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Abstract:

Introduction/purpose: The paper deals with Paired-Chatterjea type con-
traction mappings as an extension of traditional Chatterjea type contrac-
tions that operates on three points rather than two, in the framework of
standard metric spaces.

Methods: The concept of Chatterjea type contraction mappings is em-
ployed in a metric space on three points rather than two using the idea
of paired contraction mappings.

Results: A series of corresponding properties has been discussed. Fur-
thermore, it is established that Paired-Chatterjea type mappings form
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a distinct class from traditional Chatterjea type mappings and obtain at
least one fixed point in the absence periodic points of prime period 2
within complete metric spaces. It is also demonstrated that how ad-
ditional criteria to these mappings, such as continuity and asymptotic
regularity, broaden the scope of fixed point results. Extending beyond
Chatterjea’s foundational contributions, two additional fixed point results
applicable to Paired-Chatterjea type mappings in metric spaces are es-
tablished, even in scenarios where completeness is not required.

Conclusions: Paired-Chatterjea type mappings are generally discontin-
uous; they exhibit continuity at fixed points similar to Kannan and Chat-
terjea type mappings. In the absence of a periodic point of prime period
2, these mappings have a fixed point within the complete metric space.

Keywords: metric space, fixed point, Chatterjea type mappings, Paired
contraction, Paired-Chatterjea type mapping.

Introduction

The study of fixed point theory (FPT), a captivating area in mathematics,
delves into the existence and properties of fixed points (FPs). In mathemat-
ics, a FP of a function is an element that stays the same when the function
is executed on it. Formally, if & is a function, then ( is a FP if 3(¢) = (.

Numerous findings regarding FPs and their diverse applications in vari-
ous mathematical and scientific domains have been documented. To yield
fresh and intriguing results, two principal approaches can be pursued.
Firstly, by modifying the characteristics of the operators involved, achieved
through the imposition or relaxation of specific constraints (Kannan, 1968;
Chatterjea, 1972; Chand & Rohen, 2024; Petrov, 2023; Bisht & Petrov,
2024). Secondly, by altering the framework, or the abstract space struc-
ture itself, which includes variations like metric spaces, symmetric or non-
symmetric spaces, b-metric spaces, S-metric spaces, and G-metric spaces
(Chand & Rohen, 2023; Chand et al., 2024; Bimol et al., 2024).

The Kannan’s FP theorem is a notable result in FPT, specifically within
metric spaces. It ensures the existence of a FP for mappings, even when
these mappings are discontinuous. It was introduced by R. Kannan in 1968
(Kannan, 1968) and provides conditions under which a mapping possesses
a unique FP.
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THEOREM 1. Let (U, 0) be a complete metric space, and suppose that < :
U — U is a self-map for which we obtain a constant 0 < \ < % satisfying:

0(3¢, Se) < A(9(¢,3C) + 9(g,¢e)) forall ¢,e € U. (1)
Then < has a unique FP.

Another noteworthy outcome in FPT is the Chatterjea FP theorem; it
also provides a FP for mappings that are discontinuous too. It was intro-
duced by S.K. Chatterjea in 1972 (Chatterjea, 1972) and provides condi-
tions under which a mapping has a unique FP.

THEOREM 2. Let (U, 0) be a complete metric space, and suppose that < :
U — U is a self-map for which we obtain a constant 0 < n < %

0(S¢, Se) < n(9(¢,[e) + 9(e,3()) forall ¢,e € U. (2)
Then there is a unique FP for .

DEFINITION 1. A self-map & : U — U is termed as a Chatterjea type map if
a constant can be found 0 < n < % such that

9(S¢, Se) < n(9(¢, e) + 0(e, (), (3)
satisfied for all (,e € U.

Like Kannan'’s fixed-point theorem (Theorem 1), the mapping < is guar-
anteed to be continuous at the FP (Rhoades, 1988) by condition (3). More-
over, the uniqueness of the FP is the only thing that unites Chatterjea map-
pings, Kannan mappings, and the Banach Contraction Principle; otherwise,
they are independent of one another.

Within the field of FPT, there are different types of generalizations of
the Chatterjea theorem that can be distinguished from one another. The
contractive property of the mapping is loosened in the first instance as illus-
trated, for example, in references (Chandok & Postolache, 2013; Debnath
et al., 2021; Kadelburg & Radenovic, 2016; Subrahmanyam, 2018; Bisht
& Petrov, 2024). The second instance involves relaxing the topology, as
examined, for instance, in reference (Agarwal et al., 2018). And the third
instance concerns theorems developed for multivalued mappings of the
Chatterjea type, which are covered in works such as (Choudhury et al.,
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2019; Tassaddiq et al., 2022). Lastly, the fourth instance provides a thor-
ough investigation of several generalization paths in this field by examining
notable extensions in a more flexible or comprehensive framework of the
metric space (Harjani et al., 2011; Karahan & Isik, 2019; Kohsaka & Suzuki,
2017; Malceski et al., 2016; Berinde & Pacurar, 2021).

In 2024, D. Chand and Y. Rohen (Chand & Rohen, 2024) presented a
novel class of mappings, referred to as a three-point version of the Banach
contraction, and termed them Paired-Contraction: the mapping is known
as Paired-contraction mapping, defined as follows.

DEFINITION 2. If (U, 0) is a metric space with |U| > 3. The self-mapping
S . U — U is referred to as a Paired contraction mapping if there is a
constant A € [0,1) so that the inequality

9(S¢, Se) 4+ 0(Se, ) < A(9(¢,€) + (e, §)), (4)
holds for all pairwise distinct C, e, £ € U.

Geometric refinement in metric FPT is obtained through the use of dif-
ferent combinations of unique distances, which are important. For 6 points
¢, e, €3¢, e, 3¢ specified in Definition 2, there are °Cy pairs that, when
taken two at a time, yield 15 unique distances. One of these combina-
tions, specifically 0(3¢, Se) + 0(Se, JE), appears in the left part of (4).
However, the expression in the right part combines two distances, that is,
(¢, e)+ (¢, &) for the pairwise distinct points ¢, € and £. This motivates the
development of various classes of three-point version mappings, similar to
the well-established two-point counterparts.

Inspired by the insights from (Chand & Rohen, 2024), we introduce
a Paired-Chatterjea type mapping on three point analogue by using four
distances among the points (, ¢, &, 3¢, Se, 3¢, represented as 9(¢, Se) +
d(g,3¢) + d(e, IE) + 0(&, () for the pairwise distinct points (, ¢, £ respec-
tively.

