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Abstract:

Introduction/purpose: The thorny graph of a graph G is obtained by at-
taching pendent vertices to the vertices of G. A mathematical study of
the Sombor index of thorny graphs is undertaken.

Methods: Combinatorial graph theory is applied.

Results: A general expression for the Sombor index of thorny graphs is
obtained, as well as lower and upper bounds. Several special cases of
this general expression are pointed out.

Conclusion: The paper contributes to the theory of the Sombor index.
Keywords: degree (of vertex), Sombor index, thorny graph.

Introduction

In this paper, G will denote a simple graph with n > 1 vertices and m
edges. lts vertices are labeled by v1,vs,...,v,. The degree (= number of
first neighbors) of a vertex v; will be denoted by d(v;). A vertex of degree
one is said to be pendent. An edge whose one end vertex is of degree one
is also said to be pendent.

For additional details of graph theory, see (Harary, 1969; Bondy & Murty,

In the last few years, a vertex-degree-based graph invariant, named the
Sombor index, has attracted much attention in mathematics, see e.g. (Li
et al., 2024; Rather et al., 2024; Wang et al., 2024) and found numerous
applications, both in chemistry, see e.g. (Hayat et al., 2024; Rauf & Ahmad,
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2024), network theory, see e.g. (Hamid et al., 2022; Imran et al., 2024), and
in other areas, see e.g., (Algahtani et al., 2024; Anwar et al., 2024; Jamil
et al., 2025).

The Sombor index of the graph G is defined as (Gutman, 2021a)

SO = SO(G) = > _4/d(v;)? + d(v;)?

where ¢;; denotes the edge connecting the vertices v; and v;, and the sum-
mation goes over all edges of G. The basic mathematical properties of the
Sombor index can be found in the review (Liu et al., 2022).

Letp1,po, ..., p, be non-negative integers. Then the thorny graph of the
graph G, denoted by G*, is obtained by attaching p; pendent vertices to the
vertex v;, foralli = 1,2,... n. Thus, the number of vertices and edges of
G*is

n n
n*:n—i-Zpi and m*:m-i-Zpi
=1 =1

respectively.

If pr = pa =--- = pp, then G* is said to be a thorn-regular graph.

Thorny graphs have been extensively studied, see for example
(Bonchev & Klein, 2002; De, 2012; Lakshmi & Parvathi, 2023; Marinescu-
Ghemeci, 2010; Walikar et al., 2006). The Sombor index of thorny graphs
was considered only in (Krishnan & Narayan, 2023) and (Lakshmi & Par-
vathi, 2023), but only for special cases when G is a complete graph, star,
wheel, path, and similar, and only when G* is thorn-regular. In the present
paper, we examine the general case, namely when G is an arbitrary (sim-
ple, not necessarily connected) graph, and p1, po, . .., p, are arbitrary non-
negative integers.

Main results

In this section we state some general properties of thorny graphs. In
order to avoid trivialities, it is assumed that such graphs possess at least
one edge, i.e., more than one vertex.

THEOREM 1. Let G be a simple graph onn > 1 vertices, and py,ps, ..., p, be
non-negative integers. Let G* be the thorny graph of G. Then the Sombor
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index of G* satisfies the relation

SO(G") = 3" 4/ld(wi) +pil? + [d(wi) + p)? + 3 pi V/d(w)) + P + 1.
€ij =1
(1)

Proof. Fori = 1,2,...,n, the degree of the vertex v; of the thorny graph
G* is equal to d(v;) + p;. This implies the first term on the right-hand side of
(1), in which the summation goes over all edges of the graph G. In addition
to these edges, in G* there are p; pendent edges attached to the vertex v;,
foreachi = 1,2,...,n. Their contributions to the Sombor index of G* are
collected in the second term on the right-hand side of (1). O

The first Zagreb index

n

My =M(G) =) [d(v) +d(v))] = d(vy)?

€ij =1

is one of the oldest and best studied vertex-degree-based topological in-
dices (Gutman & Trinajsti¢, 1972; Nikoli¢ et al., 2003; Gutman & Das, 2004).
Using the inequalities

1
—(a+b) <Va?+b<a+bd
V2
the following well-known estimates for the Sombor index are straightfor-
wardly obtained (Milovanovi¢ et al., 2021; Gutman, 2021b, 2024):
1
— Mi(G) < SO(G) < Mi(G). 2
NG 1(G) < 50(G) 1(G) (2)
The equality on the left-hand side holds if and only if G is a regular graph.
By the same argument, we now have

S ldws) + 2+ d) + 512 <Y [di) + pi+ d(v) + 5]

— Z [d(vi) + d(vi)] + Z [pi + ;]
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= M(G)+ Y pid(w) 3)
=1

where we applied the identity (Dosli¢ et al., 2011)

