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Abstract:

Introduction/purpose: Utilizing composite materials to reinforce reinforced
concrete structures is now a very prevalent practice in the field of civil
engineering. However, prestressed concrete construction does not usually
use this method. The principal purpose of the present study is to extend the
use of composite materials to reinforce prestressed concrete beams by
taking into account the effect of interfacial stresses concentration on the
global behavior of such structures.

Methods: A new analytical model is suggested taking into account how
changes in the RC beam's prestress affect the interface stresses. A
polynomial function expressing the variation of the geometrical shape of the
cable as well as the instantaneous and non-instantaneous losses of the
prestressed concrete beam is considered in order to address the issue of
stress concentration at the adhesive-plate-concrete interface.

Results: The main findings of the present investigation demonstrate that, in
the presence of cable prestress, the interface stresses decrease non-
significantly; but, as the prestressing force applied to the FRP plate
increases, a more substantial increase of interfacial stresses is observed.
Conclusion: Because of a high degree of contact stresses at the plate end
the debonding risk becomes greater and an anchoring mechanism is
recommended at the edge of the plate.

Key words: prestressed concrete beam, FRP composites, interfacial
stresses, fibers orientations, strengthening.

Introduction

The necessity for public works and civil engineering infrastructures to
be improved has grown significantly in recent years, to the point that
heritage preservation is one of the requirements that must be fulfilled to
ensure ecologically responsible, sustainable growth. One of the ways to
increase the safety and durability of these structures is reinforcement
using several methods. Thus, many theoretical and experimental scientific
studies have been carried out to recommend the best solutions for
reinforcing existing reinforced concrete structures. One of these solutions
is the use of composite material plates such as carbon fiber reinforced
polymer (CFRP) plates due to their high stiffness and light weight.

A review paper on the use of prestressed composite materials in the
strengthening of reinforced concrete beams was published by (Aslam et
al, 2015) illustrating the benefits and drawbacks of several strengthening
procedures, including external reinforcement (EBR), surface
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reinforcement (NSM), and externally post-tensioned techniques (EPT).
Prestressed Near Surface Mounted Carbon Fiber Reinforced Polymer
laminates (NSM-CFRP) were used in an experimental and numerical
investigation by (Mostakhdemin Hosseini et al, 2016) to strengthen low
resistance reinforced concrete slabs. The results indicate an intriguing
improvement in the bearing capacity of slabs. The impact of a prestressed
CFRP laminate on the fatigue performance of steel plates was investigated
by (Emdad & Al-Mahaidi, 2015). It is shown in this experimental and
numerical work that prestressed CFRP laminates dramatically reduce
strain in steel plate specimens. A new experimental and numerical study
on the bending behavior of reinforced concrete beams reinforced with
prestressed CFRP laminates has been developed by Gao et al. (2016);
this study's primary contribution is the application of a novel CFRP
laminate prestressing method. An analytical method for a bending study of
reinforced concrete beams reinforced by prestressed CFRP plates was
proposed by (Rezazadeh et al, 2015). This method takes into account the
maximum capacity of CFRP plate reinforced beams in cases when the first
mode of delamination predominates. A moment-curvature connection is
created based on three linear branches that correspond to the pre-
cracking, post-cracking, and post-plastification stages. In a study given by
(Bansal et al, 2016), the FRP laminates are swapped out for FRP sheets
in an attempt to solve the issue of the debonding of laminates prior to fiber
breakage.

A number of studies conducted by various experts indicate that the
presence of shear and normal stresses at the plate—core interface is an
important component. Researchers have devised numerous closed-form
solutions for the interfacial stresses since they can, in fact, lead to brittle
fracture of the concrete layer supporting the composite laminate and early
collapse of the reinforced beam. The interfacial stresses are accurately
estimated using Smith & Teng's solution (Smith & Teng, 2001); however,
it ignores the fiber orientation of the FRP plate. To enhance the solution
created by (Smith & Teng, 2001), further solutions have been put forth.
(Tounsi et al, 2009) have suggested a novel method that ignores the
orientation influence of fibers while also accounting for adherend shear
deformations. A novel approach has been provided by (Tounsi &
Benyoucef, 2007), which takes into account the fiber orientation of the FRP
plate while keeping the flexural stiffness of composite plates in mind. A
sensitivity analysis that takes into account various combinations of fiber
orientations has been considered. An analytical analysis was conducted
by (Krour et al, 2010, 2011) to provide a more precise solution for the
interfacial stress problem by taking into account the mean curvature at the
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interface between the RC beam and the FRP plate and adjusting fiber
spacing according to its thickness. Following that, an analytical and
numerical investigation was carried out by (Krour et al, 2013) to determine
the optimal approach for determining bearing capacity and interfacial
stresses.

To achieve the time-dependent impact, numerous research studies
were conducted. For example, Mohamed et al. (2009) carried out a
theoretical interfacial stress analysis for simply supported RC beams with
thin FRP composite plates, taking into account the laminate theory, the
interface slip effect on the structural performance, and the same
assumptions as (Smith & Teng, 2001). The analysis included both the
creep and shrinkage effects. Similarly to this, (Fahsi et al, 2011) carried
out an analytical analysis for interfacial adhesive stresses, including creep,
shrinkage, and thermal deformation, using the mean curvature assumption
between the two addends. Both investigations were carried out using the
Fib-international model (1990).

Recently, prestressed laminates have been applied to bridge girders
and other types of constructions in the field, with both theoretical and
empirical investigations conducted. The analyses produced closed-form
formulas that could be used to determine peeling stress and interfacial
shear in beams that had laminates or bonded, non-prestressed plates. (Al-
Emrani & Kliger, 2006) have addressed the issue of interfacial stress in
the context of prestressed laminates used for strengthening and repair.
The examined beam was not loaded throughout this experiment; only
interfacial shear stress was examined. These investigations were all
conducted on steel or reinforced concrete beams that were strengthened
with CFRP plates, either prestressed or not. Using the laminate theory and
altering the fiber orientation, (Benachour et al, 2008) conducted an
analytical analysis of the interface steel beam reinforced by a prestressed
CFRP plate.