These mappings led to the establishment of a fixed-point theorem.
While the proof draws inspiration from Banach'’s classical theorem, the key
distinction lies in these mappings - instead of using two points to define it,
three points are used. Moreover, we need an assumption for these map-
pings in order to prevent periodic points with prime period 2. Notably, nor-
mal contraction mappings are a significant subset of these mappings.
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In the second Section, Paired-Chatterjea Type Mappings, we study
the relationship between Paired-Chatterjea type mappings, Chatterjea type
mappings, Kannan type mappings and Paired-Contraction mappings. In
addition, we introduce Example 1, a Paired-Chatterjea type mapping that
deviates from a Chatterjea type mapping.

In the third Section, Fixed Point Results of the Paired-Chatterjea Type
Mappings, the primary outcome of this article, Theorem 3, which gives a
fixed-point theorem for Paired-Chatterjea type mappings, is proved. No-
tably, this result states that for Paired-Chatterjea type mappings there ex-
ists at least one FP and there exist at most two FPs. In addition, we also
establish that Paired-Chatterjea type mappings exhibit continuity at their
FPs. We also included two examples (2) and (3) to support our findings.

In the fourth Section, Results on Paired Chatterjea-Style Mappings
within Incomplete Metric Spaces, based on Kannan'’s work (Kannan, 1969),
we offer two new FP results for Paired-Chatterjea type mappings. In the
first theorem (Theorem 4), we eliminate the necessity of the metric space
U being complete. In the second theorem (Theorem 5), we need the map-
ping & to be continuous in space, and condition (5) to only hold on a dense
subset M of the space U. The concept of continuity and discontinuity at the
fixed point is further elaborated in the recent papers (Savaliya et al., 2024;
Jachymski, 1994; Pant et al., 2021).

Paired-Chatterjea type mappings

In this section, we will introduce the Paired-Chatterjea type contraction
and discuss Paired-Chatterjea type mappings and also establish the con-
nections between Paired-Chatterjea type mappings, Paired-Contractions
mappings, Kannan-type mappings and Chatterjea-type mappings.

DEFINITION 3. If (U, 0) is a metric space with |U| > 3. Amapping 3 : U — U
is known as a Paired-Chatterjea type mapping on U if the following inequal-
ity:
9(S¢, ) + 0(Se, ) < A(0(¢, Fe) + (e, 3¢) + 0(&, Se) + (e, 3E)), (5)
1
]

holds for the constant \ € [0, 5) and pairwise distinct points (,¢,¢ € U.
REMARK 1. It is essential that (,e,& € U be pairwise distinct. Without this
condition, the definition would reduce to that of a standard definition of
Chatterjea-type mapping of a two point version.
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PRrRoPosSITION 1. Chatterjea type mappings are Paired-Chatterjea type
mappings.

Proof. In a metric space (U, 0) with |U] > 3, let & : U — U represent a
Chatterjea type mapping. Take three (,¢,£ € U pairwise distinct points.
Examine inequality (2) for the pairs (,¢), (¢,£), we get inequalities, we
obtain:

A(S¢, Se) < n(0(¢, Se) + d(e, (), (6)
and

9(Se, I¢) < (e, I¢) + 9(€, Se)), (7)

Adding inequalities (6) and (7), we have
A(3¢, Fe) 4 0(Se, IE) < n(9(¢, Se) + 0(e, I¢) + (e, IE) 4 0(€, Se)). (8)

This supports the desired claim. O

PROPOSITION 2. Kannan type mappings are Paired-Chatterjea type map-
pings for the contracting coefficient 6 € |0, i).

Proof. Let (U, 0) be a metric space with || > 3. Consider three pairwise
distinct points (, ¢,¢ € U, examine inequality (3) for the pairs (¢, ¢), (¢,&),
we get

A(SC¢, Se) < 6(9(¢, IC) + A, Se)), (9)
and

(e, JE) < 5(0(e, Se) + (£, 3E)). (10)

Adding these inequalities, we have

9(S¢, Je) + (e, IE) < 6((¢,3¢) + 0(e, Ie) + (e, e) + 0(€, I€)),
(Using triangle inequality)
(¢,Se) + 9(3¢, Ye) + 9(e, () + 9(3¢, Je)
= 5{+a (e J)) + (e, %gz) +a(e, 35)) + (S, %g)}
= (1—20)(0(]¢,e) + 9(Ye, VE)) < 6(0(¢, Je)+
(e, 3C) + 9(e, ]¢) + 9(&,Je))
= 0(S¢,Se) + 0([e, JE) <

T35 (0(C,92) + (e, 0) + 0=, 3€) + (€, S2).
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Since 0 < § < wegetd < \= ﬁ < 5. Thus, S is a Paired-Chatterjea
type mapping. O

PRoPOSITION 3. In a metric space (U, 0), where |U| > 3, a Paired con-
traction(PC) mapping & : U — U with contracting coefficient o € [0,%)
represents a Paired-Chatterjea Type mapping.

Proof. Consider three pairwise distinct points (,¢,£ € U. Since & is a
Paired contraction mapping, then we have

(3¢, Se) + 9(Se, IE) < a(I(C,e) + (¢, 9)).
Utilizing triangle inequality many times to the above inequality, we get
- Cxo Ok 9(¢, ) + 0(g, 3¢) + I(SC, Je)
(3¢, ) +0(e,3¢) < @ {—i—@(s, J€) + 0(&,e) + 0([e, & \sﬁ)}
(1= a)(9(3¢, Se) + 0(Se, B¢)) <
a(0(¢,Se) + 0(e,3C) + (g, IE) + 9(&, Se)),
(0(3¢, Se) + 0(Se,E)) <
- (0(¢, ) + (e, 3C) + (g, IE) + 9(&, Se)).

a
1—

As0 <o < 1, wehave 0 < A= 2 < 3. Consequently, S is a mapping of
the Paired-Chatterjea type. O

PROPOSITION 4. In a metric space (U, 0), where |U| > 3, andlet S : U — U
be a Paired-Chatterjea type mapping. We obtain the following inequality for
any e € U if  is an accumulation point of G and < is a continuous mapping
at¢:

(3¢, Ie) < MD(C, Se) + A(e, 3¢)). (11)

