stiffness parameters were
obtained by considering a homogeneous cross section of the structure.
The strain compatibility method (SCM) was applied to evaluate the
strength of structural elements. Likewise, the Newton-Raphson method
was adopted to solve nonlinear global and local equations, at the cross
section level. The results obtained were then compared with the others
found in the experimental and numerical databases available in the
literature (Lemes et al, 2017). With regard to Barbosa et al. (2019) they
presented an experimental study with a view to developing a Truss
connector in a mixed concrete-steel beam and also to analyzing the
behavior of failure loads, the transverse displacements between concrete
slabs, and the relative vertical sliding between the reinforced concrete
slabs and the metal profiles of the developed models. Further, Yoo et al.
(2021) presented a nonlinear analysis method to evaluate the bending
behavior of a composite beam while taking into account partial interaction.
They applied the Fourier series for the purpose of determining the shear
interface forces in the composite beam while taking into consideration the
sliding effect between steel and concrete, and by considering the inelastic
behavior of the steel beam and the nonlinear behavior of the ultra-high
performance fiber-reinforced concrete (UHPC). As for Honarvar et al.
(2020), they examined the steel-concrete composite beam with bolt shear
connectors. The composite beam was subjected to three different loading
conditions, including pure bending loading and simultaneous bending
loading, with two alternative torsional loading modes. The results obtained
were analyzed using a 3D nonlinear finite element model. This study was
aimed to carry out the analysis of the mid-span deflection, rotation and
sliding of composite beams, under different loading conditions. In addition,
the effect of the type and number of shear connectors on the sliding of the
composite beam was also investigated.

The findings indicated that the slip between the steel beam and
concrete slab, along the composite beam, increased in the direction of
increasing bending load, while torsion load had a slight effect on sliding. In
this context, Carvalho et al. (2021) developed two methods which are
based on plane displacement with concentrated nonlinear effects for the
numerical analysis of composite beams. It should be noted that the effects
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of geometric nonlinearity, plasticity, and partial shear connection are taken
into account. In the two approaches used, the co-rotational system is
defined in such a way as to allow large displacements and rotations in the
numerical model. The first method is based on the strain compatibility
method. In this case, the deformations of the sections and the sliding at
the steel-concrete interface are analyzed as well as the axial and bending
rigidity of the cross section. The second approach is based on the finite
element method in order to simulate plasticity. All the numerical results
obtained by these two approaches turned out to be quite accurate. They
are close to the experimental data reported in the literature (Carvalho et
al, 2021). In this regard, Oliveira et al. (2021) carried out a study on the
serviceability limit state of excessive deflections by adopting two simplified
approaches, namely Eurocode 4:2004 (European code) and AS/NZS
2327:2017 (Australian code). The results obtained were compared with the
experimental ones that have previously been reported by other authors in
the literature. The occurrence of non-uniform shrinkage becomes a
relevant aspect due to the impermeability of the face that is favored by the
steel decking. Based on the above, it was deemed appropriate to neglect
the deflections when Eurocode 4 was adopted. At the same time, the
simplified AS/NZS 2327 approach, which explicitly takes into account non-
uniform shrinkage, gave results that are more precise than those obtained
by the experimental method. In addition, several studies were carried out
using the First-order Shear Deformation Theory (FSDT) which applies in
the case of short beams. This theory is based on the principle which states
that after deformation the plane section remains plane but loses its
perpendicularity with respect to the mean line of the beam. This is due to
the transverse shear occurring through the thickness of the beam that was
initially discovered by Timoshenko. The First-order Shear Deformation
Theory (FSDT) is attributed to Reissner (1945) and Mindlin (1951) who
developed the Reissner-Mindlin plate model. Other similar works, such as
those carried out by Timoshenko & Woinowsky-Krieger (1959), Whitney
(1969), Reddy (1984), Kant & Swaminathan (2001), Della Croce & Venini
(2004), Wang et al. (2000), Valizadeh et al. (2013), Mechab (2005), also
deserve to be mentioned.

The primary purpose of this investigation is to conduct an analytical
and numerical study on free vibrations and the interlaminar bending shear
force. For this, a new interlaminar sliding field of a composite beam was
introduced. This field takes into account the axial displacements, rotations,
as well as the warping effect of the section of the two composite beams.
Furthermore, a new transverse shear strain shape function was introduced
in order to see the transverse shear influence of short beams. For this, two
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types of composite beams were studied, i.e., one composite steel-wood
beam and one steel-concrete beam. The numerical results were compared
with the ones found in the literature and in other deformation theories.

Equation of interlaminar slip between layers

Balance of forces

Consider a composite beam composed of two different materials in
partial connection (Figure 1). This beam is subjected to bending under
uniformly distributed loading. Figure 2 shows the free-body diagram of an
infinitesimal element of length dx of the composite beam subjected to an
external force distributed along the element. The bending moment, the
shear force, and the normal force are denoted by M, Q, and N,
respectively.

