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Abstract:
Introduction/purpose: The thorny graph of a graph G is obtained by at-
taching pendent vertices to the vertices of G. A mathematical study of
the Sombor index of thorny graphs is undertaken.
Methods: Combinatorial graph theory is applied.
Results: A general expression for the Sombor index of thorny graphs is
obtained, as well as lower and upper bounds. Several special cases of
this general expression are pointed out.
Conclusion: The paper contributes to the theory of the Sombor index.
Keywords: degree (of vertex), Sombor index, thorny graph.

Introduction
In this paper, G will denote a simple graph with n > 1 vertices and m

edges. Its vertices are labeled by v1, v2, . . . , vn. The degree (= number of
first neighbors) of a vertex vi will be denoted by d(vi). A vertex of degree
one is said to be pendent. An edge whose one end vertex is of degree one
is also said to be pendent.

For additional details of graph theory, see (Harary, 1969; Bondy &Murty,
1976).

In the last few years, a vertex-degree-based graph invariant, named the
Sombor index, has attracted much attention in mathematics, see e.g. (Li
et al., 2024; Rather et al., 2024; Wang et al., 2024) and found numerous
applications, both in chemistry, see e.g. (Hayat et al., 2024; Rauf & Ahmad,

413

G
ut
m
an
,I
.,
So

m
bo
ri
nd
ex

of
th
or
ny

gr
ap
hs
,p
p.
41
3–
42
2

https://orcid.org/0000-0001-9681-1550
https://doi.org/10.5937/vojtehg73-56402


2024), network theory, see e.g. (Hamid et al., 2022; Imran et al., 2024), and
in other areas, see e.g., (Alqahtani et al., 2024; Anwar et al., 2024; Jamil
et al., 2025).

The Sombor index of the graph G is defined as (Gutman, 2021a)

SO = SO(G) =
∑
eij

√
d(vi)2 + d(vj)2

where eij denotes the edge connecting the vertices vi and vj , and the sum-
mation goes over all edges of G. The basic mathematical properties of the
Sombor index can be found in the review (Liu et al., 2022).

Let p1, p2, . . . , pn be non-negative integers. Then the thorny graph of the
graphG, denoted byG∗, is obtained by attaching pi pendent vertices to the
vertex vi, for all i = 1, 2, . . . , n. Thus, the number of vertices and edges of
G∗ is

n∗ = n+

n∑
i=1

pi and m∗ = m+

n∑
i=1

pi

respectively.
If p1 = p2 = · · · = pn, then G∗ is said to be a thorn-regular graph.
Thorny graphs have been extensively studied, see for example

(Bonchev & Klein, 2002; De, 2012; Lakshmi & Parvathi, 2023; Marinescu-
Ghemeci, 2010; Walikar et al., 2006). The Sombor index of thorny graphs
was considered only in (Krishnan & Narayan, 2023) and (Lakshmi & Par-
vathi, 2023), but only for special cases when G is a complete graph, star,
wheel, path, and similar, and only when G∗ is thorn-regular. In the present
paper, we examine the general case, namely when G is an arbitrary (sim-
ple, not necessarily connected) graph, and p1, p2, . . . , pn are arbitrary non-
negative integers.

Main results
In this section we state some general properties of thorny graphs. In

order to avoid trivialities, it is assumed that such graphs possess at least
one edge, i.e., more than one vertex.

THEOREM 1. LetG be a simple graph on n > 1 vertices, and p1, p2, . . . , pn be
non-negative integers. Let G∗ be the thorny graph of G. Then the Sombor
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index of G∗ satisfies the relation

SO(G∗) =
∑
eij

√
[d(vi) + pi]2 + [d(vi) + pj ]2 +

n∑
i=1

pi
√

[d(vi) + pi]2 + 1 .

(1)

Proof. For i = 1, 2, . . . , n, the degree of the vertex vi of the thorny graph
G∗ is equal to d(vi)+pi. This implies the first term on the right-hand side of
(1), in which the summation goes over all edges of the graph G. In addition
to these edges, in G∗ there are pi pendent edges attached to the vertex vi,
for each i = 1, 2, . . . , n. Their contributions to the Sombor index of G∗ are
collected in the second term on the right-hand side of (1).

The first Zagreb index

M1 = M1(G) =
∑
eij

[
d(vi) + d(vj)

]
=

n∑
i=1

d(vi)
2

is one of the oldest and best studied vertex-degree-based topological in-
dices (Gutman& Trinajstić, 1972; Nikolić et al., 2003; Gutman&Das, 2004).

Using the inequalities

1√
2
(a+ b) ≤

√
a2 + b2 < a+ b

the following well-known estimates for the Sombor index are straightfor-
wardly obtained (Milovanović et al., 2021; Gutman, 2021b, 2024):

1√
2
M1(G) ≤ SO(G) < M1(G) . (2)

The equality on the left-hand side holds if and only if G is a regular graph.
By the same argument, we now have∑

eij

√
[d(vi) + pi]2 + [d(vi) + pj ]2 <

∑
eij

[
d(vi) + pi + d(vi) + pj

]
=

∑
eij

[
d(vi) + d(vi)

]
+
∑
eij

[
pi + pj

]
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= M1(G) +

n∑
i=1

pi d(vi) (3)

where we applied the identity (Došlić et al., 2011)∑
eij

[
f(vi) + f(vj)

]
=

n∑
i=1

d(vi) f(vi)

valid for any vertex-dependent function f .
The lower bound, analogous to (3) is∑

eij

√
[d(vi) + pi]2 + [d(vi) + pj ]2 >

1√
2

[
M1(G) +

n∑
i=1

pi d(vi)

]
. (4)