Due to the significance of prestressed concrete, many studies have
concentrated on the estimation of time-dependent losses. Indeed, (Paez
& Sensale-Cozzano, 2021) proposed a theoretical analysis of simply
supported and continuous unbonded prestressed concrete beams, taking
into account concrete creep and shrinkage as well as pre-stressing steel
relaxation. In order to ascertain the prestress loss and time-dependent
deflection in cracked prestressed concrete elements, prestressed with
fiber reinforced polymers or steel tendons, (Paez, 2023) carried out a
novel, simplified method based on the creep-transformed section method.
Artificial Intelligence has been applied to civil engineering challenges as a
new contribution. Indeed, (Zhang et al, 2023) predicted the long-term
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prestress loss for prestressed concrete cylinder structures using machine
learning. Using a numerical model calibrated against experimental data,
(Lou & Karavasilis, 2018) gave an evaluation of the time-dependent
behavior and the prediction of the long-term deflection of concrete beams
prestressed with internal unbonded carbon fiber reinforced polymer
(CFRP) tendons.

Because composite material plates are an effective way to reinforce
steel or reinforced concrete structures, researchers are now concentrating
their efforts on employing this technique to prestressed concrete, which is
commonly used in civil engineering. An analytical study by (Mebsout et al,
2017) amply demonstrated the benefits of using prestressed FRP plates
to enhance the behavior of prestressed concrete section beams. The study
showed that it is possible to remove tensile stress by applying a
prestressed CFRP plate transforming the cross-sectional area from Class
Il to Class | according to Eurocode 2 (Le Delliou, 2003).

This paper focuses on an analytical analysis of prestressed composite
FRP plates used in conjunction with prestressed concrete beams for
reinforcement. Based on the model developed by (Smith & Teng, 2001),
the study consists of the analysis of normal and shear interfacial stresses
for a prestressed concrete beam strengthened by a prestressed FRP
composite plate, where (Smith & Teng, 2001) deal with RC beams
reinforced with FRP plates. The beam is simply supported, and three load
cases are considered. As a new contribution, the proposed model
considers the immediate and time-dependent losses of the prestressed
concrete beam in addition to the geometrical shape of the cable. This leads
to a random fluctuation in the prestress losses along the span beam.
However, this variation of the prestress can be approximated by a simple
polynomial function necessary to facilitate the integration of the governing
equations of interfacial stresses.

Interfacial shear and normal stresses governing
equation

Previous research has shown that high stress concentration at the
interface between the composite plate and concrete may compromise this
type of reinforcement and cause the debonding of the composite plate. To
estimate these contact stresses, an analytical model based on strain
compatibility is developed in this section. Let us consider a simply
supported prestressed beam represented in Figure 1 and Figure 2.

637

Mebsout, H. et al, Analytical investigation of the interfacial behavior of a prestressed concrete beam strengthened with a prestressed FRP-bonded plate, pp.633-668



EVOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2025, Vol. 73, Issue 2

Ade ey

d Lo d

L .

Figure 1 — Simply supported prestressed concrete beam strengthened with a bonded
FRP plate
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Figure 2 — Shape of the cross section
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Figure 3 displays a differential segment, or dx, of the plated beam,
with all forces and stresses indicated by their corresponding signs.

M(x) M(x) + dM(x)
Ne(x) Prestressed concrete Ne(x) +dNe(x) Y
V() Ve(x) + dVe(x)
T(x)
VIV IV
AAARRA A AN
vV :17: \% % \l/ A%
Miy(x) T(x/f\/f\/f\/f\/f\/f\/f\ L(x) + dM(x)
Np(x) % Composite u}% No(x) +dNp(x) I
Vo) g V) V) y

Figure 3 — Forces in the infinitesimal element of a soffit-plated beam

The interfacial shear and the normal stresses are represented by the
symbols z(x) and o(x), respectively.

The assumptions listed below are made:

1. The concrete, adhesive, and FRP materials behave elastically and
linearly.

2. No slip is allowed at the interface of the bond (i.e., there is a perfect
bond at the adhesive—concrete interface and at the adhesive—plate
interface).

3. Stresses in the adhesive layer do not change with the thickness.

4. Deformations of adherends 1 and 2 are due to bending moments
and axial forces.
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5. Since the shear and normal stress equations can be uncoupled by
assuming identical curvatures in the beam and the plate, the shear stress
analysis makes this assumption due to a high stiffness of the concrete
beam. Nevertheless, the peel stress solution does not make this
assumption. Many authors, including (Smith & Teng, 2001), make
advantage of this assumption.

The shear strain in the adhesive layer is expressed as:

ou(x,y) ow(x,y) Up (x) —u(x)
= —+ ~

: (1)

oy Oox h,

Consequently, the shear stress in the adhesive layer is given by:

u, (x)—u.(x)
r(x) = G, phc , 2)

a

where, G, t,,u, ,and u, indicate, in that order, the shear modulus, the

a’ "a*p
thickness of the adhesive layer, the horizontal displacement at the top of
the externally bonded FRP plate, and the horizontal displacement at the
bottom of the concrete beam. The formula for shear stress in terms of the

mechanical strain of the FRP plate¢,(x) and the concrete &,(x)is
obtained by differentiating Eq. (2) with regard to x.

d &,(x)—&.(x)
S -G, RN (3)
dx h

a

The strain at the bottom of the prestressed concrete beam is given
by:

dug(x) v,

1
Mo (x) = —— N (%), (4)

dx E.I. E A,

g.(x) =

where:
E_is the elastic modulus, M is the bending moment, N, is the axial force

and y, is the distance from the bottom of the concrete beam to its centroid.
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The bending momentM _(x)results from the external loading and the
prestress force applied with eccentricity from the centroid of the
prestressed concrete beam. Then the bending moment M _(x) may be
written as follows:

M (x) =M (x) + M . (), (5)
where:

Mpc (x)is the bending moment due to the prestress force which can be
written as follows:

M e (x) = P, (x,0) x e, (x) (6)

The present investigation employs the laminate theory (Herakovich,
1997) to underscore the impact of fiber orientation on the behavior of the
externally bonded composite plate. Applying this theory to a symmetrical
composite plate yields the following values for the composite plate

curvature k, and the mid-plane strain &’ :

-

0 . 1
ey = A1 1Ny L
2
(7)
, 1
kx = DllMx o
L by

where:

[4']=[A4]" is the inverse of the extensional matrix [4]; [D']=[D]" is the

inverse of the flexural matrix [D]; and b, is the width of the FRP plate.
The terms of the matrices [4] and [D]are written as:

N —
Ann = 22, Qmn(hj = Hj): o

%’— 3 3

641

Mebsout, H. et al, Analytical investigation of the interfacial behavior of a prestressed concrete beam strengthened with a prestressed FRP-bonded plate, pp.633-668



EVOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2025, Vol. 73, Issue 2

where

— E 4 E 4
01 =| —H— |cos ;) + sin” (6;)
I=viovay I=vipvy
vin E 2 2
2| —EZ2 96, |cos (0;)sin” (0)),
1=viovog
— E 4 E 4
0y) = sin” (6) + _ 2 | ©))
I=vipvoy 1=viovog
VinE ) 2
2| 2206, |cos (0;)sin” (), (9)
I=vipvay
— vpky [ 4 4 }
012 —17 cos (6’]-)+s1n (Hj)
V1221
E E 2 )
+ U 2 46, |cos (8;)sin” (6;),
I=vipvar T=vipvy
Q33 = G129

\

where j is the number of the layer; h; [@]and 9]. are respectively the

thickness, the Hooke's elastic tensor and the fibers orientation of each
layer.

Using the classical laminate theory (Herakovich, 1997), the strain at
the top of CFRP plate is given by:

du , (x) h
ap(x): P zeg—ikx, (10)
dx 2

Substituting Eq. (7) in (10) gives the following equation:
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N (x) h

p , p
—D“;Mp(x), (11)
p p

The horizontal forces equilibrium gives:

£, (%) = 4f

dN,(x) AN p ()

=b, 7(x), (12)
dx dx P

And then:

x
Nc(x):Np(x):bp(f)r(x)dx, (13)

From the second assumption below (perfect bond), we obtain:

2 2
d w,(x) _ d"w,(x) "
dx2 dx2
The relationship between the moments in the two adherends can be
written as follows:

Mc (x) = ‘I’Mp (x), (15)
with:
E .1 .D;
11
Y = _L, (16)
bP

The moment equilibrium gives:

h
My (x) = Mo (x) + M, (x) + N(x) yc+ha+5 , (17)

where, M ,(x) is the total applied moment.

In the case of the prestressed concrete beam, the bending moment is
given by:

M (x) = M (x) + M p, (x) + Mp, (x), (18)
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h
M (x) = My (x) + B (x,0) x e, (x) + P, Eyc+ha+fj, (19)

As a function of the total applied moment and the interfacial shear
stress, the bending moments in each adherend are expressed as follows:

p x hy ¥
M, (x)=- bpfr(x)(yc+—+ha)dx + My (x), (20)
Y +1 0 2 ¥ +1
and
1 X hp
M, (x) = =———| b, [ 1(x)(y, +——+hg)dx | + Mp(x),  (21)
¥ +1 0 2 Y +1

The first derivative of the bending moment in each adherend gives:

.y v | h i
< Vp () = b, r(x)(y, + L oin) (22)
Wl 2 |
M) I h, |
_ Vp(x) = by (e + 4 1) |- (23)
de Wal| 2

Substituting Egs. (4) and (11) into Eq. (3) and differentiating the
resulting equation once yields:

% (x) G, | A) 9Np () . hy, dM, (x)
2 T M1
dx h, bp dx 2bp dx
(24)
+G7a 1 dN.(x) ~ Yo dM(x)

hy \ E,A, dx  E., dx

Substituting Egs. (22), (23) and Eq. (12) into Eq. (24) gives the
following governing differential equation for the interfacial shear stress:
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hP
yc+7
dz(x) G, 2 ' G,
+— ' Dl VT(X)—iAll
dx [a EC[CD11+bp [a
(25)
h h
Vet— Yeth, +—
G,| bp 2 2
- + szil T(X):O,
t ECAC ECICD11+bp
dMp(x) dM,(x) dM ., (x) dMp,(x)
) P R R S (26)

dx dx dx dx

Due to the losses of the prestressing force and the variable
eccentricity of the mean cable along the beam span, the induced bending
moment may be approximated by a polynomial function of the forth degree.

Mcp (x) = Plx4 +P2x3 +P3x2 + Py + B, (27)
Then the shear effort induced by this moment is written as follows:
dM . (x)
Fop(6) = — L = 4Ry 43R +2BT 4 B, (28)
dx
The coefficients Pare determined by fitting the fluctuation of

immediate and time-dependent losses and are specific to each case.
The general solutions presented below are limited to loading which is
either concentrated or uniformly distributed, or both. For such loading

d*V,(x)/dx* =0, and the general solution to Eq. (26) is given by:

2
dv

7(x) = ) cosh(ax) + Cy sinh(atx) + BV, (x) + fz — ) , (29)
a dx
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where:

hP hP
, Yo t— Yeth, +—
7 G 2 2
a =4 Ai1+ p + pril
h, E.A, E.1.D +bp
: (30)
hp
yc +—
G 2
p=— b
hy | E.1.Dyy +bp
Vo(x) = Vq (x)+ ch (x)+ VPO (x)
2 2
dV,(x) d V) ’ (31)
= =24Bx+ 6P
2 2 1 2
dx dx

C,andC, are constant coefficients determined from the boundary
conditions.