Ei, Gy I, As, 1 Partial shear connectors

|
¥ O =1  |® s-----|- A AEp
L} Ll L] L} L]

h @ X Centroid of sub-element

Centroid of whole Cross section entroid of sub-element

Ez, G2, In, Az, p2 |

Yv L Cross section

@ (b)

Figure1 — Composite member and the coordinate system; (a) elevation; (b) cross-section

Figure 2 — Internal forces acting on an infinitesimal element of the composite beam under
bending
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According to the small deformation hypothesis, the dynamic
equilibrium equations of the force applied along the x and y directions and
the bending moment can be expressed using the three equations given
below:

N=F

Here, F is the applied axial force

do &y dM —dzé)
P =qtpA SN, T =0l (1)

with
pA=p A1+p,As, pl=p 11 +p 15 . (2)

It should be noted that the small deformation hypothesis is part of the
small disturbance hypothesis which is the combination of two hypotheses,
namely the small deformation hypothesis and the small displacement
hypothesis.

It is to be noted that N1, N2, M1 and M represent the axial forces and
the bending moments for the two elements 1 and 2, respectively. In
addition, the axial force N and the bending moment M of the entire section
are assumed to be applied at the center of gravity of the solid composite
section. Then, using the static equilibrium equations allows writing:

N=N]+N2=F
N,=F-N; (3)
M= M1+M2-N]h+Ny2

Furhermore, the sliding at the interface between the two elements 1
and 2 is taken into account. Figure 3 clearly depicts the normal force
applied on each element, including the shear force produced by the shear
connectors, as well as the two normal forces N1 and No.

Hence, considering the equilibrium of forces in the axial direction
helps to determine the shear force at the interface between the two
elements as follows:

dN; dN,
— == 4
dx dx QS 4)
The shear force Qs between the two elements is then determined as:
O, =ku (5)

where us denotes the slip filed between the two elements, and ks is
stiffness of the shear connector.
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Figure 3 — Forces applied along the axial direction of the composite beam

Kinematics of the interlaminar slip field

Considering Figure 4, and according to Timoshenko's hypothesis, the
interlaminar sliding field us between the materials of the composite beam
is a function of the longitudinal displacements of each element and the
overall rotation of the beam. It can be expressed in the following form:

=10 (53)-10y (5.) ;- 0C6) +h00) @)
=105 (5)-10y (5.) +h0)

P

. - L —
> e— up—uy T
» 1l

Figure 4 — Sliding diagram of the two elements, considering the Timoshenko beam theory

The interlayer shear strain may be determined by deriving equation 6
with respect to x, which gives:

duy_dux(ey) duy(x) - dOG)

dx dx dx dx (7)
dug N do(x)
dx —ert dx
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where €4, and €, are the normal deformations, in the x direction, with
respect to the centers of gravity of elements 1 and 2, respectively. They
can be determined as:
N N,
Up=e = g e (8)
Furthermore, the Timoshenko beam theory may be used to express
the bending moment as follows:

do do
M1:E111a,Mngzlza,kGA:k1G1A1+k2G2A2 (9)

Here ks and k: are the coefficients of the shear connectors used in the
beam under study. They depend on the shape of the cross section of the
elements of the composite beam.

Then, deriving equation (6) with respect to x gives:

Ug =l -ty ThO(X), (10)

Likewise, deriving equation (5) with respect to x leads to:
0, =k s, (11)

Next, equation (8) is substituted into equation (11) to get:

N, N
0.~ (g 10, (12)

After derivation and some substitutions, the following differential
equation is then obtained:
lex N2xx 'ng
F-N; N;
Nio=hs (EZAZ-EIAI hg(x))
N kN[ + ]] k<F+h6())
LBty E2A2 E]A] ) EA2 K

] ] F M+Nh-Fy,
N”“'kst[EA "Ea ]:' \EA "V ELVE
242 1411 242 111 242

1 W 1 hy, Mh
P ()
E2A2 E]A] E111+E2]2 E2A2 E111+E212 E111+E2[2

N, -02N;= ot M-k, ! . Lk F
Lo EL+EL  C\E)A;, Ejl+E;L

&N, 2y = k,h Mk, 1 hy, -
o2 TS EL "\ 54, S EL

N kN, l

(13)
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with
M M M+N;h-F
00).,= EI;I - Ezjz ~ R iEzgz
M;=-E1;-0(x),,
M;=-E>1,-0(x),
M=M;+M-Nih+Fy,=(EI;+E>1,)0(x) -N h+F

z Eil; =E 1, +E>] (14)
where a is the connector shear parameter.

1 1 W 1 1 "
a2 :kv + + :kv + + (1 5)
C\ExA; EjA; EHEL| U \EA, E Ay Y E

Dynamic analysis using shear deformation theories

Timoshenko’s first-order shear deformation theory

Consider a mixed beam that is composed of two elements. According
to the Timoshenko hypothesis, there is a uniform shear and deformations
due to transverse shear should not be neglected, which requires the
introduction of a shear correction factor. In this case, the displacement field
may be written in the following form:

u; (x,z)=ugp; +z60(x)
uz(x,2) =1, +26(x) (16)
w(x,z)=wy
where uo1, Ug2 and wp are unknown displacements of the midplane of each
element of the beam, and f(z) represents a shape function that describes
the variation of transverse shear stresses and that of stresses through the
beam thickness. The deformation relations are given by:

ou;(x,z)
|( Exxl ™ Ox :u()],x +Ze,x
Ou,(x,z
{ Exx2~ % U2 x +Z‘9,x (1 7)
| ou;(x,z) ow(x,z)
=y = + =0+
U}xz] ysz oz Ox 0 Wx