The equality in (4) cannot occur since no graph G∗ is regular.
For the other term in (1) we have

n∑
i=1

pi
√

[d(vi) + pi]2 + 1 <

n∑
i=1

pi [d(vi) + pi + 1]

=

n∑
i=1

pi d(vi) +

n∑
i=1

pi(pi + 1) . (5)

and
n∑

i=1

pi
√

[d(vi) + pi]2 + 1 ≥ 1√
2

[
n∑

i=1

pi d(vi) +

n∑
i=1

pi(pi + 1)

]
. (6)

The equality in (6) would occur for thorn-regular graphs of a regular graph.
Combining the estimates (3)–(6) we arrive at:

THEOREM 2. LetG be a simple graph on n > 1 vertices, and p1, p2, . . . , pn be
non-negative integers. Let G∗ be the thorny graph of G. Then the Sombor
index of G∗ is bounded as

1√
2

[
M1(G) + 2

n∑
i=1

pi d(vi) +

n∑
i=1

pi(pi + 1)

]
< SO(G∗) <

M1(G) + 2

n∑
i=1

pi d(vi) +

n∑
i=1

pi(pi + 1) . (7)

The bounds (7) should be compared with inequalities (2). In fact, (2) is
the special case of (7) when p1 = p2 = · · · = pn = 0.
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Corollaries
In this section, we list a few interesting special cases of Theorem 1.

COROLLARY 1. Let G be a regular graph on n vertices, of the degree r.
Then the Sombor index of a thorn-regular graph of G is

SO(G∗) =

√
2nr

2
(r + p) + np

√
(r + p)2 + 1

Proof. Setting d(vi) = r and pi = p for all i = 1, 2, . . . , n, the left-hand term
in (1) becomes

√
2m(r + p). For regular graphs, 2m = nr.

COROLLARY 2. If pi = λ d(vi) holds for all i = 1, 2, . . . , n, then

SO(G∗) = (λ+ 1)SO(G) + λ(λ+ 1)

n∑
i=1

d(vi)

√
d(vi)2 +

1

(λ+ 1)2
.

If λ is sufficiently large, then

SO(G∗) ≈ (λ+ 1)SO(G) + λ(λ+ 1)M1(G) .

COROLLARY 3. If pi + d(vi) = D holds for all i = 1, 2, . . . , n, then

SO(G∗) =
√
2Dm+

√
D2 + 1 (n∗ − n)

where n and m are the numbers of the vertices and edges of G, whereas
n∗ is the number of the vertices of G∗.

It is worth noting that the thorny graphs considered in Corollary 3 are
of chemical interest. Namely, for D = 3, if G is the molecular graph of
an unsaturated conjugated molecule, then G∗ is its plerogram (= hydrogen
filled molecular graph) (Gutman & Vidovic, 1998; Gutman et al., 1998). If
D = 4, then G∗ is the plerogram of the molecular graph of a saturated
hydrocarbon.
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Índice de Sombor de gráficos espinosos
Ivan Gutman
Universidad de Kragujevac, Facultad de Ciencias,
Kragujevac, República de Serbia

CAMPO: matemáticas (clasificación de materias de
matemáticas: primaria 05c07, secundaria 05c09)

TIPO DE ARTÍCULO: artículo científico original

Resumen:
Introducción/objetivo: El gráfico espinoso de un gráfico G se ob-
tiene uniendo vértices colgantes a los vértices de G. Se realiza
un estudio matemático del índice de Sombor de gráficos espino-
sos.
Métodos: Se aplica la teoría de gráficos combinatorios.
Resultados: Se obtiene una expresión general para el índice de
Sombor de gráficos espinosos, así como sus límites inferior y
superior. Se señalan varios casos especiales de esta expresión
general.
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Conclusión: El artículo contribuye a la teoría del índice de Som-
bor.

Palabras claves: grado (de vértice), índice de Sombor, gráfico
espinoso.

Сомборский индекс тернистого графа
Иван Гутман
Крагуевацкий университет, естественно-математический
факультет, г. Крагуевац, Республика Сербия

РУБРИКА ГРНТИ: 27.29.19 Краевые задачи и задачи на
собственные значения для
обыкновенных
дифференциальных уравнений и
систем уравнений

ВИД СТАТЬИ: оригинальная научная статья

Резюме:
Введение/цель: Тернистый граф графа G получается пу-
тем присоединения висячей вершины к вершинамG. В дан-
ной статье представлено математическое исследование
Сомборского индекса тернистых графов.
Методы: В исследовании применены комбинаторика и
теория графов.
Результаты: В результате исследования получена новая
общая формула для Сомборского индекса тернистых гра-
фов, а также нижняя и верхняя грани. Указано на несколько
частных случаев относительно результатов.
Выводы: Данная статья вносит вклад в теорию Сомбор-
ского индекса.

Ключевые слова: степень (вершины), Сомборский индекс,
тернистый граф.

Сомборски индекс трновитог графа
Иван Гутман
Универзитет у Крагујевцу, Природно-математички факултет,
Крагујевац, Република Србија

ОБЛАСТ: математика
КАТЕГОРИЈА (ТИП) ЧЛАНКА: оригинални научни рад
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Сажетак:
Увод/циљ: Трновити граф графа G добија се додавањем
висећих чворова на чворове графа G. Проучаване су мате-
матичке осовине Сомборског индексатрновитих графова.
Методе: Примењивани су поступци комбинаторне теори-
је графова.
Резултати: Нађена је нова општа формула за Сомборски
индекс трновитих графова, као и доње и горње границе.
Истакнуто је неколико специјалних случајева ових резул-
тата.
Закључак: Рад доприноси теорији Сомборског индекса.

Кључне речи: степен чвора, Сомборски индекс, трновити
граф.
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