Adhesive normal stress: governing differential
equations

The strain in the adhesive layer is given by:

ow(x, wp (x) = w, (x)
_ (x,7) . p c ’ (32)
oy h

&y

a

where w,(x)andw,(x)are the vertical displacements of the prestressed
concrete beam and the CFRP plate, respectively.

The normal stress in the adhesive layer is expressed as follows:
Ea
Un (.)C) = h[wp(x)_wc (X)], (33)

a
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Differentiating Eq. (33) two times gives:

2 2 2
d Un(x)z‘féi d wp(X)__d W, (x) (34)
dx h dx2 dx2

a

The moment-curvature relationship for the two adherends is
expressed as follows:

dzwc(x) M. (x)

=
dx E.I
) ce (35)
d wp(x) . DllMp(x)
=
dx bp

The moment equilibrium of the prestressed concrete beam and the
CFRP plate gives:

The prestressed concrete beam:

dM, (x)
=V.(x) —bpyCT(X)
dx , (36)
dv,(x) o
——=-b,0,(x)-¢q
dx pn
The CFRP plate:
am  (x) t
—ﬁf=%m-%£ﬂm
dx 2 , (37)
dv, (x)
T =b oo, (x)
dx P

Using the above equilibrium equations, the governing differential
equations for the deflection of each adherend are given by:

The prestressed concrete beam:

dw.x) 1 Ve o di(x) g

= ——b,0,(0+ b + , (38)
dx E., E.I & E.I
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The CFRP plate:

4
d w,(x) h, dr(x)
p , .
= o+, (39)
dx 2 dx

Substituting both Egs. (38) and (23) as well as Eq. (39) into the fourth
derivation of the interfacial normal stress obtained from Eq. (33) gives the
following governing differential equation for the interfacial normal stress:

4
d'o,(x) E, [ b
gt Djp+——10,()
dx h, E.l,
(40)
fa D, hl_ycbp df(x)+ 4 =0,
h, 2 El, ) d El

The general solution of Eq. (40) which is a fourth-order differential
equation is:

o(x) = e_}/x [C3 cos(yx) +Cy sin(;/x)] + e;/x [CS cos(yx) + Cg sin(}/x)]

dr(x) (41)

_’]1 _772(]7

dx

For large values of x, the normal interfacial stress is assumed to be
zero, and so Cs = Cs = 0.

The general equation becomes:

dr(x)
x

o,(x) = e_}/x [C3 cos(yx) + Cy sin(}/x)] -

where:
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E b
a , p
y= [Dn*
4ha Ec
b

Ie
h
P
Yep —Ec 1Dy [2)

m ’ ’ (43)
EJ.Djj +b,

1

.
EIDjy+b,

The constant coefficients C; and C, are determined by the boundary
conditions.

Application of the boundary conditions and closed-
form solutions

The following boundary conditions are thus considered:

N,(0) = P(d,1)
N,(0)=P,
M, (0)=0

I(LP/Z):O

These boundary conditions give the interfacial shear stress described
by (Smith & Teng, 2001) and written as:

Uniformly distributed load
q

(44)

L, d
L

Figure 9 — Uniformly distributed load
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cz=7 —P 713((1)- M, (d)

C

P

3
ﬂch(d)_ B dv.(d)
a dx ;{ dx2

C
3
M. (d)= L d —+P [(yc+h +— +Pld +Pyd +f§d +hd+ b

dr.(d) _ AV 2

2 = 12Pld + 6P2d + 2P3
dx dx

3
ARG

= =24P

2 2 1
dx dx

Cl = —C2

Single point load

. (49)

Pext
b
>
APP P, %
d L, d
> 7 >

Figure 10 — Single point load

For such a loading type, two cases are possible: the first considers

that the left edge of the plate is located to the left of the load application
point d <b, and the second considers that the left edge of the plate is
placed to the right of the load application point d > b .

Based on the general solution of Equation (45), applying the same
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boundary conditions as for the uniformly distributed load, and taking into
account the continuity of the interface tangential stress and its first
derivative at the application load point, we obtain:



For d <b:

3
G, | 4, 1 v, pav.d)y B dV.(d)
R P(d) -—5—M,(d) |-— -

2
at, bp ECAC ECIC a dx a dx

b 4 3 2
Mc(d):})extd(l_Lj”)ld +bd +P3d +Pyd + B

av.(dy dv,,(d) ?
- -1Rd +6Rd 2R . (46)
dx d3x
) 4V ()
7= =44
dx dx
Cl = —C2
Ford >b:
, 3
G, | 4, 1 v, Bdv.(d) p dV,(d)
Cp=—"| —P,+ P(d) - M, (d) |-= -y —
at, bp ECAC Eclc a dx a dx

h
P
Mc(d):Pextd[l_ )+Pp (yc+ha+7

N~ | o

4 3
+Pld +P2d +P3d +P4d+PS . (47)

dv(d) dVgy(d) ’
= > :12Pld +6P2d+2P3

dx céx
3
dV,(d) d Ve (d)
= = 24Pl
dx dx
€ =-C,
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Two symmetrical point loads

P ext P ext

y y

Figure 11 — Two symmetrical point loads

In the same way as for a single concentrated load, it is possible to
obtain the expression of the tangential interface stress for two
concentrated loads, taking into account the symmetry. The expression of
the tangential stress is given by:

d<b:
3
G |4 I y Bav.d) B dV.(d)
¢y =2 iPp+7p(d)— C M) |-
at, bp EcAc Eclc a dx a dx

4 3 2
M.(d)=F,d+Rd +Pd +PBd +Fd+F

dv.(d) dV,(d) ’
c P
= y—=12Rd" +6Pd +2P , (48)
dx dx
3 SV ()
d V. (d) p
i |
dx dx
Cl = —C2
d>b:
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3
G, | 4 1 y Bdv.d) B dV.(d)
= by s ——p(a)-—¢ <L
at, bp EcAc Eclc a dx a dx
hy
Mc(d) Pextd+P (yc+ha+7
pat i pd® s ndt 1 Pd P (49)
+1 + 0 + 3 + 4 + 3 s
av.(d) AV, (d) 2
= ——— =12Rd" +6Pd + 2R,
dx djc
&y d) dVgp(d)
7= =Hf
dx dx
G =-G