Proof. Suppose ( is an accumulation point in U, and let ¢ € U be another
element. If ¢ = (, then there is nothing to prove. Let ¢ £ (. Given that ¢
is an accumulation point, we can assert the existence of a sequence (¢,,)
where &, # (, &, # ¢, and all &, are distinct for every n. Hence, by (5) we
conclude that

9(3¢, Je) + 0(Se, I6n) < AO(C, Se) + 0(e,3C) + 0(En, ) + (e, I6n)),
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satisfied for each n € N. Given that at ¢, & is continuous and &, — ( as
n — +oo, therefore, 3¢, — 3¢. We get

0(SC, e) + 0(Se, IC) < ANO(¢,Se) + A(e,3¢) + 9(¢, Se) + 9(e,3()),
= 20(S3¢, Se) < \(20(¢, Se) + 20(e,3C)),
= 0(3¢,Se) < ANO(¢,Se) + (e,3()),

which is the desired inequality. O

COROLLARY 1. In a metric space (U, 0) where, |U| > 3, and let S : U — U
be a continuous Paired-Chatterjea mapping, then < is a Chatterjea type
mapping if all points in U are accumulation points.

Proof. As per proposition (2), the following inequalities are established:

I(S¢, Se) < A(I(¢, Se) + 0(e,3()), forall e € U, (12)

(e, I¢) < A(0(e,3¢) + 9(¢, e)), forall ¢ € U. (13)
Adding equations (12) and (13), we get

0(3¢, Se) < A(0(¢,Se) + I(e,3(¢)) forall ¢,e € U. (14)
Since A € [0, %), thereby concluding the proof. O

EXAMPLE 1. Let U = {(,£,&} and the metric 0 defined on this set by
9(¢.¢) = 9(e,e) = 9(&,6) = 0, 9(¢,§) = 0(e,€) = 2, 9(C,e) = 1. Leta

mapping S : U — U be such that 3¢ = ¢, Se = e and 3¢ =¢.

Now, we have
(3¢, Se) = (¢, ¢) = 1, and 9(¢, Se) + (e, I¢) = 9(¢, ¢) + I(e, () = 2.

Itis evident that for every n € [0, 1), inequality (2) does not hold. Therefore,
S is not a Chatterjea type mapping.

But, we get that inequality (5) holds for A\ = % and for all (,e,¢ € G,
implies that & is a Paired-Chatterjea type mapping.

Fixed point results of Paired-Chatterjea type mappings

A point ¢ € U is termed a periodic point of period n if applying the map-
ping & repeatedly n times returns ¢ to its original position, i.e., 3"(¢) = ¢,
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where U is a metric space and ( is a self-map on it. The smallest positive
integer n that satisfies this condition is known as the prime period of (. If
I(S(¢)) = ¢ and 3¢ # ¢, then ¢ has prime period 2.

We will now demonstrate the main result of this paper, which is stated
and proven as follows:

THEOREM 3. Let (U, 0) be a complete metric space, where (6| > 3, and
consider the mapping < : U — U that is a Paired-Chatterjea contraction
mapping and has no periodic elements of prime period 2. Under these
conditions, there exists at least one FP of &, and the number of FPs can
be at most two.

Proof. Consider an arbitrary point ¢ € U, and set the sequence {(,} as
G =20 ¢ =S¢ and ¢ = IC—1 = I"(p. If for some n, ¢, is a FP then
there is nothing to prove. Assuming that {,, isnota FPforanyn =0,1,2, ...,
we can deduce that (,—1 # (. # (u+1- Since, $ had no periodic point
with prime period 2 implies (,+1 # (,—1. Therefore, (,—1, ¢, and (,1 are
pairwise distinct. Placing ( = (,,—1, € = (, and £ = (,+1 in (5), then we get

O(SCn—1,]C) + (S, SCpt1) <
A {a(gn—la %Cn) + 8(Cna %Cn—l) + 8(Cn> %QL—H) + a(Cn—Ha %Cn)} )
A(Cns Cnr1) + O0(Gnt1,s Cnr2) <
A {6<Cn—17 Cn—&-l) + a(Cnv Cn) + a(Cm Cn+2) + 8(<n+17 Cn—&-l)} : (15)

Utilizing the triangle inequality in (15), we have

a(Cm <n+1) + a(CnJrla Cn+2) <
A {8(Cn—17 Cn) + a(Cna Cn-‘rl) + 8(Cna Cn-i—l) + 8(Cn+17 <n+2)} )

(1 - /\)(a(Cm Cn+2) + a(CnJrla <n+2)) < A {a(Cnfly Cn) + 8(Cn, CnJrl)} )
A

a(Cny Cn-‘rQ) + a(Cn-‘rlu Cn-i-?) < ﬁ {8(Cn—17 Cn) + a(Cm Cn-‘rl)} )
I(Cns Cnr2) + 0(Cntt, Cng2) < a{0(Cn—-1,Gn) + O(Cny Cngr) } - (16)
Where o = 1% Since 0 < X < % therefore 0 < a = ﬁ < 1. From

X
inequality (16), we get

a((na Cn+2) + a(CnJrl) Cn+2) <a {8(@1,1, Cn) + 8(Cn» Cn+l)}
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< 042 {a(<n727 Cnfl) + a(Cnfla Cn)}

< a"{0(¢o, 1) +9(¢1,¢2) } -

If we consider Ko = 9({o, (1) + 9(C1, G2, K1 = 0(C1,G2) + 0((2, (3),... Ky =
9(Cny Cnr1) + O(Cnt1, Cnra, then it follows that

K,<aK, 1 <a’K, 9<...<a"K,. (17)

Suppose there is the smallest number j > 3 such that (; = ¢; for some
i where 0 < i < j — 2. In the present situation, it appears that (;11 = (i+1
and (j12 = (2. Therefore

Ki = 0(Gi, Giv1) + 0(Gir1, Giv2)
= 0(¢j, Gjr1) + O(Cr1, Git2)
=K.

This results in a conflict with equation (17). Therefore, such values of i
and j cannot exist.