309

Mohamed Krachai, R. et al, Static and dynamic study of composite beams with a new interlaminar sliding field using different beam theories, pp.300-332



EVOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2025, Vol. 73, Issue 1

Equations of motion
The equations of motion are obtained using Hamilton's principle which
is expressed as follows:

15
((6T-0U-0Uy)) dr=0 (18)
4
Here 8U is the variation of the virtual strain energy, 8U; is the variation
of the strain energy of the connectors, and &T is the variation of the total
kinetic energy.
The deformation energy of the beam is given by the following relation:

1
U= Ejf.[ (GIXX'glxx+0-2xx'82xx+‘[1xz'lez+T2XZ'y2xz) dxdde:0 (1 9)

1
. EW (B +E2 (6207461 (7, +G2.(0,,.) ) dedydz=0 (20)
with

o=E.&, et 1.=Gy

1
U=3 .Uf ((E 1 (g1 x +Z9,x)2 TEz. (g2 +Z€,x)2

+G,. (w,x+0)2+G2. (w,x+¢9 )2)> dxdydz

(21)
Hence, minimization of the strain energy allows writing:
6U=-f(E1A15u01,x.u01,x+E111.Hlxﬁ@,x)dx
—f(E2A2.Ll()z)xé‘l/l()g,x"‘Ezlz.g,x.ég’x)dx
+ f KGA' (0+w,)(00+w )dx
+ j KGA? (6+w ) (060+w . )dx
’ ’ (22)

with
[ Eydydz = E1 Ay, [[ Esdvdz=E>A,, [[ E;Z°dydz=E,1,,
ff Ezzzdydz=E212 (23)
where K is a shear correction factor used for transverse shear stress
correction. The deformation energy due to the interlaminar sliding of the

layers of the composite beam is given by the following relation (Type | slip
field):
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1
—__ Y 2

After minimization, the following expression is then obtained:
5Us = fKS(uog-u()]-hH)(5u02-5u01-h59)dx (25)
The kinetic energy of the composite beam under study is then given
as:

1 1
T =§me2 dx=§f(m1 +m)Ww’ dx (26)
After minimization, the kinetic energy then becomes:
8T= f (m;+m>)w 6vwdx (27)

Subsequently, substituting equations 22, 25 and 27 into equation (18)
gives the following equilibrium equations:

f f (0T-0U-0Uy) dt= f (m ;+my)w dwdxdt
- f (EyA18ugy - Uorx + E1ly. 0,56, )dxdy
- f (E;A5.up5Ougy +E;1.0.,.06 ) dxdy
+ j KGA'(6+w ) (66+0w  )dxdt

+ j KGA*(0+w ) (66+0w . )dxdt

- f KS(Moz-M()]-hg) (§M02-5M01-h59)d)€dt (28)
Afterwards, integration by part allows obtaining the system of
differential equations describing the free vibration motion of a mixed
Timoshenko beam:
2
eql= Esd, (a— uoz(x)> K (g2 ()19, () +hO(x))

o’

82
eq2=E 4, P g (x) | +Ks(ugr(x)-1g; () +hO(x))

ea3= (Eil+Esl)) (j— 6(x)> (K1 GoA HKGodo) (S () +000))
(29)
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+Ksh (192 (x)-1t9; () +h6(x))

2
eq4= (K;G;4;+K,G,45) <a—w(x,t)+a%9(x)> -ma’w(x,t)

o’

High order shear deformation theory

Unlike the classical theory and the Timoshenko theory, which are both
based on the linear distribution of displacement through the beam
thickness, the high order theory is based on a nonlinear distribution of
fields through the thickness. For this reason, it was deemed necessary to
take into account the effects of the transverse shear strain and the
transverse normal strain. It should be noted that the models considered do
not require a correction factor. This theory is more precise than the first
order theory as it introduces a function that takes into account the warping
phenomenon. The present study takes into account the warping effect
which uses a new transverse deformation function and can be written in
the following form:

5
(U2 =1 (5,02 (5D 2.0, (50)

0
lUg (x,z,)=u,(x,0)-z Ew w(x,£) +(2).0,(x,1) (30)

W(x,z,0)=w(x,t)

Substituting the strain energy into equation (19) gives:

1 % oU,(x,z,t) ? % oUyx,z,t) ?
1 1(%.Z, 2X,Z,
U_2 th EIbI( ox ) dz+fhz EZbZ( Ox ) dz

h h
7 OU, (x,2,)\° 7 oU,(x,20)\°

+J- K]G]b] <—) dZ+f K2G2b2 e — dZ dx
% 0z % 0z

2

(31)
hi 5

7, (e 0 Ny .
U—z P Eb; aul(x,t)—z@w(x,t) ﬂz)a j(x,t) zZ

2
h2
7E b 0 7 0 6 d:
+ 12 E2b2 aug(x,t)-z@w(x,t)-i-f(z)a H(x,1) Iz

2 (32)