The constant coefficients C, and C, for the normal interfacial stress
are given by:

E, m d4r(0) d3f(0)
¢ =[O+ 170 - ﬁrw) |t —1
2y t,E 1, 2y dx dx
E, 0 m d3r(0)
Zyzt E.l, 7 i ’ (50)

Egby| ve Dty

ty, \E.4, 2b

3 =

The aforementioned constant expressions C; and C, have been left
in terms of the bending moment M (0) and the shear force V,(0) at the

end of the soffit plate. With the constants C, and C, calculated, Eq. (42)

may be used to calculate the adhesive normal stress for all three load
scenarios.

Results and discussions

As part of the present work on strengthening existing prestressed
concrete beams using composite materials, a demonstration study on a
prestressed bridge girder is conducted to examine potential practical
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problems that could occur from applying strengthening technologies to
already-existing structures. The main goal is to demonstrate the existence
of a high level of interfacial stresses leading to early debonding failure of
laminates especially at their ends.

Additionally, it was noted that there is a knowledge gap regarding the
best way to choose the adhesives and material properties for prestressed
composite materials to minimize the amount of shear and normal stresses
at the laminate ends without compromising the effectiveness of the
strengthening technique.

For these reasons, a real case is examined. A simply supported
bridge girder having a free span of 26 meters, is considered. The data
used in this study are summarized in Table 1 and Figure 12. The laminate
is kept at a constant width of 200 mm and a constant length of 24.6 m, with
0.7 m remaining between the end of the laminate and each support. The
maximum shear and normal stress values in the bonding region depend
on a number of factors. The prestressing force and the fiber orientation in
various laminate layers are two most crucial factors for retrofitting beams.

Table 1 — Geometric characteristics of the cross section

he (mm) | h1 (mm) | h2 (mm) | hs(mm) | ha(mm) | hs (mm) | hAp (mm) | ec (mm)
1300 270 150 700 100 80 1.2 476
be(mm) | b2(mm) | bs (mm) | ba (mm) | bp (mm) | V(mm) | V'(mm) | ep(mm)
500 150 100 350 200 674 626 6271
: 350 :
80
Yoo
674
100 {150,|190
) I 700
¢ 1300
47
626 627
Y50

; $1.2
% \ average cable

500

Figure 12 — Cross section sketch
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Adhesive stresses with respect to the prestressing
force Py

Three example problems are taken into consideration. The first
problem involves a beam that is simply supported and subjected to a
uniformly distributed load (UDL), while the second problem involves a
single point load and the third problem involves two symmetric point loads.

The UDL is taken to be equal to 100kN/m, the single point load is
500kN and the two symmetric point loads are Pex=250kN and Pex=250kN.
Four values of P, are considered in this study (0, 50, 100 and 150kN). For
all the three problems, a unidirectional composite plate is used and the
instantaneous elastic modulus of concrete is considered.

By way of comparison, we considered the work of (Benachour et al,
2008), which deals with the problem of interface stresses for a reinforced
concrete beam. This will allow us to distinguish the effect of a prestressing
cable on interface stresses.

Shear and normal interfacial stresses for UDL

The variation of normal stress and interfacial shear for the prestressed
concrete beam reinforced with a bonded prestressed FRP plate along its
span for the UDL scenario is shown in Figs. 13 and 14. The numerical
values at the plate end are summarized in Table 2.

54

. T . Distance from plate end (mm)

g ° 20 / o 80 100

- il s g =100 kN/m

8 7 A,/ .7 = P,=0KN (Present)

% i ' —+ P,=50 KN (Present)

S 109 —+—P,=100 KN (Present)

I ! —+— P,=150 KN (Present)

Sasq P,=0 KN (Benachour et al, 2008)

3 ) P,=50 KN (Benachour et al, 2008)

n 204/ P,=100 KN (Benachour et al, 2008)
—=— P,=150 KN (Benachour et al, 2008)

-25 -

Figure 13 — Adhesive shear stress at the bond line for the FRP-strengthened beam
under various prestressing forces Pp (the beam is under UDL)
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2 4
Distance from the plate end (mm)
0 —————————— =
20 30 40
g =100 kN/m

—=— P,=0 KN (Present)
—=— P,=50 KN (Present)
—*— P,=100 KN (Present)
1/ —+ P,=150 KN (Present)
6 P,=0 KN (Benachour et al, 2008)
‘ p
p
p

Normal interfacial stress (MPa)

P_.=50 KN (Benachour et al, 2008)
—— P_,=100 KN (Benachour et al, 2008)
—e— P_=150 KN (Benachour et al, 2008)

-8

Figure 14 — Adhesive normal stress at the bond line for the FRP-strengthened
beam under various prestressing forces Pp (the beam is under UDL)

Table 2 — Shear and normal interfacial stress at the plate end under UDL

70) (Mpa) o(0) (Mpa)
Pp (KN) Concrete Prestressed Concrete Prestressed
beam concrete beam beam concrete beam
0 5.965 5.456 2.158 1.971
50 -3.180 -3.689 -1.044 -1.231
100 -12.326 -12.835 -4.247 -4.435
150 -21.472 -21.981 -7.450 -7.638

Shear and normal interfacial stresses for a single
point load

The fluctuation of normal

stress and

interfa

cial shear for the

prestressed concrete beam reinforced with a bonded prestressed FRP
plate along its span for a single point load is depicted in Figs. 15 and 16.
The edge values are reported in Table 5.
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Shear interfacial stress (MPa)