Now, let us show that {(,} is a Cauchy sequence. Based on the previ-
ous arguments, it is evident that:

I(Cns Cnt1) < Ky < oK. (18)

Taking into consideration equation (18), for (m — n) € N, assuming
m > n for the sake of simplicity and utilizing repeatedly triangle inequality,
we find that

a(Cnv Cm) < a(Cm Cn—&-l) + 8(<n+17 Cn+2) + ..+ a(Cm—l; Cm)
< OénKo + O[n_lKo + ...+ Oém_lKo
=a"l+a+a’+...+a™ HK,
1—a™
=a" K.
() o
Under the assumption that « € [0,1), we can observe that 9((,, () <
a”ﬁKo. Consequently, as we let m,n — oo, we find that 9({,, () — 0.
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This proves that sequence {(,} is a Cauchy. This sequence has a limit
¢* € U according to the completeness of (U, 9).

Note that any consecutive three elements of {¢,, } are distinct from each
other. If (* # (. forany k € {1,2,3,...}, then inequality (5) is satisfied for
any three elements ¢*,(,,_1 and ¢,,. Assume that {;, = (* for the smallest
possible &k € {1,2,3,...}. If m > k exists such that {,, = ¢*, then the
sequence, beginning from k, is cyclic and cannot be a Cauchy. Therefore,
forn — 1 > k, the points ¥, {,—1, and (,, are distinct from each other.

Now, we demonstrate that the limit point (* is a FP of S that is S¢* = ¢*.
Ifthere existsa k € {1,2,3,...} such that {;, = ¢*, thenassumingn—1 > k,
and applying the triangle inequality with inequality (5) follows that:

9(¢*,S¢C7) < A(CT, Cn) + 9(Cny SCT)
< O(CF, Gn) + A0(Cn—1,IC) + (¢, ICn—1) + 9(Cn, SCT) + (¢, 3¢Cn))
< O(C, Cn) + A(0(Cn—1,C) + (¢, Cn) + O(Cns SCT) + O(CT, Cnrn))-
Considering the continuity of the metric 9 and letting n — oo, we obtain
O(¢*,I¢) < 2X00(¢F, 3¢CT). (19)
Since 0 <\ < % we have 0 < )\ < 1 which implies from inequality (19) that
0(¢*,3C*) = 0 that is I¢* = ¢*.

Assume there are three distinct FPs (,c and £ implies that 3¢ = ¢,
Se = € and &€ = £. Consequently, it follows from equation (5) that:

9(¢,e) + (e, €) < 2M0(¢,€) + (e, €)),

which is a contradiction for any A € [0, %). It concludes the theorem’s proof.
O

REMARK 2. If under the supposition of Theorem 3, (* is a FP of the
mapping <& which is the limit of a Picard sequence defined as ¢, = 3¢,-1
foralln € {1,2,3,...}, where {;, € U. Then ¢* is a unique FP.

On the contrary, suppose that & has another FP (** such that {** = (*.
Then, we have ¢, # ¢** foralln € {1,2,3,...}. Hence, (*, (** and ¢, are
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distinct from each other for all n = 1,2, 3, .. .. Think about the ratio:

_ B¢, SC™) + D¢, 36)

A(C*, IC) + 0(¢*, I¢) + (¢, ) + 0(Gn, SC)
_ A(¢*,¢™) + 0(¢™, Gt
(¢ ) + D¢, ¢F) + O(C, Grr) + DGy €)'

Taking into consideration that 9(¢*, (,+1) — 0, 9(C**, (1) — O(C*, ()
and 0(¢,,¢*) - 0, we getI',, — % as n — oo, this is against condition (5).

Ly

In general, Chatterjea-type mappings are continuous at their FPs under
reasonable conditions. This follows from the contraction property and the
fact that for a sequence converging to the FP, the images of the sequence
under the mapping also converge to the FP. The continuity at the FP guar-
antees that the FP is stable under small perturbations of initial conditions,
which is a crucial property in iterative schemes used in practical applica-
tions.

In the next proposition we will prove that Paired-Chatterjea type map-
pings are also continuous at their FPs.

PROPOSITION 5. Paired-Chatterjea type mappings are continuous at their
FPs.

Proof. Consider a metric space (U, d), where || > 3. Let3: U — U be a
Paired-Chatterjea type mapping and ¢* be a FP of 3. If {(,,} is a sequence
such that {,, — ¢*. To show continuity at {* of &, we need to show that
3¢, — SC*. We consider the following cases to complete the proof.

Case 1: (, # (11 and ¢, # ¢* for all n;
Utilizing inequality (5), we get

AO(CT, 3Cn) + 0(Gn, SC) + 0(C7, SCnp1) + O(Cny1, SCT)).

By utilizing triangle inequality and FP property, we get

(S, ICT) 4+ (I, SCng1) <
AO(SC*, ICn) + 0(Gny €F) + O(ICT, SCnt1) + 9(Gnr1,CF))-
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Therefore, we have
(1= X (O(SCn, IC*) + (3¢, ICnt1)) < AO(Gns €F) + F(Cnr1,CF))-
Which implies that

A

(0(Cns ) + O(Cnt1,.C7))-
Since 9(¢p,¢*) = 0 and 9(¢p+1,¢*) — 0, we have
(S, ICT) + O(SC7, SCpp1) = 0,
and, hence, 9(3¢,, S¢C*) — 0 implies that S¢, — S¢C*.
Case 2: (,, # ¢* for all n, but ¢, = (,,+1 is possible.

Consider the subsequence {(,, } obtained by removing corresponding
repeating terms of {(,,} so that (,, # (,, ., for all k. Clearly ¢,, — ¢*, as it
was just proved that 3¢,, — I¢* = ¢*. The difference between 3¢, and
3¢, is that 3¢, can be achieved by adding the corresponding repeating
terms to 3¢, . Itimplies that 3¢, — 3C*.

Case 3: If {, = (*foralln > N, where N is a fixed natural number, then it
is evident that ¢, — C*.

Case 4: Let {¢,} be an arbitrary sequence such that {,, — ¢*, butin a
manner different from the previously discussed cases:

Let us consider ({,,) achieved by removing (*(if exist) from the se-
quence (¢,). Hence, ¢,, — ¢*. It was just demonstrated that 3¢, — 3¢*
for such a sequence. Again, we observe that ¢, can be derived from
$¢,, by adding the term (* at certain positions. Hence, it is clear that
3¢ = ¢ O

EXAMPLE 2. Let us consider U = {a, b, c,d, e, f} as shown in Figure 1. And
let the metric d on U be defined by

435

Chand, D. et al., Paired-Chatterjea type contractions: Novel fixed point results and continuity properties in metric spaces, pp.423—449



@ VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2025, Vol. 73, Issue 2

d(a,b) =d(a,c) =d(b,c) =d(b,d) =d(c,e) =d(d,e) =d(d, f) =d(e, f) =1,
and

d(a,d) =d(a,e) =d(b,e) =d(c,d) =d(b, f) =d(c, f) =2 and d(a, f) = 3.