312



hi 2

+ .hz—]kaIGI 'aW(x,t)-i-(Eﬂz))HI(x,t) dz

h2
Z 0 d

+ k2b2G2 ——w(x,t)+ —f(Z) Qg(x,t) dz |dx
h2 ox dz

2

The present theory is based on a new interlaminar slip field that was
initially developed by N. Elmeiche, I. Mechab, and F. Bernard. This field
takes into account the longitudinal sliding of the two elements of the
composite beam, the rotating sliding, and the sliding that is due to the
transverse warping of the beam (new type Il slip field):

1 h h
U= [ 3 (10606 5-0,0-%.0:)

(o) (@ +0, (x>)
=5 X

2
OW(x,z,t)
- <f(Z)| _h_2> : (a— +62(x)> dx
z 2 X
(33)

In addition, the kinetic energy along the three directions, with the
rotational inertia (RT), can be expressed in the form:

T= éf(wz (bj.pl.(Uj(x,z,t))Z
+ (bg.pz. (U2(X,Z,t))2 +(b1.p1 +b2.p2). (W(x,z,1))?)dz)dx (34)
7= éf (w2b1u1(x,t)z(fpldz)-a)zblul(x,t) (%w(x,t)) (fpjzdz)
+w’bu, (x,t)@l(x,t)fplf(z) dz
1 5 0 2 2 0
+to b; (aw(x,t)) (fplz dz)bl (aw(x,t)) 91(x,t)(fplzf(z)dz)
+§w2b1 91(x,t)z(fplf(z)zdz)-kébgug(x,t)z(fpzdz)

@by 1) (2wC0D) ) (] o) +s1x (600 06.)([ p:fi2)d2)

2
+§w2b2 (%W(x»f)) (f pyz*dz) (35)
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-b, (a_ax w(x, t)) 02e0) ([ pAf(E)d2)+ 50030 (et (f pof(e)d)

1 1
+3b1 w(x,5)? (fpldz)-i-szbgw(x,t)z(fpzdz)) dx
with
hi
2
[11, 121,131: Jhl {]’Z’Zz}pj dZ
2
h2
2
]12, 122,132: hz{],Z,Zz}pZ dZ

J e (36)

2 2
1411151’161: hl{],Z,Z }pl'f(Z)dZ
2
h2

2
L Ispdsr= |, {1.2f(2)}p, fl)dz
\ 7

The new warping shape function, previously developed by N.
Elmeiche and I. Mechab, gives:

3

fi2) = z+éW (37)

Static analysis using shear deformation theories

The composite beam is subjected to a uniformly distributed bending
load. The work of the external force is then given as:

1
B~ J o (W(xz,0)) (38)

Using the displacement field expressed in equation 30 allows writing
the total energy of the composite beam as:

Eq=E,,-U-U, =
hi1
h1 , ,

2
0 0 0
5 J;l E1b1<au1(x,t)—z@w(x,t)+f(z)a@(x,t)) dz

1

(39)
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h

hi
2

+ Zkb G (—ﬁw(xt)Jr(if(z))@ (xt)) dz
e >

1

2
h2
2

+ 2kb G (-iw(x t)+(£f(z))6 (xt)) dz | dx
L e e 2

2

1
3 k(120000506 0,00 (101 )

)
2
0 V2, 0 z,
-(@w](x))—(f(z)l ) ( e ))
X =3

1
+ EJ q(W(x,z,t))de

Numerical solution by the Ritz method

Consider a simply supported composite beam of the length L. The
numerical resolution of the problem, using the Ritz method, consists of
minimizing the total energy related to the amplitudes of the displacement
and rotation fields:

=), (v G) - G-1)
)= "0 0 () 1)
0= [on () (1) o)
000- o2 &) C-1)]
I,
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After the substitution and the minimization of the Ritz solutions in
equations 32 - 36, a square matrix of the dimension 5.(n+1).5.(n+1) may
then be obtained in the following form (see Appendix):

(A4, 11[A4:1[415][4 14114 51; (LU ({0:h
/ [A211[A22][A231[A424][A455]; {Ux} {0}
| [45:1[45:1[A4551[4541[455]; | {013 =410} (41)
\[Am[A42][A43][A44][A45], {621} {03

s s3] dlass)/ oy \omd) o, o),

In dynamics, the determinant of the system of equations gives the
natural vibration frequencies:

w’=det[A] (42)

Digital application

The numerical calculation of the natural frequency of vibration and the
interlaminar shear force of two types of simply supported composite
beams with a partial connection between the materials was carried out.
The first composite beam is made of concrete-wood materials, with a T-
shaped cross section. It is composed of a concrete slab, rectangular in
shape in its upper part, while the lower part is made of wood.

The other composite beam has an |-shaped cross section. It is made
of a concrete slab, rectangular in shape in its upper part, while the lower
part has a HEA steel profile in the form of the capital letter I. The properties
of each composite beam are presented in Figure 5.