= Distance from the plate end (mm)
0 ~ ’T* 0 . o I
20 , <
sy K Payq= 500 kN
e //—'H P.=0 KN (Present)
q0d ¥ / - P,=50 KN (Present)
; / —+—P,=100 KN (Present)
/! —+—P,=150 KN (Present)
154 ¢ P,=0 KN (Benachour et al, 2008)
P,=50 KN (Benachour et al, 2008)
20 _"' —>— P,=100 KN (Benachour et al, 2008)
—+—P,=150 KN (Benachour et al, 2008)

Figure 15 — Adhesive shear stress at the bond line for the FRP-strengthened beam under
various prestressing forces Pp (the beam is under a single point load)

Normal interfacial stress (MPa)

Distance from the plate end (mm)

20
/ P = 500 kN
—=— P,=0 KN (Present)
—o— P,=50 KN (Present)
—4—P,=100 KN (Present)
—v— P,=150 KN (Present)
P,=0 KN (Benachour et al, 2008)
p
p
p

P_=50 KN (Benachour et al, 2008)
—»— P_=100 KN (Benachour et al, 2008)
—e— P _=150 KN (Benachour et al, 2008)

Figure 16 — Adhesive normal stress at the bond line for the FRP-strengthened
beam under various prestressing forces Pp (the beam is under a single point load)

Table 3 — Shear and normal interfacial stress at the plate end under a single point load

70) (Mpa) o(0) (Mpa)
Pp (KN) Concrete Prestressed Concrete Prestressed
beam concrete beam beam concrete beam
0 2.024 1.630 0.674 0.486
50 -5.059 -5.453 -2.528 -2.716
100 -12.143 -12.538 -5.732 -5.919
150 -12.143 -19.622 -8.935 -9.122
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Shear and normal interfacial stresses for a two
symmetric point load

The prestressed concrete beam reinforced with a bonded prestressed
FRP plate exhibits variations in interfacial shear and normal stress along its

span for a two point load, as shown in Figs. 17 and 18. The effect of the
presstressing effort on the maximum interfacial stresses is shown in Table 6.

| Distance from the plate end (mm)

0 — g8 s o o oo o o -
20 &) g 80 100
P 2 e I ";
b X .’(’

et V. 4

& ¥ P, =250 kN Pyy,=250 kN
l//i P_=0 KN (Present)

Y & | * P,=50KN (Present)
/ —4— P_=100 KN (Present)

'
a

L
o
~

p P.,=0 KN (Benachour et al, 2008)

/ P_,=50 KN (Benachour et al, 2008)
—»— P_=100 KN (Benachour et al, 2008)
—e— P_=150 KN (Benachour et al, 2008)

Shear Interfacial stress (MPa)
=

N}
S

p
p
p

y —v— P,=150 KN (Present)
p
p
p
P

Figure 17 — Adhesive shear stress at the bond line for the FRP-strengthened beam under
various prestressing forces Pp (the beam is under two symmetric point loads)

Distance from the plate end (mm)

o N
gy

P,,;=250kN P, ,=250kN
—a— P_=0 KN (Present)

—eo— P_=50 KN (Present)
/ —4— P _=100 KN (Present)
| |=—¥—P,=150 KN (Present)

p

4 P

p

p
P,=0 KN (Benachour et al, 2008)

p

p

P

6
P_=50 KN (Benachour et al, 2008)

—»— P_=100 KN (Benachour et al, 2008)

—e— P _=150 KN (Benachour et al, 2008)

Normal interfacial stress (MPa)

-8/

-10

Figure 18 — Adhesive normal stress at the bond line for the FRP-strengthened beam under
various prestressing forces Pp (the beam is under two symmetric point loads)
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Table 4 — Shear and normal interfacial stress at the plate end under two symmetric point

loads
%0) (Mpa) o(0) (Mpa)
Pp (KN) Concrete Prestressed Concrete Prestressed
beam concrete beam beam concrete beam
0 0.920 0.526 0.418 0.231
50 -6.164 -6.558 -2.784 -2.971
100 -13.248 -13.642 -5.987 -6.175
150 -20.332 -20.727 -9.190 -9.378

As it can be seen from the preceding figures, most interfacial stresses
happen at the ends of adhesively attached plates and they start to
decrease about 20 mm from the ends. Significant stress concentrations
are also observed in the vicinity of the plate end when the prestressing
force P, value is increased. In contrast to a reinforced concrete beam, a
small reduction in interfacial stresses is noted for the beams prestressed
by a cable.

Effect of fiber orientation

Figures 19-24 illustrate how various fiber orientations affect adhesion
stresses when viewed from the longitudinal direction of a beam. A 150 KN
prestressing force is taken into account in the theoretical parametric
analysis.

e [(90)glg
4] —a [(0)4/(90),]4

=100 KN/m  P,;=150 KN

Shear Interfacial stress (MPa)

Figure 19 — Interfacial shear stress for a prestressed concrete beam with a bonded
prestressed CFRP soffit plate having different fiber orientations (the beam is under UDL)
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Figure 20 — Interfacial normal stress for a prestressed concrete beam with a bonded
prestressed CFRP soffit plate having different fiber orientations (the beam is under UDL)
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Figure 21 — Interfacial shear stress for a prestressed concrete beam with a bonded
prestressed CFRP soffit plate having different fiber orientations (the beam is under a single
point load)
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Figure 22 — Interfacial normal stress for a prestressed concrete beam with a bonded
prestressed CFRP soffit plate having different fiber orientations (the beam is under a single
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Interfacial shear stress for a prestressed concrete beam with a bonded

prestressed CFRP soffit plate having different fiber orientations (the beam is under two

symmetric point loads)
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Figure 24 — Interfacial normal stress for a prestressed concrete beam with a bonded
prestressed CFRP soffit plate having different fiber orientations (the beam is under two
symmetric point loads)

The effective modulus of the composite plate varies when a fiber-
reinforced polymer plate with various orientations is used. Fibers oriented
towards the direction of the beam would increase the plate modulus, while
fibers oriented perpendicular to the direction of the beam would
significantly decrease the plate modulus. The effects of various fiber
orientations on adhesion stresses as measured from the longitudinal
direction of the beam are displayed in Figs. 10-15.