IV 1

C e

Figure 1 — A Paired-Chatterjea type mapping

Let & : U — U be such that Sa = Sd = Se = Sf = f, b = d and
Se = e.(Note: We denote left-side by L((,¢,£) and right-side by R((, ¢, &)
of inequality (5)) We have

L(a,d,e) = L(a,e,d) = L(d,a,e) = L(a,d, f) = L(a, f,d) = L(d, a, f)
- L(a7€7f) - L<a7f>e) - L(e,a,f) - L(d?eaf) = L(dmf,e) - L(eadaf) =0,

L(a,d,b) = L(b,a,d) = L(a,e,b) = L(b,a,e) = L(a, f,b) = L(b,a, f)
= L(a,d,c) = L(c,a,d) = L(a,e,c) = L(c,a,e) = L(a, f,c) = L(c,a, f)
= L(d,b,e) = L(b,e,d) = L(b,d, f) = L(b, f,d) = L(b,e, f) = L(b, f,e)
= L(¢,d,e) = L(c,e,d) = L(c,d, f) = L(c, f,d) = L(c,e, f) = L(c, f,e) =1,

L(a,b,c) = L(a,c,b) = L(b,a,c) = L(a,b,d) = L(a,b,e) = L(a,b, f)
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= L(a,c,d) = L(a,c,e) = L(a,c, f) = L(b,c,d) = L(b,d,c) = L(c,b,d)

= L(b,c,e) = L(b,e,c) = L(c,b,e) = L(b,c, f) = L(b, f,c) = L(c,b, f)
= L(d,b,e) = L(d,b, f) = L(e,b, f) = L(d, ¢,e) = L(d, ¢, f) = L(e, ¢, [) = 2.
And

R(a,b,c) = R(a,c,b) = R(b,a,c) = R(b,a,d) = R(b,a,e)
= R(c,a,d) = R(c,a,¢e) = R(d,a,e) =8,

R(a,b,e) = R(a,e,b) = R(a,b, f) = R(f,a,b) = R(a,c,d)
= R(a,d,c) = R(a,c, f) = R(c,a, ) = R(d,a, [) = R(b,¢,d) = R(b,c,e)
= R(b,C,f) = R(va7f) = R(e,a,f) =T,

R(a,b,d) = R(a,d,b) = R(a, f,b) = R(a,e,c) = R(a, f,c) = R(a,d,e)
= R(a,e,d) = R(c,b,d) = R(b,c,e) = R(b, f,c) = R(e,b, f) = R(d,c, f) =6,

R(b,d,c) = R(b,e,c) = R(b,e,d) = R(d,b,e) = R(d,b, f)
= R(d,c,e) = R(e,c, f) = 5,

R(a, f,d) = R(a,e, f) = R(a, f,e) = R(b,d,e) = R(b, f,d) = R(b,e, f)
:R(bafae) :R(Cadae) :R(d7eac) :R(Cadaf) = R(Cvf>d) :R(Cvfae) =4,
R(b,d, f) = R(c,e, f) = R(d,e, f) = R(e,d, f) = 3,andd(d, f,e) = 2.

We note that 5
L(C,é‘,g) S ER(C7€7€)7

for all pairwise distinct points (,¢,& € U. Therefore, & is a Paired-
Chatterjea type mapping.

Since
d(Sb, 3d) = d(b,d) =1,

and
d(b,3d) +d(d, 3b) = d(b, f) + d(d,d) = 2,

it does not satisfy (3) forany 0 < n < % so & is not a Chatterjea type
mapping.
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Also
d(Sa, 3b) + d(Sb, Sc) = d(f,d) +d(d,e) =2,

and
d(a,b) +d(b,c) =2,

it does not satisfy (4) for any 0 < X\ < 1, so & is not a Paired contraction
mapping.

We observe that & possesses a unique FP.

EXAMPLE 3. Let U = R, 0(¢,¢) = | —¢] and & : U — U defined as
0, if (<3,
3¢ =
1, if ¢>3.

To prove a Paired-Chatterjea type mapping, we will discuss all possible

cases. When (,¢,¢ are pairwise distinct and ¢ < 3,e < 3.6 < S or ¢ >

%,e > %,f > % then inequality (5) satisfy trivially as L((,e,£) = 0. The

other possible cases are as follows:
. 5 5
Case1: (,e > 35,{< 3,

L(¢,e,€) = 8(1,1) + d(1,0) = 1,

R(C2.6) = D¢, 1) + 0= 1) + 0(e,0) + 0(€. 1) = ¢ — 1]+
R R A E
Case2: (,(>35,e<3,
L(¢,e,&) =0(1,0)+0(0,1) = 2,

R(G e 8) =[Cl+]e -+ |e -1+ ] =C+E+2e -1 =5
Case3:¢,¢>3,(<3,

L((,e,6)=0(0,1) +0(1,1) =1,

R(C,&&):!C—1!+I6!+|5—1|+\§—1|:\§—1\+25+§_221271'
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Case4: (> 3,e,6< 3,

L(¢,e,€) = 0(1,0) + 8(0,0) = 1,

7
R(C.e.8) =[Cl+]e =1+ [e| +[§] =+ || + e = 1]+ |¢] > 5
Case 5 ¢ > 2,(, &< 3,
L(¢,e,&) = 0(0,1) +9(1,0) = 2,

R(Ce,8) = [C =1+ [e[ + e[+ =1 = [C = 1[+ 2|+ ] - 1] = 5.
Case6: £ >3 (e <2,

L(¢,&,8) = 9(0,0) + 9(0,1) = 1,
R(Ce,8) = [(l+ e[ +]e =1+ ¢l = [C] + el + e -1+ &=

It can be seen, in all cases, that

L(G,,8) < 2RIGE9).

Hence, & is a Paired-Chatterjea type mapping. We observe that $

possesses a unique FP.