Furthermore, a validation study of the ten free vibration frequencies
was carried out using the first order shear deformation theory of the
composite beam made of concrete-wood materials. The results, depicted
in Table 1, were verified and then compared with those reported in the
work of Xu & Wu (2008). In this study, a shear correction factor equal to
5/6 was used. The relative frequency error, for all modes, did not exceed
0.37%, which means that the frequency values found in the present work
are in good agreement with those reported in the literature.
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Figure 5 — Types of the beams under study:(a) Mixed beam in concrete-wood materials
(materials 1);(b) composite beam in steel-concrete materials (materials Il)
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Figure 7 — Convergence test of the vibration frequency for the composite beam Il
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Table 1 — First ten vibration frequencies (Hz) of the composite beam made of material |

with a sliding field of type |
Xu & Wu (2008)
L/H Mode Present Relative error %
Exact DQM
1 10.2787 10.2768 10.3023 0.02
2 33.1627 33.1771 33.3569 0.04
3 65.2411 65.3343 65.8811 0.14
4 107.0528 107.3095 108.6140 0.24
20 5 158.6972 159.2021 161.9071 0.32
6 219.8142 220.6233 225.6710 0.37
7 289.8239 290.9092 299.5853 0.37
8 368.0599 369.2557 383.2073 0.32
9 453.8387 454.7913 476.0263 0.21
10 546.5014 546.6124 577.4941 0.02

Table 2 — Natural frequency of the composite beam made of concrete and wood materials
as a function of the shear parameter a2 of the connectors, with shear deformation (SD)
and rotary inertia (RI), for a type Il slip field

Number of interpolation N=9,Present with (SD and RI)

L/H=5 L/H=10

Theories PSDBT HSDBT Present Error PSDBT HSDBT Present Error
qZ

1038 79.159 80.461 81.070 0.76% |39.330 39.939 40.248 0.77%
102 79.186 80.489 81.097 0.76% |39.344 39.953 40.261 0.77%
10" 79.462 80.760 81.363 0.75% |39.484 40.090 40.395 0.76%
1 82.095 83.390 83906 0.62% |40.752 41336 41.607 0.66%
10 101.394 102.504 102.664 0.16% |48.564 49.025 48.885 0.29%
50 140.572 141.081 141.127 0.03% |58.094 58.404 58656 0.43%
10? 160.831 160.992 161.128 0.08% |61.399 61.667 61.877 0.34%
5.5.10? 194.117 194.142 194.099 0.02% |65.130 65.349 65549 0.31%
108 199.265 199.229 199.203 0.01% |65.575 65.790 65.989 0.30%
5.5.10® |205.015 204.911 204.193 0.35% |66.041 66.253 66.455 0.30%
104 205.676 205.559 205.57 0.01% |66.094 66.304 66.506 0.30%

Number of interpolation N=9, Present with (SD and RI)

L/H=15 | LiH=20
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Theories PSDBT HSDBT Present Error |PSDBT HSDBT Present Error
q2

103 25.887 26.516 26.757 091% |19.499 19.884 20.010 0.63%
102 25.897 26.526 26.766 0.90% |19.506 19.890 20.016 0.63%
10" 25994 26.615 26.854 0.90% [19.574 19.957 20.082 0.63%
1 26.811 27377 27603 0.83% |20.109 20.483 20.597 0.56%
10 30.670 31.056 31.240 0.59% |22.227 22539 22.641 0.45%
50 34.142 34410 34595 0.54% |23.707 23.948 24.089 0.59%
102 35.002 35248 35440 0.54% |24.029 24254 24410 0.64%
5.5.10? 35.867 36.091 36.291 0.55% |24.341 24549 24718 0.69%
103 35.961 36.185 36.385 0.55% |24.374 24582 24.751 0.69%
103 36.060 36.292 36.482 0.52% |24.408 24616 24.785 0.69%

Table 3 — Natural frequency of the composite beam made of concrete and steel materials
as a function of the shear parameter a2 of the connectors, with shear deformation (SD)
and rotary inertia (RI), for a type Il slip field

Number of interpolation N=9, Present with (SD and RI)

L/H=5 L/H=10

Theories PSDBT HSDBT Present Error |PSDBT HSDBT Present Error
q2

103 29.468 29.956 30.153 0.66% |13.804 14.103 14.124 0.15%
102 29.589 30.075 30.271 0.65% [13.868 14.167 14.186 0.13%
10" 30.772 31.234 31420 0.60% |14.484 14786 14.784 0.01%
1 40.241 40.566 40.686 0.30% [19.982 19.304 19.182 0.63%
10 79.833 80.132 79.876 0.32% |33.475 33.485 33.305 0.54%
50 122.680 123.310 122.502 0.66% |42.668 42.665 42.644 0.05%
10? 136.870 136.326 136.530 0.15% [44.629 44616 44596 0.04%
5.5.10? 153.651 153.362 153.268 0.06% |46.496 46.478 46.454 0.05%
103 155.769 155.467 155.370 0.06% |46.706 46.691 46.661 0.06%
5.5.10° 158.435 157.983 158.739 0.48% |46.989 46.962 46.895 0.14%
104 159.121 158.748 159.133 0.24% |47.065 47.029 47.027 0.00%

Number of interpolation N=9, Present with (SD and RI)

L/H=15

| LiH=20
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Theories | PSDBT HSDBT Present Error | PSDBT HSDBT Present Error
qZ