The FRP plate with fibers aligned perpendicular to the beam axis has
the highest interfacial stresses, as shown in the above figures. This is in
contrast to the findings of (Krour et al, 2013) who showed by a numerical
study that the CFRP plate with fibers aligned perpendicular to the beam
axis has the lowest interfacial stresses. It is also important to note that,
with a prestressed CFRP plate, Bencahour et al. (2008) and Benali et al.
(2023) arrived at the same conclusion as the current investigation.

Conclusion

This paper proposes a new analytical model to determine interfacial
stresses for prestressed concrete beams reinforced by prestressed fiber-
reinforced polymer (FRP) plates.

The model used takes into account the geometric shape of the cable
along the span beam evolution as well as immediate and time-dependent
losses expressed in terms of a polynomial function.
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The model reveals the following main findings:

e A slight decrease in interfacial stresses is observed for
prestressed concrete beams.

e Prestressing the FRP plate significantly raises the interfacial
stresses, especially at the open edges of the plate.

e Prestressing the composite plate eliminates the effect of fiber
orientation and maintains the lowest level of interface stress
for fiber orientation in the longitudinal direction of the beam,
enabling efficient use of the composite in the sense of its
greater stiffness.

e The height level of interfacial stresses eventually results in the
adoption of an anchoring mechanism that makes it possible to
fix properly the composite plate.

In light of this, the investigation can be expanded to look at how time
affects the general behavior of older prestressed buildings. Both the
interface behavior and the cross-sectional behavior can be investigated in
further detail.
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Resumen:

Introduccidén/objetivo: El uso de materiales compuestos para reforzar
estructuras de hormigén armado es una practica muy comun en la
ingenieria civil. Sin embargo, la construccion con hormigén pretensado no
suele utilizar este método. El objetivo principal del presente estudio es
ampliar el uso de materiales compuestos para reforzar vigas de hormigén
pretensado, considerando el efecto de la concentracién de tensiones
interfaciales en el comportamiento global de dichas estructuras.

Métodos: Se propone un nuevo modelo analitico que considera cémo los
cambios en el pretensado de la viga de hormigén armado afectan las
tensiones de interfaz. Se considera una funcién polinbmica que expresa la
variacién de la forma geomeétrica del cable, asi como las pérdidas
instantaneas y no instantaneas de la viga de hormigén pretensado, para
abordar el problema de la concentracion de tensiones en la interfaz entre
la placa adhesiva y el hormigon.

Resultados: Los principales hallazgos de la presente investigacion
demuestran que, en presencia del cable pretensado, las tensiones de
interfaz disminuyen de manera no significativa; pero, a medida que
aumenta la fuerza de pretensado aplicada a la placa de FRP, se observa
un aumento mas sustancial de las tensiones de interfaz.

Conclusién: Debido a un alto grado de tensiones de contacto en el extremo
de la placa, el riesgo de desprendimiento es mayor y se recomienda un
mecanismo de anclaje en el borde de la placa.

Palabras claves: viga de hormigén pretensado, compuestos FRP,
tensiones interfaciales, orientacién de fibras, refuerzo.

AHanunTnyeckoe nccnegoBaHue MexdasHoro B3avmMoaencTans
npeaBapuUTerbHO HanpshKeHHOW DeTOHHOM Bankn, yCuneHHom
npegHanps»KeHHOoM KOMMNO3UTHOW apMaTypon

AHat MebcoyT?, Myxammed Amugh Bunattad,

BGazdad Kpoyp®, koppecnonaeHT, Occama BeHauyp®,

Myxamed Bawmp Bysxepa®®, Hacep Paxan®

2 YHuBepcuteT um. Myctadel Ctambynu,
r. Mackapa, Amxunpckas HapogHas JemokpaTunyeckas Pecny6nuvka
6 Yuusepcutet Dxunnanu finabeca,
JlTaBopaTopust KOHCTPYKUMIA N NepefoBbIX MaTePManoB B rPaXX4aHCKOM
cTpouTenbcTBe M 06wecTBeHHbIX pabotax (LSMAGCTP),
r. Cuon-benb-Abbec, Amknpckas HapogHas Jemokpatuyeckas Pecny6nvka
& TemaTuyeckoe areHTCTBO Hay4YHO-TEXHUYECKUX UCCIELOBaHUN,
r. Amxup, Amxupckas HapogHasa [Jemokpatmnyeckan Pecnybnuka
" YHMBEpPCUTET €CTECTBEHHBIX HayK Y TEXHONOMMNA,
JlabopaTopusi MalLMHOCTPOEHMS 1 NPOYHOCTU KOHCTPYKLNN,
r. OpaH, Amxupckasi HapogHas [emokpaTuyeckas Pecnybnuvka

PYBPUKA TPHTW: 67.11.00 CtpouTenbHble KOHCTPYKLMK,
67.09.33 beToHbl. >Kene3o6eToH. CTpouTenbHble pacTBOPLI, CMECH, COCTaBb!
BWO CTATbW: opurmHanbHas HayyYHas ctaTbsl
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Pe3some:

BeedeHue/uenb: WMcrnonb3ogaHue KOMMO3UMHbIX Mamepuanog O0ns
ycusneHus xesie306emoHHbIX KOHCMPYKUUU 8 Hacmosuwee epems
sensiemcsi 8ecbMa pPacrpocmpaHeHHol rnpakmukou 6 obnacmu
epaxdaHcko2o cmpoumesnibcmea. OOHako 8 KOHCMPYKUUsIX U3
npedsapumesibHO Harpsi>keHHo20 bemoHa amom mMemod 0b6bIYHO He
ucnons3yemcsi. I'nasHoli uenbio 0aHHO20 uccriedosaHuUsi siensiemcs
pacuwupeHue UCrofb308aHUs  KOMMO3UMHbIX Mamepuanos Ors
yecuneHusi npedeapumesibHO HarnpskKeHHbIX 6emoHHbIXx 6anok ¢
y4yemomM 8IUSIHUSI KOHUEHMpaUuuu MexgasHbIX HanpsixxeHul Ha obuiee
rnoeedeHue makux KOHCmMpyKuud.