Now, for { = 1.9, =2, = 2.1, we have
(3¢, Se) + 0(Se, 3¢ = 0(0,1) + 0(1,1) =1,
and
D(C,e) + (e, €) = 0(1.9,2) + 9(2,2.1) = 0.1 + 0.1 = 0.2,

so, we get that S is not a Paired contraction mapping.
Also, for { =2, = 3,

and

D(C,3C) + A(e, Se) = (2,0) + A3, g) _ g

hence, S is not Kannan type mapping.
Moreover,

0(¢,3) +0(e,3¢) = 0(2, ) + 0(3,0) = 7.

also, we get that & is not a Chatterjea type mapping.
We observe that & is a discontinuous mapping.
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Results on Paired Chatterjea-style mappings within in-
complete metric spaces

In the theorem corresponding to Theorem 1 in (Kannan, 1969) we pre-
sented here, exclude the completeness requirement for the metric space
and includ two assumptions, denoted as (PC4) and (PCy):

THEOREM 4. Let (U, 0) be a complete metric space, where |U| > 3, and
consider the mapping & : U — O that is a Paired-Chatterjea contraction
mapping and has no periodic elements of prime period 2. If & holds follow-
ing two assumptions:

(PC1) < is continuous at ¢* € U.

(PC3) There exists {, € U such that the sequence {(,}, where (,, =
S¢n—1 forn = 1,2, ..., has a convergent subsequence {(,, } to ¢*.
Then ¢* is a FP of &. Moreover, & exhibit no more than two FPs.

Proof. Given that < is continuous at ¢* and ¢,, — (¥, it follows that
Sy = Cu+1 — SC*. Note that while ¢, +1 is a subsequence of (,, it
is not necessarily a subsequence of ¢,,. Let us consider, for the sake of
contradiction, that ¢* # &(*. Let us examine two balls:

Bl = Bl(C*,T) and B2 = BQ(%C*,T),
where r < %8(4*, 3¢*). Therefore, a positive integer NV exists such that, for
each i > N, we have
Cn; € By and (,,+1 € B,
which implies that,
0(Cns»r Cny41) > rfori > N. (20)

If the mapping < has no fixed points in the sequence {(,} , then we can
apply the arguments presented in Theorem 3. Forn = 3,4, ..., by (17), we
get

a((na CnJrl) < Oan(),

where Ko = 0(Co,¢1) + 9(¢1,¢2) and o = 25 € [0,1). Therefore,
a(Cnn Cni+1) < Oém’Ko.

Which tends to 0 as i — oo, which leads to a contradiction to (20). There-
fore, it follows that S¢* = ¢*.
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From the final paragraph of Theorem 3, it can be proven there exist at
most two fixed points. O

In the next theorem corresponding to Theorem 2 in (Kannan, 1969), we
consider & as a Paired-Chatterjea type mapping defined on an everywhere
dense subset of U. The mapping S is continuous on U, although this con-
tinuity is not necessarily restricted to the point (*.

THEOREM 5. Let (U, 0) be a metric space with || > 3, and consider a
mapping & : U — U that has no periodic point with prime period 2 and is
a Paired-Chatterjea type mapping on (9, 0), where 9t is an everywhere
dense subset of U. If & holds following two assumptions:

(PC1) < is continuous at * € U.

(PCy) There exists (y € U such that the sequence {(,}, where ¢, =

S¢n—1 forn = 1,2, ..., has a convergent subsequence {(,, } to ¢*.

Then ¢* is a FP of S. Moreover, & exhibits at most two FPs.

Proof. The proof will be based on Theorem 4, provided that & is demon-
strated to be a Paired-Chatterjea type mapping on U. Consider three
pairwise distinct points (, ¢, ¢ from U. To demonstrate that & is a Paired-
Chatterjea type mapping, we will examine three distinct cases:
Case 1. (,e e Mand & € U/M;

Since 9t is an everywhere dense subset of U, we can find a sequence

{&} c Msuchthat, — &, &, # (, &, # e forevery n, and ¢; # ¢; for

i # j. Consequently,

O(SC, e) + 0(Se, IE) < IS, e) + 0(Se, S + I(SEn, J€)
(Using triangle inequality)

< AO(¢,Se) + 0(2,3C) + 0(&n, Se) + (e, 3En)) + I(Sn, IE)

< ANO((, ) + 0(e,3¢) + (€, e) + 9(&, &) + (e, 3E) + 0(]E,3E))
+0(3&n, 3¢)
< MNO(C,Se) + (e, 3¢) + 9(&n, Se) + 0(g,3€))
+AI(&n, &) + (1 + N)O(SY&n, €).

As n — oo, we have 0(&,,&) — 0 and 0(3&,,3€¢) — 0. Therefore,
inequality (5) is established.

Case 2. (e M and e, & € U/M;
Let {e,}, {&.} be sequences in Mt such thate,, — cand &, — £. (Here
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and in the next case, we will consider the points ¢, ¢, £ and all points of
the sequences including the limit points of the sequences are pairwise
distinct.) Then, by applying the triangle inequality and (5) on 9, we
obtain

0(SC, Se) + 0(Se, IE) < I(SC, Sep) + 9(Sen, Se) + (e, Sep)+
O(Sen, S) + 0(SEn, SE) = (0(SC¢, Sen) + 0(Sen, &)+
20(Sey, Se) + I(Sp, I€)
< ANO(¢,Sep) + A(en, SC) + A(en, Sn
+20(Sep, Se) + (I, €)
< MNO(C,Se) + 0(e,3¢) + (e, IE) + 0(&,3C)) + 2X(en, €) + A&, §)
+2(1+ X)0(Sep, Se) + (1 + X)I(In, 3€).

Once again, inequality (5) is obtained by letting n — oo as d(e,,¢) —
0, 0(&n,€) — 0, 0(Sey, Se) — 0 and I(IE,, IE) — 0.

Case 3. (,e,& € 5/M, and let {(,}, {e,} and {&,} are sequences in Mt
such that ¢, — ¢, e, — ¢ and &, — £. Consequently,

(¢, Ye) + 0(Fe, IE)
< O(SC,SCn) + O(SCn, Sep) + 0(Sen, Se) + 0(Se, Sey,)
+0(Sen, &) + (S, SE) = (O(SCn, Sen) + 0(Sen, )
+0(S¢, SCn) + 20(Se, Sey) + 0(IE, SEy)
MO(Cn, Sep) + O(en, %Cn) O(en, &) + 0(&n, Sep))
+a(%C, SCn) + 20(Se, Sey) + 0(SE, SEy)
AO(¢, e) + 9(e,3C) + 0(g,IE) + (€, e))
FA(O(Cn, Q) + 20(en, €) + 0(&n, €))
+(1+ X)) (O(S¢, Y¢Cn) +20(Se, Sep) + 0(]E, IER)).