103 9.029 9.179  9.235 0.61% |6.715 6.839 6.870 0.45%
102 9.073 9.222  9.277 0.60% | 6.748  6.871 6.902 0.45%
10" 9.481 9.623 9.675 0.54% | 7.048 7.167 7.195 0.39%
1 12.214 12324 12.348 0.19% |8.889 8.990 9.000 0.11%
10 19.039 19.110 19.083 0.14%|12.469 12582 12.557 0.20%
50 21.898 21921 21919 0.01%|13.587 13.620 13.645 0.18%
10? 22391 22417 22408 0.04%|13.756 13.791 13.809 0.13%
55.102 |[22.829 22.851 22.881 0.13% [13.903 13.939 13.951 0.09%
108 22.867 22.887 22914 0.12%|13.919 13.955 13.967 0.09%
55.10° [22.936 22.959 22968 0.04% [13.939 13.977 13.987 0.07%
1038 22952 23.010 22984 0.11%|13.944 13.956 13.992 0.26%

Tables 2 and 3 present the variation of the natural vibration
frequencies of the composite beam in concrete-wood and concrete-steel
materials as a function of the shear parameter of the connectors with
transverse shear deformation (SD) and rotational inertia (RI). The results
of the present theory with a new warping shape function (equation 37)
were then recorded and compared with those given by the parabolic shear
strain beam theory (PSDBT) and the hyperbolic shear strain beam theory
(HSDBT). For the different slenderness values of the two types of beams,
the relative error did not exceed 0.91% for the beam in material | and
0.66% for the beam in material Il. The results obtained for the two types of
beams are in good agreement. This is certainly due to the perfect
convergence of the Ritz method and the new shear strain function.

The dynamic analysis of the natural frequency of vibrations with
transverse shear deformation (SD) and rotational inertia (RI) of the
composite beam made of concrete-wood materials and concrete-steel
materials is presented in Figures 8 and 9. The values of the connector
shear parameter a? are given by a logarithmic scale with the new
interlaminar slip field (type |l slip field). The frequency is stationary for low
connector parameter values, i.e., a? between 10~ and 10™". This frequency
gradually increases while exhibiting a non-linear behavior, and the
deviation point of the curves is observed at a? = 10. In addition, the
difference between the maximum frequency, which corresponds to a? =
104, and the frequency that corresponds to a? = 10 and which is considered
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as the point of deviation of the curves, varies from 55.33% to 1.42% for
type | material and from 52.46% to 8.24% for type Il material. The
maximum deviation is obtained with the short composite beam (L/H = 5)
and the minimum deviation is observed with the slender composite beam
(L/H = 20). The nonlinear behavior of the beam is due to the fact that the
significant effects of transverse shear and warping of the short composite
beam, for type | and Il materials, are taken into account.
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Analysis of bending

The static analysis is based on the numerical calculation of the
bending of the two composite beams made with materials | and II. The two
beams are simply supported and are subjected to a uniformly distributed
load, with g = 15 KN/m and q = 4 KN/m, respectively. Figures 9 and 10
illustrate the variation of the interlaminar shear force as a function of the
shear coefficient of the connectors.

110
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4 —=— —o— LH=5 ’/I'/ |
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Figure 10 — Variation of the interlaminar shear force Qs for the composite beam made of
steel-concrete materials
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Figure 11 — Variation of the interlaminar shear force Qs for the composite beam made of
concrete-wood materials
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Figures 10 and 11 show the variation of the interlaminar shear force
for the two materials | and Il, with two interlaminar slip fields, i.e., a classic
sliding field of the Timoshenko beam, and a new sliding field proposed
using the higher order theory. The deviation of the interlaminar shear force,
for the two slip fields, varies from 22% to 11%, and to 5%, respectively, for
the beams of material | with the slenderness (L/H) equal to 5, 10 and 20.
The deviation of the interlaminar shear force for the two slip fields varies
from 34% to 10.7% and to 2.8%, respectively, for the beams of material Il
with the slenderness (L/H) equal to 5, 10 and 20. These findings suggest
that the introduction of the warping effect into the new interlaminar slip field
of a composite beam is significantly important, which is not the case for
the slender beam because in this case the transverse shear and the
warping effects are negligible. Based on the above, it can be said that the
composite beam behaves like an Euler-Bernoulli beam.

Conclusion

The present study primarily focused on the detailed investigation of
the dynamic part and the static part of a composite beam that was
analyzed using different theories. A new interlaminar slip field of a
composite beam was then introduced in the method used. This field
accounts for the warping effect with a new transverse shear strain shape
function. The equations of motion were deduced and solved using the Ritz
numerical method, while considering two different types of composite
beams, i.e., a composite beam made of steel and wood materials and
another made of steel and concrete materials. The numerical results
obtained were compared with those found in the literature. These results
were also compared with others obtained from deformation theories. It was
found that the free frequency of vibration with transverse deformation
shear and rotational inertia of the two composite beams in steel-wood and
steel-concrete materials with a new interlaminar slip field was quite
significant for the short beam but not very important for the long beam.