Z[f(% + f(v)] Zd v;)

€ij

valid for any vertex-dependent function f.
The lower bound, analogous to (3) is

Z V() + pil? + [d(wi) + p)? > \}5 Mi(G) + ; pi d(vi)] @)

The equality in (4) cannot occur since no graph G* is regular.
For the other term in (1) we have

sz Uz +pz] +1 < sz 'Uz +pi + 1}

= Zpi d(v;) + Zpi(pi +1). (5)
i=1 i=1

and

sz Uz +pz +1 > = [sz Vi +sz pz (6)

The equality in (6) would occur for thorn-regular graphs of a regular graph.
Combining the estimates (3)—(6) we arrive at:

THEOREM 2. Let G be a simple graph onn > 1 vertices, and py,ps, ..., p, be
non-negative integers. Let G* be the thorny graph of G. Then the Sombor
index of G* is bounded as

1 M (G) + QZpi d(vi) + Zpi(pi +1)| <S50(G") <
\@ =1 =1
G)+2) pid(vi)+ > pilpi+1). (7)
=1 =1

The bounds (7) should be compared with inequalities (2). In fact, (2) is
the special case of (7) when p; =py =--- =p, =0.
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Corollaries

In this section, we list a few interesting special cases of Theorem 1.

COROLLARY 1. Let G be a regular graph on n vertices, of the degree r.
Then the Sombor index of a thorn-regular graph of G is

S0(GY) = \/im(r +p) +npV/(r+p)*+1

Proof. Setting d(v;) =rand p; =pforalli=1,2,...,n, the left-hand term
in (1) becomes /2m(r + p). For regular graphs, 2m = nr. O

COROLLARY 2. If p; = Nd(v;) holds forall i = 1,2, ... ,n, then

SO(G") = (A+1)SO0(G) + A(A+1) ; d(vi) \/d(”)2 TOoFe

If X\ is sufficiently large, then
SO(G*) =~ (A+1)SO(G) + A(A+1) M1(G).
COROLLARY 3. If p; + d(v;) = D holds forall i = 1,2, ...,n, then
SO(G*) =V2Dm + /D2 +1(n* —n)
where n and m are the numbers of the vertices and edges of G, whereas

n* is the number of the vertices of G*.

It is worth noting that the thorny graphs considered in Corollary 3 are
of chemical interest. Namely, for D = 3, if G is the molecular graph of
an unsaturated conjugated molecule, then G* is its plerogram (= hydrogen
filled molecular graph) (Gutman & Vidovic, 1998; Gutman et al., 1998). If
D = 4, then G* is the plerogram of the molecular graph of a saturated
hydrocarbon.
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indice de Sombor de graficos espinosos

Ivan Gutman

Universidad de Kragujevac, Facultad de Ciencias,
Kragujevac, Republica de Serbia

CAMPO: matematicas (clasificacion de materias de
matematicas: primaria 05¢c07, secundaria 05c09)

TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccién/objetivo: El grafico espinoso de un grafico G se ob-
tiene uniendo vértices colgantes a los vértices de G. Se realiza
un estudio matematico del indice de Sombor de graficos espino-
S0s.

Métodos: Se aplica la teoria de graficos combinatorios.
Resultados: Se obtiene una expresién general para el indice de
Sombor de graficos espinosos, asi como sus limites inferior y
superior. Se sefalan varios casos especiales de esta expresion
general.
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Conclusion: El articulo contribuye a la teoria del indice de Som-
bor.

Palabras claves: grado (de vértice), indice de Sombor, grafico
espinoso.
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Combopckozo uHOeKkca mepHucmabix 2paghos.

MemoObi: B uccrnedosaHuu rnpuMeHeHbl KOMbuHamopuka u
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Pesynbmamei: B pesynbmame uccriedosaHus rnosny4yeHa Hogasi
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Caxemak:

Yeood/uurb: TpHosumu epagh epacha G dobuja ce dodasar-em
sucehux yeoposa Ha ysopose epagha G. [TpoyyasaHe cy mame-
mMamudyke ocosuHe Combopckoe uHdekca mpHo8UMuUX epaghosa.
Memode: lNpumerusaHu cy nocmynuyu KOMbUHamMopHe meopu-
Je epagposa.

Pesynmamu: HaheHa je Hoga onwma ¢hopmyna 3a Combopcku
UHOeKc mpHosUMUX epaghosa, Kao U Oore U 20pH-e 2paHuue.
UcmakHymo je HeKonuko crieyujamHux criydajeea o8ux pesyri-
mama.

Bakrbyyak: Pad donpuHocu meopuju Combopckoe uHOekca.

KrbyuyHe peyu: cmeneH Yyeopa, CombopcKku UHOeKC, mpHosumu
epag.
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