Again, allowing n — oo, inequality (5) is obtained as 9(¢,,() — 0,
d(en,e) — 0, 0(&n, &) — 0, O(V¢n, IC) — 0, I(Sep,Je) — 0 and
(3¢, IE) — 0.
Hence, S is a Paired-Chatterjea type mapping on . Therefore, mapping
$ satisfies all assumptions of Theorem 4, which completes the proof. [
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ExAMPLE 4. Let U = [0, 1) equipped with standard metric 9(¢,e) = | — ¢|.
It is an incomplete metric space. Let a self map <& be defined on U as:

{ ¢, if¢eQnio,1);
3¢ =
S, if¢eqenio,1).

Here, it is clear that S is a discontinuous map over U = [0, 1) except at
¢ = 0. Consequently, the Banach contraction principle is not applicable.
Let us consider a nonempty subset 9t = QN|0, 1) of U which is everywhere
dense in G. For any three points ¢, ¢, £ € O, we have

D(¢,32) + 8, 3C) + (e, 36) + 9, 32) = D¢, 5) + dle, )+
o6 ) +06, D =lc- S Hle-SiHe - S+l 51 @)
and
D3¢, 99) + 03,80 = (S, )+ S =15 S+ 15 -4 (22)
Now,
1 1
1 ¢ 1 § . ¢ €
4{C—!+!—!+|€—4!}+4{!6—4!+!4—4\+!£—4}
3¢ ¢ e £ 1
— - seis- b s - Sre - S-S e- 1)

— 1§-Sris-Ss g {ic- G- Sivie-Svie- S @)

Therefore, from (21), (22) and (23), we can conclude that < is a Paired-
Chatterjea type mapping with the parameter A = 1 € [0, 1), on (90, 9).

Hence, it can be easily verified that the mapping <& satisfies all the as-
sumptions of Theorem 5 with ¢* = 0, which implies that there exists a fixed
point of the mapping & on ©. In this example, “0” is the only fixed point of
the mapping &
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resultados de punto fijo y propiedades de continuidad en espa-
cios métricos
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TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccién/objetivo: El articulo trata sobre las aplicaciones de
contracciones de tipo Paired-Chatterjea como una extension de
las contracciones de tipo Chatterjea tradicionales que operan en
tres puntos en lugar de dos, en el marco de espacios métricos
estandar.

Métodos: Se emplea el concepto de Mapeo de tipos de Chatter-
Jea sincronizado en un espacio métrico en tres puntos en lugar
de dos utilizando la idea de Mapeo de tipos de Chatterjea sin-
cronizados.

Resultados: Se ha discutido una serie de propiedades corres-
pondientes. Ademas, se establece que los mapeos de tipo de
Chatterjea sincronizada constituyen una clase distinta al de ma-
peo de tipos de Chatterjea tradicionales y obtienen al menos un
punto fijo en ausencia de puntos periédicos de periodo primo 2
dentro de espacios métricos completos. También se demuestra
coémo criterios adicionales a estas aplicaciones, como la con-
tinuidad y la regularidad asintética, amplian el alcance de los
resultados de punto fijo. Mas alla de las contribuciones funda-
mentales de Chatterjea, se establecen dos resultados adiciona-
les de punto fijo aplicables a las aplicaciones de mapeo de tipos
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de Chatterjea sincronizada en espacios métricos, incluso en es-
cenarios donde no se requiere la completitud.

Conclusién: Los mapeos de tipos de Chatterjea sincronizada
son generalmente discontinuas; presentan continuidad en pun-
tos fijos, similar a las aplicaciones de tipo Kannan y Chatterjea.
En ausencia de un punto periédico de periodo primo 2, estas
aplicaciones tienen un punto fijo dentro del espacio métrico com-
pleto.

Palabras claves: espacio métrico, punto fijo, aplicaciones de tipo
Chatterjea, contraccién sincronizada, Mapeo de tipos de Chat-
terjea sincronizada.

MapHoe cxaTtue Tvna YaTTepaxu: HoBble peaynsTaThl
C HernoABWXHOMN TOYKOW 1 CBOMCTBA HEMPEPBLIBHOCTY B
METPUYECKNX NMPOCTPAHCTBaX

Jun YaHp?, FomHam Poxer®,
Canacam CypeHOa CvHr?, Hukona ®abuaHo®

& HauunoHanbHbIi TeXHONornYeckmn MHCTUTYT Manunypa,
MaTeMaTnyeckuii akyneTeT,
r. lTanron, mnxan, Manunyp, Pecnybnvka NHaous

5 MaHunypckwit yHUBEpCUTET, MaTeMaTN4ecKnii dakyrnsTeT,
r. Kanunnyp, Mmnxan, Manunyp, Pecnybnuka UHgms

® Benrpaackuii yHuBepcuteT, IHCTUTYT saepHbIX uccreaoBaHui
«BuH4ya» - MHcTUTyT rocygapctBeHHOro 3HaveHuns ansa Pecny6nvku
Cepbus, . Benrpag, Pecny6nuka Cepbusi, koppecnogeHT

PYBPUKA TPHTW: 27.25.17 MeTpudeckanTeopmadyHKLNUNA,
27.39.15 JlnHelrHblenpocTpaHCTBa,
cHabxeHHbleTononorven,
NOpPSAKOMUAPYTMMUCTPYKTYpamm
BWO CTATbW: opurmHanbHas Hay4Hasi ctaTbsi

Pesrome:

BsedeHue/uenb: B cmambe paccmampuegaromcsi napHble omob-
paxeHuss HYammepOoxu, Komopble Sensomesi pacuupeHuem
mpaduyUOHHbIX CXumMmarwux omobpaxeHuli muna Yammep-
OXU U onepupyroujue mpemMsi moykamu emecmo 08yX 8 pamKax
cmaHdapmHbIX MeMpPUYECKUX npocmpaHcme.