A similar remark was made for the static case of the interlaminar shear
force. This was primarily due to the introduction of the new shear strain
shape function in the equilibrium equations and in the new interlaminar slip
field. These findings describe quite well the behavior of composite beams
with cross-sectional warping. Furthermore, it turned out that the proposed
sliding model can be employed in characterizing the real behavior of short
composite beams undergoing small and large deformations.
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Estudio estatico y dinamico de vigas compuestas con un nuevo campo
deslizante interlaminar utilizando diferentes teorias de vigas
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CAMPO: ingenieria civil
TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccién/objetivo: El presente trabajo tiene como objetivo realizar una
investigacion estatica y dinamica de vigas compuestas por dos elementos
conectados entre si, con una interaccion parcial entre las capas de la viga,
teniendo en cuenta el efecto de deslizamiento interlaminar.

Meétodos: En este estudio se ha introducido un nuevo campo de
deslizamiento interlaminar que tiene en cuenta, para cada capa, el
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desplazamiento axial, la rotacién debida a la flexién y el corte transversal
de alto orden con una nueva funcién de forma de alabeo. Las ecuaciones
de equilibrio se resolvieron analitcamente basandose en el principio de
Hamilton. Ademas, la resolucién numeérica de estas ecuaciones se basé en
el principio de minimizar todas las energias utilizando el método de Ritz,
teniendo en cuenta diferentes teorias de vigas. Posteriormente se llevé a
cabo un estudio comparativo para calcular las frecuencias de vibracion
naturales de dos vigas compuestas de acero y madera.

Resultados: Se encontré que los resultados obtenidos para las diez
frecuencias de vibracién naturales concuerdan perfectamente con los
reportados en trabajos previos encontrados en la bibliografia.

Conclusién: Ademas, se realizé un estudio detallado, dependiendo de los
parametros geométricos y materiales, para los dos materiales mixtos, es
decir, hormigén-madera y acero-hormigén, con dos campos de
deslizamiento interlaminares, concretamente el campo de deslizamiento
clasico basado en la teoria de la viga de Timoshenko y un nuevo campo de
deslizamiento interlaminar que se basa en la teoria de orden superior.
Ademas, se estudio la flexién en el caso estatico para examinar el efecto
de la fuerza cortante interlaminar en vigas cortas y largas.

Palabras claves: estudio estatico y dinamico, vigas compuestas,
interaccion parcial, nuevo campo de deslizamiento interlaminar,
cortante transversal de alto orden, nueva funcién de forma de alabeo,
método de Ritz.

CraTtuyeckoe 1 guHaMmnyeckoe uccregoBaHne KOMMO3MTHLIX Ganok ¢
HOBbLIM MONIEM MEXCHONHOMO CKOMbXEHWS C UCMNOSIb30BaHNEM
pasnu4yHbIX Teopuin n3rnba danok
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r. Mackapa, Amxunpckas HapogHas JemokpaTnyeckas Pecny6nuvka

B YHuBepcuteT [xunnanu Jinabec - Cuan-benb-Ab6ec,
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PYBPUKA TPHTW: 67.11.00 CTponTenbHble KOHCTPYKLUK
B[O CTATbW: opurmHanbHas HayyHas ctatbsl

Pe3some:

BsedeHue/uenb: Llenbio Hacmosiwel cmambu si8/15emcsi npoesedeHue
cmamu4yecko2o U OUHaMUYeCcKo20 Uccrie0o8aHusi KOMIMO3UMHbIX
barnok, cocmosuwux u3 dgyx cOeOUHEHHbIX 3/1eMeHmMOo8 ¢ YaCmuYHbIM
g3aumoldelicmeuem mex0y crosmu banku u ¢ ydyemom 3ahghekma
MEXKCII0UHO20 CKOJIbXKEHUS.

Memoosi: B daHHOM uccriedoeaHuu 6bilo 88e0eHO HOo8oe roJie
MeXCII0lIHO20 CKOJIbXXEHUSI, KOmopoe y4umbi8aem 0Ce8oe cMeleHue
rno kaxdomy crioro, nogopom uzauba u rnonepeyHsili cdsue ebicLIe20
rnopsidka ¢ Hoeol ¢hyHKkyuel ¢hopmbl usauba. YpasHeHuUs pasHogecus
6bIIU  peweHbl  aHanumuyecku, OCHO8bI8asiCb  Ha  NpuHUUM
Famunsmona. lNomMumMo moeo, YUCeHHoe peweHUe 3mux ypasHeHul
6bI/I0 OCHOBAHO Ha MPUHUUNE MUHUMU3auuu 6cex 3Hepaull ¢
ucnonb3oeaHuem Memoda Pumua ¢ y4emom pa3snudHbiX meopull
ny4ykos. 3amem rposedeH cpasHUMEsbHbIU aHamu3 ¢ Uesnbio pacdema
cobcmeeHHbIXx 4acmom KosiebaHuli 08yx KOMIMO3UMHbIX bariok,
U320Moe/eHHbIX U3 cmarnu u depesa.

Pesyribmamai: bbirio 06HapyxeHo, 4mo pe3ynbmamsal, ofy4eHHbIe 10
decsmu  cobcmeeHHbIM  Yacmomam  KosiebaHuli,  [ofIHOCMbHO
coenacylomcs C pesynbmamamu, pedcmassieHHbIMU 8 paHee
onybnukoeaHHbIx pabomax.