Memodsi: B cmambe npedcmasneHa Hosasi aHanumuyeckasi MoOersib,
yqyumblearowjasi, Kak U3MEHEeHUs pedsapumeribHO20 HarpsiKeHUs
npedHanpsKEHHbIX Kenne306emoHHbIX 6anoK enusitom Ha epaHuYHbIe
HanpspkeHus. [ns peweHusi npobreMbl KOHUeHmpayuu HanpsikeHud
Ha wmecme coelOuHeHus Knel-nnuma-6emoH paccmampusaemcsi
rnosuHomuasibHas yHKUUS, sbipaxkaroujasi U3MeHeHue
2eomempuyeckol opMbl Kabensd, a makxe 6peMeHHble U He
rnocmosiHHble deghopmayuu Ha rnpedsapumersibHO  Harps>KeHHoU
b6emoHHoU barike.

Pesynbmamsi: OCHOBHbIE pe3yribmambl Hacmosiujeao uccriedosaHust
fokasbiearom, 4mo npu npedsapumesibHOM HarnpsikeHuu Kabess
2paHUYHbIe HarpspKeHUs He3Ha4yumeslbHO yMeHbWamcsl, 0OHaKo o
Mepe  yeenudveHus  ycunusi  npedsapumesibHo20  HarpsKeHus,
MPUIIOXXEeHHO20 K mepmonnacmuky FRP, Habnrodaemcs
CywecmeeHHoe yg8esudeHUe epaHUYHbIX HanpskeHud.

Bbigod: Becriedcmeue 8bicokol cmerneHU KOHMaKmHbIX HarpspkeHul Ha
epaHU numb| 803pacmaem pucK PaccrioeHus, Mo3momy peKkomeHOyemcsi
UCrob308amb aHKEPHbIU KPErex ro ee Kpasim.

Kntouesnie crnoesa: npedsapumernibHO HarnpsikeHHass 6emoHHasi barika,
komnosumsi FRP, mexcha3Hble HanpsKeHuUs, opueHmauusi 80/10KOH,
yrpOoYHEeHUe.

AHanuUTUYKo NCNUTUBAHE NoHallaka Ha UHTepdejcy Koa
npegHanperHyTe 6GeTOHCKe rpede ojavyaHe npeaHarnperHyTom nioyYom
BE€3aHOM KOMMO3UTHUM MaTtepujanuma
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Cwan ben Abec, HapogHa [emokpaTtcka Penybnuka Amkup
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B TemaTcka areHumja 3a NCTpaxmBare Hayke 1 TexHororuje,
Armxup, HapogHa Jemokpatcka PenyGnvka Amxup

" YHUBEP3UTET NPUPOOHUNX HAayKa U TEXHOIOTWje,
JlabopaTopuja 3a MalwmMHCKe CTPYKTYpe U CTabUIHOCT KOHCTPYKUMje,
OpaH, HapogHa [lemokpatcka Penybnuka Amxup

OBNACT: rpaheBnHapcTBO, MaTepujanm
KATEFOPWUJA (TWIM) YNAHKA: opurnHanHu Hay4Hu pag

Caxemak:

Yeod/yurb: Yrnompeba KOMMO3UMHUX Mamepujana 3a apMupare
apmupaHobemoHCKUX KOHCMPYKUuja GaHac je eeoma Yecma y obrnacmu
epahesuHapcmea. Mehymum, oeaj memod ce 0b6UYHO HE Kopucmu Kod
npedHarnpeaHymux 6emoHcKux KoHcmpykyuja. OCHOBHU Uurb 0802 pada
Jjecme Oa npowupu yriompeby KOMAO3UMHUX Mamepujana Ha apMupar-e
npedHanpeasHymux 6emoHckux epeda y3umajyhu y o063up ymuyaj
KOHUeHmpauuje HarloHa Ha uHmepgejcy Ha yKyrnHO MoHauwaHe 08UX
KOHCMpyKuuja.

Memode: lNpednaxe ce HOBU aHanumuyku mModesl Koju y3uma y ob3up
Ha4uH Ha Koju npedHanpesHymocm npedHanpeaHymux 6emoHcKux epeda
ymu4e Ha HaroHe Ha uHmepaejcy. Pasmampa ce nonuHoMcka hyHKyuja
Koja uspaxaea eapujauyujy eeomempujckoe obruka kabma, Kao U
mpeHymHe u HempeHymHe 2ybumke ripedHarnpeeHyme 6emoHcke epede
padu pewasara numara KOHUeHmpauyuje HarloHa Ha UHmepgejcy
8e3UB80-104a-6emokH.

Pesynmamu: [nasHu Hamasu 0802 ucnumuearLa Mfokasyjy O0a ce, y
npucycmsy npedHarnpeaHymocmu Kabrna, HarloHU Ha uHmepgejcy
He3HamHo cmarbyjy. Mehymum, ca nosehasarmem curne rpedHarnpesara
npumer-eHe Ha ®PI1 nnovy yodaga ce 3HamHuje riogeharbe HaroHa Ha
UHmMepgejcy.

Sakrbyyak: Ycned euCoKo2 cmerieHa KOHMaKmHUX HarloHa Ha Kpajy
nifoye, pusuk 00 odeajaHba Nocmaje eehu, na ce rnpernopydyje MexaHu3am
3a aHKepucarbe Ha usuyu rioye.

KrbyuHe pedu: npedHanpezHyma 6emoHcka epeda, ®PI1 komnosumu,
HaroHuU Ha uHmepdgejcy, opujeHmauuja enakaHa, ojayasar-e.
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