Memoosi: Cxumarowue omobpaxkeHusi muna Yammepoxxu uc-
M10/1b3yIOMCs1 8 MEMPUYECKOM MPOCMPaHCMee 8 mpex moykax
emMecmo 08yX, OCHOBbIBasiCb Ha UOEee O MapHbIX CXUMarOULUX
0mMobpaXKeHusix.
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Pesynbmamel: B cmambe makxe ripedcmasrieH psd ceolicms
coomeemcmeyruux omobpaxeHul. YcmaHoerneHo, 4mo nap-
Hble omobpaxxeHuss Yammepdxu obpasyrom ocobbili Krnacc rno
CpaBHeHU ¢ mpaduyuoHHbIMU omobpaxeHusamu murna Yam-
mepadxu, komopsie obnadarom xomsi 6b1 00HOU HernodeuXxHoU
moykol npu omcymcmeuu nepuoOUYEeCcKUX MOYeK MPoCmozo
rnepuoda 2 8 pamkax Mo/HbIX Mempu4YecKux npocmpaHcms. B
xo0e uccrniedosaHusi 6bI/10 8bISIBIIEHO, YMO OOMNOIHUMEbHbIE
Kpumepuu 0151 amux omobpakeHul, makue Kak Hernpepbls-
HOCMb U acumMnmomu4eckasl peaynspHocms, pacwupsirom dua-
nasoH pesyrbmamos ¢ ¢bukcuposaHHol moykol. Pacwupss
ekrnad Yammepodxu, 6binu nonydeHbl d8a Q0NONHUMEbHbIX pe-
3ynbmama ¢ Hernod8UXHOU MOYKoU, MPUMEHUMbIE K MapHbIM
omobpaxeHusim Yammepdxxu Oaxke 8 HEMOIHbIX MEMPUYECKUX
rnpocmpaHcmeax.

Bb1800kb1: MapHbie omobpaxeHus muna Yammepdxu, kak npa-
surio, npepbigucmbl. OHU deMOHCMpPUPYOM HernpepbI8HOCMb
8 Hernoo8UXXHbIX moYKax, aHallocuU4HbIX omo6pa>KeHu,qM muna
KaHnHaH u Yammepdxu. [lpu omcymcmeuu nepuoduyeckol
MOYKU ¢ nNpocmbIM nepuodoM 2, HerodsuXXHasl moyka amux
omobpaxeHull pacrnonazaemcsi 6Hympu rnosiHo2o0 Mempu4YecKo-
20 npocmpaHcmaa.

Knrouesbie crioga: mempu4veckoe rnpocmpaHcmeo, Hernodsux-
Hasi mo4yka, omobpaxeHuss muna Yammepoxu, napHoe cxa-
mue, napHble omobpaxeHuss Hammepoxu.

BpcTa ynapeHux npecnvkaBawa Tuna Chatterjee: HoBu
pesynTatn (PMKCHE TayKe U CBOjCTBA KOHTUHYyUTETa Y
METPUYKMM NpocTopuma

[un Yang?, JymHam Poxen®,
Canacam CypeHda CwvHr?, Hukona ®abnaHo®

& HauunoHanHu MHCTMTyT 3a TexHonorujy Manunyp,
Opcek 3a matemaTtuky,
Tanron, Mmdan, Manunyp, Penybnvka NHawnja

5 YuuBepauteT Manunypa, Oacek 3a MaTeMaTyKy,
Kanuunyp, Mmdban, Manunyp, Penybnuka NHavja

® YHuBep3auTeT y Beorpany, MHCTUTYT 3a HykneapHe Hayke ,BuHuya” —
HaunoHanHuu nHctutyT Penybnuke Cpbuije,
Beorpagn, Penybnvka Cpbuja, ayTop 3a npenucky

OBJIACT: matematunka
KATETOPWJA (TWM) YNAHKA: opurMHanHu Hay4Hu pag
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Caxemak:

Yeod/uurb: Y pady je pasmampaHO yesohere ynapeHux rpe-
cnukaearba murna Chatterjee koja npedcmaerbajy npowupere
mpaduyuoHaIHUX KOHMPaKmMUeHUX rpeciiukasara 0802 murna,
a Koja Oernyjy Ha mpu madyke ymecmo Ha 0ee, y OK8Upy CmaH-
GapdHUX MemMpPUYKUX rpocmopa.

Memoode: KoHmpakmusHa ripecriukasara murna Chatterjee ko-
pucme ce y Mempu4KkoM rpocImopy Ha mMpu madke, yMecmo Ha
dse npumeHoM udeje yrnapeHux KOHmMpakmueHUX fpecriukasa-
Ha.

Pesynmamu: Pa3amompeH je HU3 ceojcmaesa ripedMemHux rpe-
C/uKaearba. YcmaHo8s/beHO je Oa yrnapeHa rpecrukasarka mu-
na Chatterjee yuHe nocebHy knacy y 0OHOCy Ha mpaduyuoHarnHa
npecrukagaka 0802 muria Koja rocedyjy HajMarse jedHy ¢huk-
CHy ma4Ky y o0cycmay rnepuoOu4HUX madyaka rnpocmoa nepuoda
2 yHymap KOMiaemH{ux Mempu4kux npocmopa. Takohe, noka-
3aHo je 0a dodamHuU KpumepujyMu 3a oea rnpecriukasara, kao
wmo cy HernpeKkudHOCm U acuMnmomcka peaynapHocm, rnpowu-
pyjy onicee pesynmama ¢bukcHe madke. Npowupyjyhu donpuHo-
ce Chatterjeea, ycnocmaerbeHa cy d8a dofamHa pe3ynmama
bUKCHE mayKe NpUMeHsbuea Ha yrapeHa rpecriukasama muna
Chatterjee y mempuykumM nipocmopuma, 4Yak Uy cumyauujama
20e Huje nompebHa KOMMIemHocm.

Sakrpyyak: YnapeHa npecnukasarba murna Chatterjee koja cy
Hajuewhe QucKkOHMUHyarHa, rokasyjy HernpekudHocm y ¢buk-
CHUM madykama Criu4HO rpecriukaearwuma murna Kannan u Chat-
terjee. Y odcycmey nepuoduyHe madke rpocmoa nepuoda 2,
oea rnpecriukasarba umajy QpUKCHYy madky yHymap KOMIIemHoa
Mempu4Koe rpocmopa.

KrbyyHe peyu: Mempuyku npocmop, GhuKCHa maydka, rpecriuka-
earba murna Chatterjee, ynapeHa KoHmpakyuja, ynapeHa rpe-
cnukasara murna Chatterjee.
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