Beigod: [anee 6bi1o nposedeHo OemarnbHoe  uccriedogaHue
3agucuMoOCmU OmM 2e0MEempPUYECKUX MapamMempos U rnapamempos
Mamepuasios 08yX KOMIMO3UMHbIX Mamepuasos, mo ecmb bemoHa,
depesa u cmanebemora ¢ 08yMsI MEXCITOUHbIMU MOSISIMU CKOJIb)XEHUS], a
UMEHHO, KJ1aCCUYECKUM [10/1IeM CKOJIb)XXEHUS], OCHOBaHHbIM Ha Mmeopuu
6anok TUMOWEHKO, U HOBbIM MEXC/IOUHbIM [1051eM CKOJIbXEHUS,
OCHOBaHHbIM Ha meopuu ebicwezo rnopsioka. lNomumo mozo, usaub b6bin
U3y4eH 8 CMmamu4YyeCKOM PEXUME C UEeNblo U3y4YeHUs  8rlusiHUsI
MexcolHoU cusibl cOsuza Ha Kopomkue U OrnuHHbIe barku.

Knroueeble cnosa: cmamu4yeckue u OuHamuyeckue uccriedoeaHus,
KoMmro3umHbie 6arnku, 4Yacmu4yHoe e3aumoodelicmeue, HO80€e [10/1e
MEXCIIOUHO20 CKOJIb)XXEHUS, MonepeyHbili cdsua 8bICOKO20 rnopsokKa,
Hoeasi (yHKUus popmMbi uzauba, memod Pumua.

CTaTn4KO M OMHAMWYKO NpoyYaBake CMpPEerHyTMxX Hocava ca HOBUM
WHTEpPNamMUHapHUM cMu4yhM norbem KopuwheweM pasnnunTmx
Teopuja Hoca4a

Pawuda Myxamen Kpauan®®, Hypedur Enmuiu®, ayTop 3a npenucky,
Ucmaun MeTab®, @abpuc BepHap', Emwam Aban?
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OBJIACT: rpaheBnHapcTBO
KATEIFOPUJA (TWUM) YITAHKA: opurnHanHu Hay4Hu paj

Caxemak:

Yeod/yurb: Y osom pady cy cmamuyku u OuHaMU4Ku rpoyvyasaHu
cripeeHymu Hoca4u cacmaesbeHu 00 08a criojeHa Oena ca napuujasHom
UHMepakuujom usmeRy criojeea Hocaya, rpu 4emy je y3em y 063uUp
eghekam uHmMepIaMuHapHo2 CMUYar-a.

Memode: Yeodu ce Ho80 UHMepriaMUHapHO rosbe cMularba Koje 3a ceaku
croj yauma y ob3up akcujasiHu romepaj, pomauujy ycred casujarba U
MOMNpPeyYyHo cMuuare BUCOKoe peda ca HOB8OM (byHKUyujom obruka
casujarba. JeOHa4YuUHe pasHOMeXe Cy peuweHe aHarumuyku Ha OCHO8Yy
XamunmoHogoe rpuHyuna. lNpu mome je HyMepuyko peliasare 08UX
JjedHayuHa busio 3aCHO8aHO Ha MPUHUUMY MUHUMU3UPaH-a CeUuX eHepauja
Kopuwhermem Puyosoz memoda u pasnudumux meopuja Hocehux epeda.
3amum je ypaheHa KomnapamueHa cmyduja padu u3padyHasarba
ppekseHyuja npupodHux subpaluja 08a cripeeHyma Hocadya 00 Yesnuka u
dpsema.

Pesynmamu: YmepheHo je Oa cy pe3ynmamu O0obujeHu 3a Oecem
ppekseHyuja npupoOHUX subpauuja y caspwieHom ckriady ca OHuMa U3
npemxodHo objasrbeHux padosa.

Bakbyyak: YpaheHa je OemarbHa cmyduja Ha OCHO8Y Mapamemapa
eeomempuje U Mamepujana 3a 08a Komrio3uma (6emoH-0p8o U YerluK-
bemoH) ca 0ea UHMepramMuHapHa frosba CcMuyaH-a, OOHOCHO ca
Kracu4yHUM rosbeM CMuyarsa Ha 0CHo8y meopuje epede TuMoweHKa u ca
HOBUM UHMeEpiaMuHapHUM MorbeM CMUlaH-a Ha OCHO8Y meopuje 8LUCOKo2
peda. Casujame je aHanusupaHo U cmamudku padu ucrnumuearba
ymuuyaja uHmepnamMuHapHe cusie cMulaH-a Ha Kpamke Kao U Ha Oy2ayke
epede.
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KrbyyHe peuu: cmamuyko U OUHaMUYKO ucrnumuearbe, cripeaHymu
Hocayu, napuujanHa uHmepakyuja, Ho80 rosbe UHMepIaMuHapHo2
cMuyara, MorMpeyHo cMuyare 8UCoKoe peda, Hosa ¢byHKyuja obruka
casujana, Puyose memod.
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